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Abstract: In this paper we present binary algorithm for finding modular multiplicative inverse.

We continue our research of development optimal or near to optimal algorithms [7]–[33] for the class

of problems concern greatest common divisor. The algorithms provided by us demonstrate strong

symmetry.
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1. Introduction

Our new algorithms work correctly for every a > 0 and b > 0. They both iterative
and recursive compute the multiplicative inverse of a modulo b; a−1 (mod b), and
returns either the inverse as a positive integer less than b, or 0 if no inverse exists.
The multiplicative inverse of a modulo b exists if and only if a and b are coprime (i.e.,
if their greatest common divisor (gcd) is equal to 1). If the multiplicative inverse
of a modulo b exists, the operation of division by a modulo b can be defined as
multiplying by the inverse. We use also optimization which is that when both a and
b are even we can skip computational process because gcd >= 2 and no modular
multiplicative inverse exists. We demonstrate the approach which is different in
comparison to computational way which is given in [1]–[6] and [33]–[41].

Received: May 29, 2020

Revised: October 19, 2020

Published: October 23, 2020

c© 2020 Academic Publications, Ltd.

url: https://www.e.ijpam.eu

In
te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
4
,
N
o
.
1
(2

0
2
0
)



38 A. ILIEV, N. KYURKCHIEV, AND A. RAHNEV

For testing purposes for new algorithm we will use the following computer: pro-
cessor – Intel(R) Core(TM) i7-6700HQ CPU 2.60GHz, 2592 Mhz, 4 Core(s), 8 Log-
ical Processor(s), RAM 16 GB, Microsoft Windows 10 Enterprise x64, Microsoft
Visual C# 2017 x64.

2. Main Results

We propose the following iterative binary algorithm for finding modular multiplica-
tive inverse –

Algorithm 1.

if ((a & 1) == 0 && (b & 1) == 0) { eeacmi = 0; }

else { x1 = 1; x2 = 0; y1 = 0; y2 = 1;

u = a; v = b;

while ((u & 1) == 0)

{ u >>= 1;

if ((x1 & 1) == 0 && (x2 & 1) == 0) { x1 >>= 1; x2 >>= 1; }

else { x1 = (x1 + b) >> 1; x2 = (x2 - a) >> 1; } }

while ((v & 1) == 0)

{ v >>= 1;

if ((y1 & 1) == 0 && (y2 & 1) == 0) { y1 >>= 1; y2 >>= 1; }

else { y1 = (y1 + b) >> 1; y2 = (y2 - a) >> 1; } }

while (u != v)

if (u > v) { u -= v; x1 -= y1; x2 -= y2;

while ((u & 1) == 0) { u >>= 1;

if ((x1 & 1) == 0 && (x2 & 1) == 0) { x1 >>= 1; x2 >>= 1; }

else { x1 = (x1 + b) >> 1; x2 = (x2 - a) >> 1; } } }

else { v -= u; y1 -= x1; y2 -= x2;

while ((v & 1) == 0) { v >>= 1;

if ((y1 & 1) == 0 && (y2 & 1) == 0) { y1 >>= 1; y2 >>= 1; }

else { y1 = (y1 + b) >> 1; y2 = (y2 - a) >> 1; } } }

if (v > 1) eeacmi = 0;

else { while (y1 < 0) y1 += b; while (y1 >= b) y1 -= b; eeacmi = y1; } }

and its recursive variant –

Algorithm 2.

static long Euclid(long a0, long b0, long a, long b, ref long x,

ref long y, long x1, long x2, long y1, long y2)

{ if ((a & 1) == 0)In
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{ if ((b & 1) == 0) return Euclid(a0 >> 1, b0 >> 1, a >> 1, b >> 1,

ref x, ref y, x1, x2, y1, y2) << 1;

else { if ((x1 & 1) == 0 && (x2 & 1) == 0)

{ x1 >>= 1; x2 >>= 1; }
else { x1 = (x1 + b0) >> 1; x2 = (x2 - a0) >> 1; }

return Euclid(a0, b0, a >> 1, b, ref x, ref y, x1, x2, y1, y2); } }

else if ((b & 1) == 0)
{ if ((y1 & 1) == 0 && (y2 & 1) == 0)

{ y1 >>= 1; y2 >>= 1; }

else { y1 = (y1 + b0) >> 1; y2 = (y2 - a0) >> 1; }
return Euclid(a0, b0, a, b >> 1, ref x, ref y, x1, x2, y1, y2); }

else if (a == b) { x = y1; y = y2; return a; }

else if (a > b)

return Euclid(a0, b0, a - b, b, ref x, ref y, x1 - y1, x2 - y2, y1, y2);
else

return Euclid(a0, b0, a, b - a, ref x, ref y, x1, x2, y1 - x1, y2 - x2); }

It can be called by:

if ((a & 1) == 0 && (b & 1) == 0) { eeacmi = 0; }
else { a0 = a; b0 = b;

x1 = 1; x2 = 0; y1 = 0; y2 = 1;

gcd = Euclid(a0, b0, a, b, ref x, ref y, x1, x2, y1, y2);

if (gcd > 1) eeacmi = 0;
else { while (x < 0) x += b; while (x >= b) x -= b; eeacmi = x; } }

Remark. Here we will present also Algorithm 3. for finding modular multiplicative
inverse using in its processing part only “difference” operation.

Algorithm 3.

b0 = b;

if ((a & 1) == 0 && (b & 1) == 0) { eeacmi = 0; }

else
{ x1 = 1; x2 = 0; y1 = 0; y2 = 1;

while (a != b)

if (a > b) { a -= b; x1 -= y1; x2 -= y2; }
else { b -= a; y1 -= x1; y2 -= x2; }

if (a == 1) { if (y1 < 0) y1 += b0;

eeacmi = y1; }
else eeacmi = 0;

}
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3. Numerical Example

We will test the proposed algorithms for the following example:
long a, b, x = 0, y = 0, y1, y2, d = 0, a0, b0;
long x1, x2, gcd, eeacmi, u, v;
for (int i = 1; i < 100000001; i++) { a = i; b = 200000002 - i;
//Here can be placed the source code of Algorithms 1 and 3
//and the calling of recursive variant of Algorithm 1 Algorithm 2.
d += eeacmi; }
Console.WriteLine(d);

CPU time of Algorithm 1 is: 34.923 seconds.

CPU time of Algorithm 2 is: 106.229 seconds.

CPU time of Algorithm 3 is: 55.402 seconds.

4. Conclusion

We present new realizations of both – binary modular multiplicative inverse recursive
and iterative algorithms respectively. The question of optimality for computational
way and number of used operations is planned to be solved.
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