
International Electronic Journal of Pure and Applied Mathematics

Volume 13 No. 1 2019, 57-79

ISSN: 1314-0744
url: https://www.e.ijpam.eu
doi: 10.12732/iejpam.v13i1.5 PA

TRANSBOUNDARY POLLUTION, TAXES AND

INTERNATIONAL ASYMMETRIC TRADE

Salvador Sandoval1 §, Victor Gualajara2

1,2University Center of Economic and Administrative Sciences
University of Guadalajara

Periferico Norte 799, ZP 45100
Guadalajara, Jalisco, MÉXICO

Abstract: This article explores a partial balance model between two different size countries under

the assumption of reciprocal dumping from a homogeneous good that holds a monopolistic company.

Moreover, while producing this homogeneous good, pollution is generated, and part of it crosses the

borders from the country that is migrating from, to the country where is being traded. To control

these emissions, countries take specific measures, in our model pollution taxes and compensatory

tariffs are used. The optimal value is calculated from these variables that are included in a general

welfare function that considers both producer companies, consumers, the government income for the

collection of such taxes, as well as the social cost of polluting. Finally, based on these optimal values,

environmental policies that maximize the general welfare of the countries involved are deduced.
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1. Introduction

The aim of this paper is to construct an international theoretical trade model under
conditions of reciprocal dumping in the segmented market from a homogeneous good
between two different size countries that have a monopolistic company. Production
companies emit pollutants, part of which remains in the issuing country and the rest
migrates to the country where the good is being traded.

Governments apply controls to mitigate pollution through two instruments: pol-
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58 S. Sandoval, V. Gualajara

lution taxes and compensatory tariffs. The optimal pollution tax is determined, as
well as the optimal compensatory tariff, which maximizes the general welfare func-
tion that involves next economic agents: the firms, the consumers, the government
through the collection of pollution taxes, as well as the social cost caused by pol-
lution. Finally, strategic environmental policies are established in order to promote
the economic development from the countries in question in harmony with a healthy
environment. Natural resources have been subjected to a pressure due to the inten-
sive demand of goods and services. Thus, collateral damage to the environment is
manifested in various ways, acid rain, deforestation, extinction of animal and plant
species, severe tropical storms, air pollution, greenhouse effect, increase in global
temperature, people health deterioration, among others.

On the other hand, regarding the environment preservation, governments must
be careful when applying extreme measures, since usually severe contamination
controls, imply higher expenses to the producing companies with the consequent
increase in the production costs of goods. This can be translated into a lower com-
petitiveness on a global scale, as the prices of these items tend to increase. In this
regard, governments must establish environmental regulations that do not under-
mine the productivity of companies or adversely affect the environment, that is,
such measures must guarantee economic growth and sustainability in the long term.

Regarding the implementation of environmental policies in large and developed
countries, trading in international markets, the literature is widely known; however,
when we refer to this same topic, but applied to countries of different sizes, the theory
is rather scarce. In this context, this article aims follow a direction of analyzing
the implementation of controls on the emission of pollutants between countries of
different sizes that exchange homogeneous goods in the global market. It is clear
that small countries face greater challenges when facing countries with more political
and economic power; in other words, the profits of trade are usually distributed
asymmetrically among nations, being the size of the countries being a decisive factor
in this distribution of benefits.

The present work raises a partial balance model of reciprocal dumping in the
trade between two countries of the same homogeneous product (see [5], [6] and
[19]). On the other hand, reciprocal dumping can be considered a particular case
of so-called intra-industry trade, which refers to the trade of similar goods between
different countries (see [1], [2], [10], [12] and [14]). Reciprocal dumping is feasible
due to the segmentation of markets among countries that trade the same homoge-
neous product, in this way nations consider the local and foreign market as separate
markets, and therefore can apply different prices for each market, which is generally
cheaper in the foreign market than in the local market, so that the ideal conditions
for trade and competitiveness are given, even considering the differences in cost
structure from the countries that usually include significant contrasts in the techno-
logical, transportation and environmental control costs, among others. Finally, we
assume that there are no substantial comparison advantages and there are constantIn
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TRANSBOUNDARY POLLUTION, TAXES AND... 59

profits on a scale.

As a product of their production processes, companies generate pollutants, which
necessarily cause a social cost for the damage they cause within the environment.
But at the same time such companies have the right technology to reduce their
emissions to acceptable levels. We also assume that there is cross-border pollution
between the two countries that trade with each other, a portion of the pollutants
emitted by the producing company is assimilated in the country of origin and the
other portion migrates to the foreign country; these proportions depend on the
quantities produced by the company for both the local market and the export market
(see [4], [7], [8] and [15]).

The model proposed in this paper will apply two instruments of environmental
policy, pollution taxes and compensatory tariffs. In the case of pollution taxes, the
fact of emitting pollutants in the environment is taxed, in such a way that companies
must consider an increase in their costs proportional to the level of their emissions;
in other words, the government imposes a tax per unit of pollution emitted (see [3]
and [9]). It is an economically efficient instrument, since it motivates companies
to reduce their emissions, in exchange for paying fewer taxes. Regarding compen-
satory tariffs, the country receiving the pollutants from abroad charges a tax to the
issuing country per unit of imported good, in such a way this compensates to some
extent the damage caused in the country receiving the emissions (see [11]). Both
aforementioned environmental regulatory mechanisms are intended to correct mar-
ket failures that the market cannot repair automatically, in which the government
must intervene directly by applying these environmental control instruments.

Thus, the model developed in this article will determine the optimal pollution
tax and the optimal compensatory tariff under reciprocal dumping conditions and
cross-border pollution in trade between two countries of different sizes that have a
monopoly company that produces the good in question. Additionally, the model
refers to the trade of homogeneous products, among which we can include a wide
range of agricultural and industrial products. In this sense, the results obtained
from this work can be used in the determination of strategic environmental poli-
cies, economically viable and sustainable, that maximize the general welfare of the
countries that compete in the world market.

The work is structured as described below. Section 2 contains the model specifi-
cation. Section 3 defines the welfare function and performs the comparative statics
analysis. Section 4 calculates the optimal pollution tax and the optimal compen-
satory tariff, and it determines the environmental policies that guarantee the max-
imization of welfare in the countries involved. And in section 5 we will determine
the final conclusions.
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60 S. Sandoval, V. Gualajara

2. Model Specification

Assuming there are two countries (a local country A, and a foreign country B) that
produce and exchange a homogeneous product. Also supposing that there are n

equal companies in the local country and m equal companies in the foreign country,
competing in an oligopolistic Cournot market, where each company knows the level
of production of its competitors while optimizing its total production.

Assuming labor is the only production factor in the two countries. In this way,
without losing their general nature, lA it is the work provision in the local country
and lB is the work provision in the foreign country. For purposes of the model, we
can consider that A is the small country and that B is the large country; we can also
normalize the amount of work in these countries, so that, lA + lB = 1. According
to [18], the labor provisions can be assumed as elastic in a competitive market, and
also assuming that there are constant profits on a scale, in such a way that we can
take the price of labor as numeraire.

This way, considering the reciprocal dumping of a homogeneous product between
two different-size countries. Thus, the companies of the local country as well as of
the foreign country produce the good both for their internal consumption and for
exportation. In this way, the total amount of goods produced per company, can be
defined by the local country the following way:

X = XA +XB , (1)

where:

XA is the amount of the product to the domestic market

XB s the amount of the product for the export market to the country B

And similarly, defining the total amount of goods produced by a company for
the foreign country, such as:

Y = YA + YB , (2)

where

YB is the number of units produced for the domestic market of the foreign
country

YA is the number of units produced for the export market to the country A

Given and assuming market segmentation, we can suppose that the inverse utility
functions are quasi-linear and can be expressed as follows:

U(pA, µA) =
βlAP

2
A

2
−∆AlApA + µA (3)

U(pB , µB) =
βlBP

2
B

2
−∆BlBpB + µB (4)
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TRANSBOUNDARY POLLUTION, TAXES AND... 61

Where the prices in the respective countries are denoted by pA and pB, in ad-
dition µA and µB represent the consumption of the numeraire goods by country.
Without considering the income effect, and using Roy’s identity, the linear demand
equations for the small and large countries are obtained,

DA = lA(δA − βpA) (5)

DB = lB(δB − βpB) (6)

Where,

DA = nXA +mYA (7)

DB = mYB + nXB (8)

Using the expressions (5) and (6) together with (7) and (8) we can obtain the
inverse function from the demand for the small country and the large country,

pA = αA −
b

lA
DA (9)

pb = αB −
b

lB
DB (10)

Where, b = 1
β
, αA = δA

β
and αB = δB

β

Assuming that the marginal costs in both countries are constant and equal to the
average of the variable costs. We also assume the existence of a numeraire good and
a single factor of production whose prices are established by a perfectly competitive
market. A part of the marginal costs refers to the technological cost determined
by market conditions, and the remaining part concerns the cost associated with the
implementation of environmental control measures.

The model assumes that there is an exchange of pollutants between the coun-
tries coming from the producing companies, that is, the so-called transboundary
pollution. In addition to that part of the pollution remains in the country of ori-
gin of the emissions, and the other part is transferred to the country where is being
traded. These proportions in the total emissions per country depend on the amounts
assigned by national companies to both the local market and the export market.

We define tA and tB as the pollution tax imposed by the governments of countries
A and B respectively on the emissions in their territory; in such a way that, the cost
per company related to the emission of pollution for XA and YB is,

vA = λ(θ − zA) + tAzA and vB = λ(θ − zB) + tBzB (11)

And the cost per company related to the pollution emission for XB and YA is,In
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62 S. Sandoval, V. Gualajara

VA = λ(θ − zA) + tBzA and VB = λ(θ − zB) + tAzB (12)

Where θ is the amount of emissions per unit produced (prior applying the envi-
ronmental policy by the government), which for simplicity we can consider identical
in both nations. We assume that companies have the appropriate technological
resources to reduce the amount of pollutants they generate.

The parameters zA and zB represent the amounts of pollution emitted per unit
produced that companies in countries A and B respectively impose themselves, on
the understanding that applying the appropriate technology to reduce pollution may
be more profitable for companies that paying a tax associated with the emission of
pollutants (both z and θ, take values above the level on what the World Health
Organization considers harmless). We assume that reduction technology is such
that it costs each company a constant amount λ to decrease a pollution unit and is
identical in both countries; such parameter is called abatement cost.

This way, we define the cost per unit produced of each company for XA and YB

as,

sA = cA + λ(θ − zA) + tAzA and sB = cB + λ(θ − zB) + tBzB (13)

Where cA and cB (for countries A and B respectively) are the components of
the unit cost that is determined by technological conditions and market factors, and
also are considered constant. Similarly, the cost per unit produced of each firm for
XB and YA is given by,

SA = cA + λ(θ − zA) + tBzA and SB = cB + λ(θ − zB) + tAzB (14)

It is clear that, when the tax per pollution unit is greater than the abatement
cost, companies prefer to completely reduce the emission of pollutants, while, if
pollution tax is lower than the abatement cost, then they will continue to emit the
same amount of pollution θ, that is,

zA =

{

0 if tA ≥ λ

θ if tA < λ
and zB =

{

0 if tB ≥ λ

θ if tB < λ
(15)

And therefore,

sA =

{

cA + λθ if tA ≥ λ

cA + tAθ if tA < λ
and sB =

{

cB + λθ if tB ≥ λ

cB + tBθ if tB < λ
(16)

SA =

{

cA + λθ if tB ≥ λ

cA + tBθ if tB < λ
and SB =

{

cB + λθ if tA ≥ λ

cB + tAθ if tA < λ
(17)
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TRANSBOUNDARY POLLUTION, TAXES AND... 63

On the other hand, if ZA and ZB are the total emissions in countries A and B

respectively, using the expressions (7), (8) and (15) we have that,

ZA=

{

0 if tA, tB ≥ λ

nXAθ +mYAθ if tA, tB < λ
and ZB=

{

0 if tA, tB ≥ λ

mYBθ + nXBθ if tA, tB < λ

(18)

We denote τA, the compensatory tariff charged by the government from country
A to the companies of country B per imported unit, because of the emissions received
from country B, and with which these firms compensate in some way the damages
caused to country A. Similarly, τB is defined as the compensatory tariff charged in
country B per unit imported from country A. We also consider a transportation
cost per unit, k, which is paid by the exporting companies. Then, the utility from
each company in both country A and country B is determined respectively by,

ΠA = (pA − sA)XA + (pB − SA − τB − k)XB (19)

ΠB = (pB − sB)YB + (pA − SB − τA − k)YA (20)

Note that both pA − sA and pB − sB are the marginal utilities of the local
companies of the goods produced for the national market of each country, while
both pB −SA− τB − k and pA −SB − τA − k are the marginal profits from the local
companies and goods produced by the export market also from each country.

Given the assumptions mentioned above, and assuming that each firm decides
what amount from the good goes to the local market, and what quantity of products
is exported. And according to Cournot-Nash’s assumptions, first-order maximiza-
tion conditions can be expressed as,

dΠA

dXA

= 0,
dΠA

dXB

= 0,
dΠB

dYA

= 0 and
dΠB

dYB

= 0 (21)

From what can be inferred that,

αA −
b

lA
(mYA + nXA)− sA −

b

lA
XA = 0 (22)

αB −
b

lB
(mYB + nXB)− SA − τB − k −

b

lB
XB = 0 (23)
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64 S. Sandoval, V. Gualajara

αA −
b

lA
(nXA +mYA)− SB − τA − k −

b

lA
YA = 0 (24)

αB −
b

lB
(mYB + nXB)− sB −

b

lB
YB = 0 (25)

By solving the above simultaneous equations (22), (23), (24) and (25) are solu-
tions XA,XB ,YA y YB .

XA = lA
αA − sA +m(SB − sA + τA + k)

b(m+ n+ 1)
(26)

XB = lB
αB − SA − τB +m(sB − SA − τB)− k(m+ 1)

b(m+ n+ 1)
(27)

YA = lA
αA − SB − τA + n(sA − SB − τA)− k(n+ 1)

b(m+ n+ 1)
(28)

YB = lB
αB − sB + n(SA − sB + τB + k)

b(m+ n+ 1)
(29)

By using expressions (19) and (20) together with equations (26), (27), (28)
and (29), we can express the optimal utilities for companies in countries A and B

respectively as,

Π∗
A =

b

lA
X2

A +
b

lB
X2

B (30)

Π∗
B =

b

lA
Y 2
A +

b

lB
Y 2
B (31)

On the other hand, we can define the general welfare function for each country,
including the social cost for polluting and the government policy to control emissions
as,

WA = nΠA +CSA + tAZA +mτAYA − φZA (32)
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TRANSBOUNDARY POLLUTION, TAXES AND... 65

WB = mΠB + CSB + tBZB + nτBXB − φZB (33)

Next we will explain each term of the general welfare functions (32) and (33).
The first term is the profits of the companies in countries A and B respectively, nΠ∗

A

and mΠ∗
B that is, the producer surplus, whose expressions were deducted in (30)

and (31).

The second term on welfare functions is the consumer surplus, CSA and CSB,
for the local and foreign country respectively, which are defined by,

CSA =
bD2

A

2lA
=

b(nXA +mYA)
2

2lA
(34)

CSB =
bD2

B

2lB
) =

b(nXB +mYB)
2

2lB
(35)

The third term of the general welfare functions refers to the government income
from the collection of pollution taxes, tAZA and tBZB .

The fourth term on general welfare functions, mτAYA and nτBXB , is the gov-
ernment collection charged to foreign companies for imported goods, through the
compensatory tariff, since part of the pollutant emissions of these companies cross
the border and enter the importing country.

Finally, the fifth term on general welfare functions, φZA and φZB , represent the
social cost that the emission of pollutants generated by the companies cause to the
environment and welfare of each country. We define φ, as the marginal disutility
per unit of pollution emitted, that is, the social cost per unit of pollutant generated
by the companies. This disutility can be assumed as constant, according to [16]
and [17]. Except for special considerations, the damage caused by pollution affects
people in a similar way, so for simplicity and without loss of generality we will
consider that φ, it is the same in both countries.

3. Comparative Statistics

When calculating the derivative of the general welfare function, WA and WB , with
respect to the variables tA and tB respectively, we obtain,

dWA

dtA
=

d(nΠ∗
A)

dtA
+

d(CSA)

dtA
+

d(tAZA)

dtA
+

d(mτAYA)

dtA
−

d(φZA)

dtA
(36)
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66 S. Sandoval, V. Gualajara

dWA

dtA
= −

2nθXA

m+ n+ 1
−

θ(m+ n)(mYA + nXA)

m+ n+ 1
+ nθXA

+mθYA −
θ2lAtA(m+ n)

b(m+ n+ 1)
−

mθτAlA

m+ n+ 1
+

θ2φlA(m+ n)

b(m+ n+ 1)
(37)

dWB

dtB
=

d (mΠ∗
B)

dtB
+

d (CSB)

dtB
+

d(tBZB)

dtB
+

d(nτBXB)

dtB
−

φZB

dtB
(38)

dWB

dtB
= −

2mθYB

m+ n+ 1
−

θ(m+ n)(mYB + nXB)

m+ n+ 1
+mθYB

+nθXB −
θ2lBtB(m+ n)

b(m+ n+ 1)
−

nθτBlB

m+ n+ 1
+

θ2φlB(m+ n)

b(m+ n+ 1)
(39)

On the other hand, the results from WA and WB with respect to the variables
τAand τB respectively are,

dWA

dτA
=

d(nΠ∗
A)

dτA
+

d(CSA)

dτA
+

d(tAZA)

dτA
+

d(mτAYA)

dτA
−

d(φZA)

dτA
(40)

dWA

dτA
=

2mnXA

m+ n+ 1
−
m(nXA +mYA)

m+ n+ 1
−

mθlAtA

b(m+ n+ 1)

+mYA −
mτAlA(n+ 1)

b(m+ n+ 1)
+

mθφlA

b(m+ n+ 1)
(41)

dWB

dτB
=

d(mΠ∗
B)

dτB
+

d(CSB)

dτB
+

d(tBZB)

dτB
+

d(nτBXB)

dτB
−

d(φZB)

dτB
(42)

dWB

dτB
=

2mnYB

m+ n+ 1
−

n(mYB + nXB)

m+ n+ 1
−

nθlBtB

b(m+ n+ 1)

+nXB −
nτBlB(m+ 1)

b(m+ n+ 1)
+

nθφlB

b(m+ n+ 1)
(43)

When examining the effects of the pollution tax from the derivative of each of
the terms of the welfare function, this results:

For the benefit of the firms:In
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TRANSBOUNDARY POLLUTION, TAXES AND... 67

d(nΠ∗
A) = −

2nθXA

m+ n+ 1
dtA +

2mnXA

m+ n+ 1
dτA (44)

d(mΠ∗
B) = −

2mθYB

m+ n+ 1
dtB +

2mnYB

m+ n+ 1
dτB (45)

The above equations imply that any increase in pollution taxes increase the
marginal production costs of local firms, and therefore, the production of these
companies is discouraged, while reducing their exports at the same time; thus, the
profits of local firms decline. However, increasing the amount of the compensatory
tariff decreases the competitiveness of foreign firms, and increases the productivity
of local firms, since it is now the marginal cost of foreign companies that grows.

For the consumer surplus:

dCSA = −
θ(m+ n)(nXA +mYA)

m+ n+ 1
dtA −

m(nXA +mYA)

m+ n+ 1
dτA (46)

dCSB = −
θ(m+ n)(mYB + nXB)

m+ n+ 1
dtB −

n(mYB + nXB)

m+ n+ 1
dτB (47)

The above equations mean that production costs increase when pollution tax
increases, thus, prices also increase, this reduces the purchasing power of consumers,
and therefore, the consumer surplus decreases. Something similar happens with
the compensatory tariff, since by increasing this, the price of articles grows, which
discourages imports.

For the duty cost of pollution taxes:

d(tAZA) =

(

nθXA +mθYA −
θ2lAtA(m+ n)

b(m+ n+ 1)

)

dtA −
mθlAtA

b(m+ n+ 1)
dτA (48)

d(tBZB) =

(

mθYB + nθXB −
θ2lBtB(m+ n)

b(m+ n+ 1)

)

dtB −
nθlBtB

b(m+ n+ 1)
dτB (49)

The above equations imply that a decrease in pollution taxes also translates
into a decrease in government revenue; but on the other hand, such a reduction
in pollution taxes also reduces the marginal production costs of local companies,
which increases productivity and also the payment of taxes to the government, soIn
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68 S. Sandoval, V. Gualajara

the effect is ambiguous. However, when the government increases the compensatory
tariff to foreign companies, this necessarily reduces the collection of taxes for local
companies.

For the tariff cost of foreign companies:

d(mτAYA) = −
mθτAlA

m+ n+ 1
dtA +

(

mYA −
mτAlA(n + 1)

b(m+ n+ 1)

)

dτA (50)

d(nτBXB) = −
nθτBlB

m+ n+ 1
dtB +

(

nXB −
nτBlB(m+ 1)

b(m+ n+ 1)

)

dτB (51)

From the previous expressions it is deduced that a decrease in the compensatory
tariffs to foreign companies brings also a decrease in government collection through
this concept. However, such a tariff reduction reduces the marginal production
costs of foreign companies, which increases their productivity and also the payment
of compensatory tariffs to the government, so the effect is ambiguous. On the other
hand, when the government increases the pollution tax to local companies, this
necessarily reduces the collection of compensatory tariffs from foreign companies.

For the social cost for polluting:

d(φZA) = −
θ2φlA(m+ n)

b(m+ n+ 1)
dtA −

mθφlA

b(m+ n+ 1)
dτA (52)

d(φZB) = −
θ2φlB(m+ n)

b(m+ n+ 1)
dtB −

nθφlB

b(m+ n+ 1)
dτB (53)

Finally, decreasing pollution tax increases the emission of pollutants in the en-
vironment due to the decrease in marginal production costs, and consequently the
social cost of polluting increases, contrary to an increase in tA reduces pollution.
However, by decreasing the compensatory tariff, the productivity of foreign firms is
encouraged, which increases their level of emissions.

The concavity conditions for WA and WB , with respect to tA and tB imply that,

d2WA

dt2A
= −

θ2lA(n
2 + 2mn+m2 + 2m)

b(m+ n+ 1)2
< 0 (54)

d2WB

dt2B
= −

θ2lB(m
2 + 2mn+ n2 + 2n)

b(m+ n+ 1)2
< 0 (55)

Now, the concavity conditions for WA and WB, with respect to τA and τB imply
that,In
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d2WA

dτ2A
= −

mlA(m+ 4n+ 2n2 + 2)

b(m+ n+ 1)2
< 0 (56)

d2WB

dτ2B
= −

nlB(n+ 4m+ 2m2 + 2)

b(m+ n+ 1)2
< 0 (57)

Since all the parameters included in equations (54) and (55), on the one hand;
and (56) and (57), on the other hand, are positive; it is inferred that the general
welfare functions, WA and WB, are concave both with respect to pollution taxes and
with respect to compensatory tariffs.

4. Optimal values: pollution taxes and compensatory tariff

Below, we will calculate the optimal pollution taxes, t∗A and t∗B , and the optimal
compensatory tariffs, τ∗A and τ∗B. First-order conditions imply that,

dWA

dtA
= 0,

dWA

dτA
= 0,

dWB

dtB
= 0 and

dWB

dτB
= 0 (58)

Using first order conditions, (58), together with those derivative from the welfare
function with respect to pollution taxes and compensatory tariffs, (37), (39), (41)
and (43); and solving the simultaneous equations obtained results that,

t∗A =
bmYA − bnXA + φθlA(m+ n)− bmτAlA

θlA(m+ n)
(59)

τ∗A =
b(n+ 1)YA + bnXA + θlA(φ− tA)

lA(n+ 1)
(60)

t∗B =
bnXB − bmYB + θφlB(m+ n)− bnτBlB

θlB(m+ n)
(61)

τ∗B =
b(m+ 1)XB + bmYB + θlB(φ− tB)

lB(m+ 1)
(62)

From this point, we will assume that in each country there is only one firm, that
is, m = n = 1. This assumption of a monopolistic company does not affect the
results of the main variables of this model and the calculations will be maintainedIn
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70 S. Sandoval, V. Gualajara

at an acceptable level of simplicity. We will analyze first, the case of small country
and large country, lA ≪ lB , that is, lA → 0 and lB → 1. In this way, for optimal
pollution taxes, using (59) and (60) we have,

t∗A =
1

2lAθ
(bYA − bXA + 2lAθφ− blAτA) → ∞ (63)

t∗B =
1

2θ
(bXB − bYB + 2θφ− bτB) (64)

Since all the parameters included in expressions (63) and (64) are positive by
definition, we can conclude for the pollution tax that, if the disutility of pollution
is very high, then the optimal value of both t∗A and t∗B are positive. In this sense,
if the marginal social cost to pollute is very high, the government values more the
harmful effects that pollution can cause in the reduction of the environment, than
in the other components of the welfare function, which involve both consumers,
producers and government through the collection, either tax or tariff. We also note
that, because of the size of the countries (expressed in the terms containing XA, YA,
XB and YB) and like lA → 0, then t∗A > t∗B; which implies that the large country
takes advantage of its size to reduce its tax burden due to pollution taxes compared
to the small country. The above observations can be stated in the following result,

Proposition 1. Under the non-cooperative scheme, if lA → 0, and lB → 1,
the optimal pollution taxes are, if φ ≫ 0 then t∗A > t∗B > 0.

On the other hand, also given the expressions (63) and (64) if τ∗A ≫ 0 y τ∗B ≫ 0,
then t∗A = t∗B = 0 (since the pollution taxes can not be negative); in this way, if the
import tariffs are very high, local production in both countries should be encouraged
by not charging pollution taxes, which favors the profits of the companies and the
consumer surplus; even if this increases the emission of pollutants in the atmosphere.
Which can be expressed in the result shown below,

Proposition 2. Under the non-cooperative scheme, if lA → 0, y lB → 1, the
optimal pollution taxes are, if τ∗A ≫ 0, then t∗A = 0; and if τ∗B ≫ 0,then t∗B = 0.

Similarly, for the case where the size of the countries is very different (small
country and large country, lA → 0 and lB → 1) and regarding to the optimal
compensatory tariffs, it results,

τ∗A =
1

2lA
(2bYA + bXA + lAθ(φ− tA)) → ∞ (65)

τ∗B =
1

2
(2bXB + bYB + θ(φ− tB)) (66)

In
te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
3
,
N
o
.
1
(2

0
1
9
)



TRANSBOUNDARY POLLUTION, TAXES AND... 71

Since all the parameters involved in expressions (65) and (66) are by definition
positive, we can conclude for the compensatory tariff that, if the disutility of pollu-
tion is very high, then the optimal value of both τ∗A and τ∗B are positive. Intuitively
if the marginal social cost of polluting is very high, then the government gives prior-
ity to the damages caused by pollution, on the other terms of the welfare function,
whether consumers, companies and government via tax collection of pollution. It is
also clear that by the size of the countries (expressed in the terms containing XA,
YA, XB and YB) and as lA → 0 and lB → 1, then τ∗A > τ∗B; which implies that the
small country imposes a higher compensatory tariff than the large country, which
favors the small government revenue from the collection of tariffs, while increasing
the competitiveness of that country by having to pay a lower compensatory tariff.
Also, by increasing the compensatory tariff of the large country, global emissions are
reduced, since the production of the large country is indirectly discouraged. This
can be stated in the subsequent conclusion,

Proposition 3. Under the non-cooperative scheme, if lA → 0 and lB → 1, the
optimal compensatory tariffs are, if φ ≫ 0 then τ∗A > τ∗B > 0.

On the other hand, when analyzing again the expressions (65) and (66), we ob-
serve that if t∗A ≫ 0 and t∗B ≫ 0, then τ∗A = τ∗B = 0, because the compensatory tariffs
can not be negative. Intuitively, if pollution tax is very high, the government will
encourage imports of goods by not taxing them with compensatory tariffs favoring
consumer surplus by reducing the marginal cost of imported goods and the profits of
exporting companies, even though the emissions from the exporting country increase
considerably with the consequent increase in the social cost of pollution. We can
formulate the above in the conclusion shown below,

Proposition 4. Under the non-cooperative scheme, if lA → 0, and lB → 1, the
optimal compensatory tariffs are, if t∗A ≫ 0 then τ∗A = 0; and if t∗B ≫ 0 then τ∗B = 0.

On the other hand, under the assumption of countries of similar size, we have
to, lA ≈ lB ≈ 0.5, and thus, with respect to optimal pollution taxes we have that,

t∗A =
1

θ
(bYA − bXA + θφ− 0.5bτA) (67)

t∗B =
1

θ
(bXB − bYB + θφ− 0.5bτB) (68)

Analyzing the equations (67) and (68) we note that if the marginal social cost
to pollute is very high, the government prioritizes to a greater extent the harmful
consequences that pollution can cause in the environment, than in the other com-
ponents of the general welfare function of the countries, that is, the consumers, theIn
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producing firms and the income of the governments for the collection, either tax
or tariff. Similarly, given the expressions (67) and (68); t∗A = t∗B = 0 si τ∗A ≫ 0 y
τ∗B ≫ 0, so that if compensatory tariffs are significantly high, governments should
favor local production in both countries by not taxing emissions through pollution
taxes, which benefits local businesses and consumers, since the marginal cost of pro-
duction is reduced; despite the increase of pollutants in the atmosphere. Specifically,
when the quantities of the good produced for local consumption and the quantities of
the good produced for export are similar in the 2 countries (XA ≈ YB y XB ≈ YA),
the optimal pollution taxes tend to equalize (t∗A ≈ t∗B) with which it is possible to
institute a certain reciprocal equilibrium through this strategic instrument of envi-
ronmental control. The above considerations are summarized in the result that is
stated below,

Proposition 5. Under the non-cooperative scheme, if lA ≈ lB ≈ 0.5, the
optimal pollution taxes are, a) if φ ≫ 0 then t∗A > 0 and t∗B > 0; and b) if τ∗A ≫ 0
then t∗A = 0,and if τ∗B ≫ 0 then t∗B = 0.

Also under the hypothesis of countries of similar size, lA ≈ lB ≈ 0.5, and regard-
ing to the optimal compensatory tariffs we have that,

τ∗A = 2bYA + bXA + 0.5θ(φ− tA) (69)

τ∗B = 2bXB + bYB + 0.5θ(φ− tB) (70)

From the previous equations (69) and (70), we note that if the social cost to
pollute, φ, is significantly high, then governments impose a strong restriction on the
emission of pollutants to foreign companies, that is, τ∗A > 0 y τ∗B > 0. In this case,
the term associated with the social cost of pollution has greater weight in the social
welfare function of the countries, and the government tries to minimize the damage
caused by pollution, even at the cost of increasing marginal costs of production, and
the reduction of the profits of the companies and the consumer surplus. Similarly,
from the expressions (69) and (70), we can see that if pollution taxes are very
high governments should encourage imports, for which they decide not to charge
compensatory tariffs, which favors the benefits of the exporting companies and the
consumer surplus (due to the reduction of the marginal costs of production); even
if this increases the emission of pollutants in the atmosphere. As a special case,
in countries of similar size, if the quantities of the good produced for export and
for local consumption are similar in both countries (XA ≈ YB y XB ≈ YA), then
the compensatory tariffs tend to equalize (τ∗A ≈ τ∗B) establishing automatically an
economically just and balanced mechanism through the instrument of environmentalIn
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control on a global scale. The above reasoning can be expressed in the following
statement,

Proposition 6. Under the non-cooperative scheme, if lA ≈ lB ≈ 0.5, the
optimal compensatory tariffs are, a) if φ ≫ 0 then τ∗A > 0 and τ∗B > 0; and b) if
t∗A ≫ 0 then τ∗A = 0, and if t∗B ≫ 0 then τ∗B = 0.

Starting again from equations (69) and (70), if the local demand for the good
(expressed in terms XA and YA as well as in terms YB and XB , for countries A

and B respectively) is significantly high then governments must take advantage of
the implicit demand of imported goods (reflected in components YA and XB) to
obtain considerable tax revenues by imposing high compensatory tariffs. In this
way, local production is promoted, increasing the benefit of national companies.
The environmental impact is ambiguous as a result of pollution emissions, since
on the one hand, the production of foreign goods for export is inhibited, but on
the other, local production is stimulated. The arguments presented above can be
formulated in the following conclusion,

Proposition 7. Under the non-cooperative scheme, if lA ≈ lB ≈ 0.5, the
optimal compensatory tariffs are, a) ifXA+YA ≫ 0 then τ∗A > 0; and b) if YB+XB ≫

0 then τ∗B > 0.

Finally, we will analyze a general result that does not consider the relative size
of the countries involved. In this sense, according to [13], we can observe that the
WA function is not necessarily continuous regarding tA. Because of the way in which
sA, sB , SA, SB is defined, the only possible discontinuity point is tA = λ. Analyzing
the probable discontinuity of WA in tA = λ by calculating the unilateral limits and
using (15), (16), (17) and (18) we have to,

limtA→λ+WA = CSA + nΠ∗
A + tAZA +mτAYA − φZA (71)

limtA→λ+WA = CSA + nΠ∗
A +mτAYA (72)

limtA→λ−WA = CSA + nπ∗
A + tAZA +mτAYA − φZA (73)

limtA→λ−WA = CSA + nΠ∗
A + λθ(nXA +mYA) +mτAYA − φθ(nXA +mYA) (74)

limtA→λ−WA = CSA + nΠ∗
A + θ(λ− φ)(nXA +mYA) (75)In
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so from (72) and (75) we have that,

limtA→λ+WA − limt→λ−WA = θ(λ− φ)(nXA +mYA) (76)

According the previous equation we can conclude that,

limtA→λ+WA − limtA→λ−WA > 0 si φ > λ (77)

limtA→λ+WA − limt→λ−WA = 0 si φ = λ (78)

limtA→λ+WA − limt→λ−WA < 0 si φ < λ (79)

By similar reasoning to WB we can conclude that,

limtB→λ+WB − limtB→λ−WB > 0 si φ > λ (80)

limtB→λ+WB − limtB→λ−WB = 0 si φ = λ (81)

limtB→λ+WB − limtB→λ−WB < 0 si φ < λ (82)

Intuitively, from equations (77) and (80), if the marginal disutility of pollution
is greater than or equal to the abatement cost, then also, the tax is greater than the
abatement cost, so companies simply decide not to pollute at all, because obviously
it is cheaper to cover the cost of not polluting, than paying an onerous pollution
tax. While, from equations (79) and (82), if the marginal disutility of pollution is
lower than the abatement cost, then also, the optimal pollution tax is less than the
abatement cost, and in this case, the companies choose not to reduce the emissions
of pollutants at all, because the cost of reducing pollution is obviously more expen-
sive than paying the tax corresponding to the emission of pollutants. The above
reasoning can be expressed in the following proposition,

Proposition 8. a) if φ ≥ λ then t∗A ≥ λ and t∗B ≥ λ, therefore, there are no
pollutant emissions. b) if φ < λ then t∗A < λ and t∗B < λ, therefore, there is no
reduction in the emission of pollutants.
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5. Conclusions

Although it is the duty of governments to promote the creation and competitive-
ness of national companies, the preservation of a healthy environment must not be
ignored, through the control of the pollution that companies emit in their produc-
tion processes. In this way, the government must harmoniously coordinate these
objectives through the application of strategic environmental policies.

Thus, the environmental control measures implemented by governments must be
carefully selected, since if they are very rigorous, it would significantly increase the
marginal costs of the companies to the detriment of their competitiveness. Thus,
railroad regulations are considered trade barriers and are an incessant source of
heated discussions in world trade negotiations. In this sense, the policies selected
by the governments should weigh the right measure of sustainability and economic
development.

This paper develops a model of partial equilibrium in conditions of reciprocal
dumping and monopoly between two countries that have a company that allocates
a proportion of its production to the export market and another proportion to
local consumption. On the other hand, companies generate pollution due to their
production processes, but they also have the appropriate technology to reduce their
emissions. We use one of the most recurrent environmental policy instruments in
practice, pollution taxes.

We also assume that part of the pollution emitted by the companies is transferred
to the country with which the commercial relationship of reciprocal dumping is
maintained, and the other part of the emissions remains in the country that generates
them. We also assume that these emissions are proportional to the quantities of the
good produced for both the local and export markets. In this sense, governments
apply a compensatory tariff per unit of product to the company of the exporting
country that in some way compensates the damages caused by their emissions in
the importing country.

We can establish the following conclusions from the development of the model.
In the first place, we consider countries of different size and in the case of pollution
taxes. If the disutility of pollution is very high, it will apply an expensive pollution
tax; because if the marginal social cost of polluting is significantly high, the govern-
ment considers the adverse consequences of pollution to a greater degree, than in the
other terms of the general welfare function, that is, consumer surplus, benefit of the
firms and government collection (either by taxes or tariffs). In addition, the large
country uses its greater market power by significantly reducing its expenditures for
pollution taxes in contrast to the small country, which this sense is at a clear disad-
vantage. However, if the compensatory tariffs are very high, then the governments
decide not to tax the companies with pollution taxes; with which local production
is encouraged in both countries, which favors the profits of the companies and the
consumer surplus, by the reduction of the marginal costs of production; even thoughIn
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the social cost due to pollution is increased due to the greater emission of pollutants.

Second, we consider different-size countries and in the case of compensatory tar-
iffs. If the marginal social cost to pollute is very large, the government will impose
an onerous compensatory tariff, in this sense, the government values more the dam-
ages caused by pollution emissions, in comparison with the other components of the
welfare function, such as the consumer surplus, the firms and the income of the gov-
ernments by concept of pollution taxes. In addition, the small country implements
a more onerous compensatory tariff than the large country, which increases the col-
lection of small government by tariffs, this favors the competitiveness of the small
country by paying a lower compensatory tariff to the large country. In the same
sense, when increasing the compensatory tariff of the large country, the emissions
of pollutants decrease, since the production of that country is indirectly inhibited.
On the other hand, if the pollution tax is significantly expensive, the government
will favor imports by not charging compensatory tariffs by sponsoring both the con-
sumer surplus for the reduction of the marginal costs of imported goods, as well as
the profits of the exporting firms, although this entails the increase of the emissions
of the exporting country and the considerable increase in the social cost to pollute.

Third, we consider countries of similar size and, for that matter, pollution taxes.
If the marginal social cost to pollute is very high, the government will implement an
expensive pollution tax, in such a way that, the government places more emphasis
on the damages caused by the pollution it can cause in the environment, on the
other components of the welfare function, that is, the collection of taxes and tar-
iffs by the government, consumers and production companies. Similarly, if import
tariffs are high, governments will not apply pollution taxes, which will stimulate
local production in both countries, which favors local firms and consumers, since
they lower marginal production costs; even when pollutant emissions increase. In
addition, when the proportions of the good produced for local consumption and for
export are similar in the two countries, the optimal pollution taxes tend to resemble
each other what induces a fair balance in the applied environmental policy.

Fourth, we consider countries of similar size and in the case of compensatory
tariffs. If the marginal disutility of pollution is significantly high, it will establish
an expensive compensatory tariff, in this way, the government will try to reduce as
much as possible the consequences of contamination, even when the marginal costs
of production increase, and consequently decrease, the profits of the companies and
the consumer surplus. Also, if pollution taxes are considerably high, governments
should encourage importation of goods by applying a zero compensatory tariff, fa-
voring the profits of exporting companies and the consumer surplus, since marginal
production costs are reduced; however, the emission of pollutants is increased. Par-
ticularly, if the countries are of similar size, and the proportions of the good produced
for export and for local consumption are similar, the compensatory tariffs are also
similar, which establishes a balance in the application of this environmental policy
instrument. On the other hand, if the local demand for the good is very high thenIn
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governments should take advantage of the implicit demand of imported goods to
increase their income by applying high compensatory tariffs, while favoring local
production by increasing the profits of national companies.

Finally the next result applies to both; different-size countries and similar-size
countries. In both cases it is confirmed that if the marginal disutility of pollution
is greater than the abatement cost, then the optimal pollution tax must be greater
than the abatement cost, and in this case, the companies decide not to pollute at all.
And in the opposite case when the marginal disutility of pollution is less than the
abatement cost, then the optimal pollution tax should be less than the abatement
cost, in which case the companies choose not to reduce the emission of pollutants in
the least.

In summary, the presented model emphasizes the rational application of strategic
environmental policies; that can favor first the competitiveness of the companies
in the international scope, the benefit of the consumers and tax collections, but
at the same time promote a sustainable development and a healthy environment
starting from the implementation of effective pollution control instruments; all these
components are harmoniously included in a general welfare function.
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