International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 2, No. 4 (2010)

International Electronic Journal of Pure and Applied Mathematics

Volume 2 No. 4 2010, 219-224

ON ORDERING OF AG-GROUPOIDS

Tariq Shah!$, Inayatur Rehman?, Asif Ali®

L2.3Department of Mathematics
Quaid-i-Azam University
Islamabad, PAKISTAN
e-mail: starigshah@gmail.com
2e-mail: s_inayat@yahoo.com
e-mail: dr_asif_ali@hotmail.com

1

3

Abstract: Total ordering plays an important role in the theory of semigroups. In
this study we extend this characteristic to AG*-groupoids as: If S is an M-torsion
free and cancellative AG*-groupoid with left identity e with quotient group 7', then
S admits a total order compatible with its operation if and only if 7" has a total
order.
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1. Introduction

Following Denes and Keedwell [1], a groupoid S is said to be Abel-Grassmann’s
groupoid (AG-groupoid) if for all a,b,c € S, (ab)e = (¢b)a. This structure is also
known as left almost semigroup (abbreviated as LA-semigroup), a generalized form
of a commutative semigroup (see [4]). It is known that in an AG-groupoid S the
medial property (i.e. (ab)(cd) = (ac)(bd), for all a,b,c,d € S) holds. By [4], an AG-
groupoid S is said to be a weak associative AG-groupoid, denoted AG*-groupoid if
it satisfies one of the equivalent conditions: (i) (ab)c = b(ca); (ii) (ab)e = b(ac), for
all a,b,¢c,€ S. An AG-groupoid S is said to be a locally associative if (aa)a = a(aa)
for all @ € S, see [6]. It is fairly easy to see that every AG*-groupoid is locally
associative. In an AG-groupoid S with left identity e, if ab = cd, then ba = dc for
all a,b,c,d € S (cf. [7, Theorem 2.7]).

Received: September 21, 2010

§Correspondence author



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 2, No. 4 (2010)

220 T. Shah, I. Rehman, A. Ali

Inspiration by the usefulness of totally ordered semigroups, in this study we
extend it to the AG*-groupoids with left identity e and established that: An M-
torsion free and cancellative AG*-groupoid S with quotient group 7', admits a total
order compatible with its operation if and only if T has a total order.

The techniques we used in this paper are mainly inspired by [2].

2. Main Results

We begin initially by the following theorem which is a generalization of [2, Theorem
1.2].

Theorem 1. If S is an AG*-groupoid with left identity e and C is a left
cancellative subAG™*-groupoid of S, then there exists an embedding ¢ : S — T,
where T' is an Abelian monoid such that:

(1) ¢ (¢) has an inverse (¢ (¢))~" in T for all ¢ € C' and

2)T={(¢(c)'¢(s):s€8,ceC}
If S = C, then monoid T is an Abelian group.

Proof. Define a relation ~ on A = C x S by (c1,s1) ~ (c2,s2) if and only
if c189 = c9s1. We claim that ~ is an equivalence relation. Indeed, the rela-
tion ~ is reflexive, as cs = cs implies (¢,s) = (¢,s). Clearly ~ is symmetric
as (c1,81) ~ (co,82) implies c189 = 981, i.e. 281 = 182 and hence (cg,82) ~
(c1,s1). Now suppose (c1,51) ~ (c2,82) and (cg,82) ~ (c3,s3). This implies
c182 = co51 and cas3 = c352. Now using [6, Lemma 4], we have ¢3 (c153) = ¢1 (cas3) =
c1(c3s2) = c3(c182) = c3(cas1) = ca(e3s1). This implies that ¢;s3 = c3s1 and
hence (¢1,81) ~ (c3,s3) and therefore ~ is transitive. If (¢1,81) ~ (co,s2), then
c182 = c281. By [7, Theorem 2.7],it implies that sec; = sjc. Now (c3s4) (s2¢1) =
(c384) (s102) implies (c3s2) (s4c1) = (c381) (s4¢2) and so (c382,84¢2) ~ (€381, 84¢1)
or (cs,s4) (c2,82) ~ (c3,84) (c1,51) or (c3,84) (c1,51) ~ (c3,84) (c2,52). This im-
plies ~ is left compatible. Again if (c1,s1) ~ (c2,2), then ¢182 = c2s1 and by [7,
Theorem 2.7], sac; = s1ca. Now (s2c1) (€354) = (s1¢2) (c384), using medial law we
have (sac3) (c184) = (s1¢3) (c2s4) and so (c154) (s2¢3) = (c254) (s1¢3). This implies,
(c154,51€3) ~ (€284, 52¢3) or (c1,51) (€3, 54) ~ (€2, 52) (c3,54). Hence ~ is right com-
patible. Thus ~ is compatible. Now T' = C x S/ ~= {[¢,s| : ¢ € C,s € S} is the
set of all equivalence classes of C' x S under “~”. T is a commutative monoid under
the binary operation “«” defined by

[(c1,81)] * [(c2, 52)] = [(c1c2, 5251)] € T
Clearly T is closed. Now we show that (7, %) is an AG-groupoid. For this consider

([(c1,81)] * [(c2,82)]) * [(c3,83)] = [(crc2, s251)] * [(c3, 83)]
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= [(c1ca, s251)] * [(c3, 83)]
[((c1c2) €3, 83 (5251))]
[((c3c2) e1, 82 (s351))] -

Now take

[(c3ca, s283)] * [(c1, 81)]

[((e3c2) c1, 81 (5253))]
= [((ese2) 1,82 (s351))] -

(

Thus ([e1, 1] * [c2, s2]) * [c3, s3] = ([(c3, 53)] * [(c2, 52)]) * [(c1, s1)]. Hence (T, %) is an
AG-groupoid. Let [(¢1,s1)] € T, then consider

([es, s3] * [ca, 82]) * [c1,81] =

[(c1,51)] * [(c, )] = [(ere, es1)]
= {(cg,82) € A: (c1e,e81) ~ (c2,52)}
= {(cg,52) € A: (c1¢) s9 = ca(es1)}
= {(cg,52) € A:c(c1s2) =c(cas1)}
= {(c2,82) € A:c159 = 51}
= {(co,82) € A: (c1,81) ~ (c2,52)}
= [(e1,51)].

Hence [(c, c)] is a right identity in 7" for all ¢ € C. Now since T is an AG-groupoid
therefore by [7, Theorem 2.4] it becomes a commutative monoid. Now define ¢ :
S — T by ¢(s)=|(c,cs)] for all s € S. Let s1,s9 € S such that s; = so. It is easy
to verify that ¢ is well-defined. Let sq,s5 € S.

P (s1s2) = [(c;c(s152))]
= [((cec1), (cac1) (s182))], where ¢ = cocy € C.
= [((c2c1), (c251) (e182))] = [((e2c1) , (c251) (c152))] [(e, €)]
= [((c2c1) e,e((c2s1) (c152)))] = [((cac1) e, e((cas1) (c152)))]
= [((ec1) c2), (c251) (c182)] = [(c1, c182)][(c2, c251)]
= [(c2,c251)][(c1, c182)] = (181, e1)] [(cas2, ¢2)]
= ¢(s1) 9 (s2)-

Consider

Ker¢p = {se€ S:¢(s) is the identity of T}
= {s€5:0(s) =lc,;0)l}
= {seS:[(¢es)] = (¢, 0}
= {seS:(ces)~(c,c)} ={s€S:cc=c(es)}
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{s€S:cc=(cc)s} ={s€S:e=s}
{se€S:s=e}={e}.

Hence ¢ is one-one. Thus ¢ : S — T is an embedding. Now if ¢ € C, then
¢ (c) = [(c¢,c?)] has an inverse (¢ () ! = [(¢?,¢)] € T. Indeed, ¢ (c) (¢ ()t =
le,?] [(%,¢)] = [(e.c?,e.i?)] = [(e1,¢1)], where ¢; = e.c? € C and [(c1,¢1)] is an
identity in 7. Now an arbitrary element [(s,c)] in T' can be written as

(¢ (c))_lqb(s) = [(¢, cs)] [(02,0)] = [(002,0(08 )] = [(002,(00) s)]
= [(062,025)] = [(c, 9)] [(62,02)] =[(c,9)].
f

As T is commutative, so (¢ (¢)) ' é(s) = ¢ (s) (¢ () = [(¢,s)]. If § = C, then
every element of T is invertible. Consider [(c,s)][(s,c)] = [(¢cs,cs)] = [(¢?, ?)] =
[(c1.c1)], which is an identity in 7. Hence T is an Abelian group.

By [8], a semigroup S is said to be M-torsion free if for all z,y € S there exists
1<meM CZ" with 2™ = y™, then x =y (see [8, p. 332]).
Now in the following we extend [8, p. 332] for an AG*-groupoid with left identity

Definition 1. Let (5, *) be an AG*-groupoid with left identity e, then S is said
to be M-torsion free if for all x,y € S there exist 1 <m € M C Z* with 2™ = y™,
then x = y.

Example 1. Take AG*-groupoid (Q*,x), with left identity 1 in which the
binary operation * defined as axb = b.a~!. (Q%,*) is an O-torsion free, where O is
the set of odd positive integers. In particular for m = 3, take 23 = y3 and by locally
associative property we have 2 x x = y?> xy. Now as for all z € Q@+, z2 =1, so
1xx =1xy. This implies x = y. Hence (Q*,*) is O-torsion free AG*-groupoid.
Similarly (Z,o) is an O-torsion free, where O is the set of odd positive integers,
AG*-groupoid with left identity 0 defined as aob =05 — a.

Lemma 1. Let (S,%) be an AG*-groupoid with left identity e. If < is total
order on S compatible with *, then S is M-torsion free and cancellative.

Proof. Let a,b € S and say a < b (that is a < b and a # b). If a < b, this implies
axx < bxx for all x € S. Since < is compatible with respect to *, this implies .S is
cancellative.

Now if a < b, then a*a < axb...(1) and a*b < b« b...(2). It further implies
that a xa < a*xb < bxb. From (1), we have (a*a)*a < (a*b) *a and from (2),
we can say (a xb)xb < (bx*b) xb. Now for a < b, the compatibility of * implies that
(axb)xa < (axb)+xband hence (a*a)*xa < (axb)xb< (bxb)xb.

Continuing this process for m-times, where m is minimal in the set M, we have
a™ < ... < b™. This implies ™ < b™ for some m € M. Hence (S5, %) is M-torsion
free. O
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The following theorem establishes a relation between an AG*-groupoid and its
quotient group.

Theorem 2. Let T be the quotient group of a cancellative AG*-groupoid S
with left identity e. Then T is M-torsion free if and only if for all x,y € S, ™ = y"
implies x = y, wheren € M C Z+.

Suppose T' = C' x S/ ~ is torsion free. This implies [(x,z)] is only element of
C x S/ ~ of finite order. So, [(z,z)]" = [(z,z)]. Assume that 2" = y", where n €
M C Z%. Then z.z™ = x.y™. So by power associativity of S, we have z!7" = z.y"
or ™.z = x.y™. This implies (z",y") ~ (z,z) or [(x,y)]" = [(z,z)] and hence it
implies z = y. Now conversely suppose that for all x,y € S, ™ = y" implies = = y.
Let [z,y] € C'x S/ ~ such that [(z,y)]" = [(z,2)]. This implies (2", y") ~ (x,z) and
therefore 2™.2 = x.y™. So by power associativity in S, 2" = z.94" or z.2" = z.y™.
This implies 2™ = y™ and so x = y. Thus [(z, z)]" = [(z,z)] and hence T = C'x S/ ~
is M-torsion free.

Theorem 3. Let S be a M-torsion free cancellative AG*-groupoid with left
identity e with quotient group T. Then S admits a total order compatible with its
operation if and only if T' has a total order.

Proof. If T is totally ordered under <, then the relation < induces a total order
on S compatible with the AG*-groupoid operation. Conversely, if .S is totally ordered
under <, then we define a relation ~ on T as follows:

each element of T is expressible in the form ¢ s for some ¢, s € S and ¢ is inverse
of ¢. Now for t; = c/lsl and ty = cés;g in T, we define t1 ~ ty by c’lsl < 02353.
Now ¢;51 < czs3 and by def. of AG*-groupoid, ¢;(c;s1) < c1(czs3) = (¢yc1)s1 <
(cae1)s3. Tt follows that s, < (cge1)s3 and c3s1 < e3((czc1)s3)), so by [6, Lemma 4]
351 < (cze1) (c383) = 351 < (cye3)(c183) or c351 < e(c1s3) or 381 < €153

Then ~ is a well defined relation of total order on T that is consistent with the
group operation on 7" and for the restriction of the relation < on S, we just to verify
that ~ is well defined and that it agrees with the relation < on S.

Thus, if t; = c/lsl = 6/282 and to = 6383 = 62184, where c3s1 < ¢183, then

(6381) (0284) S (6183) (6284) . (1)

Now for the values of ¢s and s4, we consider c/lsl = 0/252, then by cancellativity
we have (¢;51)5y = (Cy52)sy = (5982)Cy = €Cy. S0, (¢151)5y = ¢y and ((¢}51)s4) =
(0,2)’ implies that (015/1)52 = ¢o. Now for s4, consider 0;53 = 02154. Then 04(0;)53) =
c4(cysq) and by [6, Lemma 4], we have c4(cys3) = (cyca)ss = s4. Now by repeated
use of definitions of AG-groupoid, AG*-groupoid and medial law in (1), it can be
easily verified that if (c3s1) (cas4) < (c153) (c284), then (cg82) < (c2s4) and hence ~
is well defined. Define ¢ : S — T by ¢(s) = ¢ (¢s), where ¢ is inverse of ¢ € S.
Then ¢ is an embedding. Indeed



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 2, No. 4 (2010)

224 T. Shah, I. Rehman, A. Ali

¢ (s152) = ¢ (c(s152)) = (CCI)(8182) = e(s152) = s152

/ /

= [(cc)s1][(cc )s2] = [c (es)][c (es2)] = ¢ (s1) b (52).

Now let ¢ (s1) = ¢ (s2). This implies that [¢ (cs1)] = [¢ (es2)] or (c¢)s1 = (ec)s2
and hence s; = s9.

Hence for s,t € S, we have s ~ t if and only if ¢(cs) < c(ct) if and only if
s <t. O
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