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Abstract: Let M be a semiprime Γ-ring with involution. In this paper, it will be shown that if

an additive mapping d on M is a Γ∗-derivation, then d maps all elements of M into the center of

M . Furthermore, if d(x) coincides with the commutator of x and some a ∈ M with respect to α for

all x ∈ M and α ∈ Γ, then d is a zero Γ∗-derivation. The above results are used to deduce the main

theorem which says that if d satisfies d(x) = aαx+ xαa∗ for all x ∈ M, α ∈ Γ and a fixed element

a ∈ M, then d is a zero Γ∗-derivation.
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1. Introduction

In [1], Nobusawa introduced some generalization on the theory of rings. Thus, a
notion called Γ-ring was created and defined. Nobusawa introduced Γ-rings for the
purpose of determining the structure when they are simple and semisimple. Barnes
[2] slightly weakened the conditions of Γ-rings to discuss the residue class of Γ-rings
on the notion of Γ-homomorphism, prime and (right) primary ideals, m-systems,
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and the radical of an ideal to Γ-rings. Following that, other research followed which
dealt with prime and semiprime Γ-rings. In this paper, discussions are based upon
the weaker condition on Γ-rings as defined by Barnes and is stated as the following:
Let M = {x, y, z, ...} and Γ = {α, β, γ, ...} be additive groups. If the following three
conditions are satisfied:

(i) xαy ∈ M ,
(ii) (x+ y)αz = xαz + yαz, x(α+ β)y = xαy + xβy, xα(y + z) = xαy + xαz,

(iii) (xαy)βz = xα(yβz),
then M is called a Γ-ring.

Let M be a Γ-ring, then [x, y]α = xαy − yαx is known as the commutator of
x and y with respect to α , where x, y ∈ M and α ∈ Γ. Thus, if [x, y]α = 0 for
all x, y ∈ M and α ∈ Γ, then M is a commutative Γ-ring. An additive subgroup
U of M is called a left (resp. right) ideal of M if MΓU ⊂ U (resp. UΓM ⊂ U).
If U is both a left and a right ideal, then U is an ideal of M . M is said to be
semiprime if for any element a ∈ M , aΓMΓa = {0} implies that a = 0 and M

is said to be prime if for any two elements a, b ∈ M , aΓMΓb = {0} implies that
either a = 0 or b = 0. In investigating the commutative property of prime and
semiprime Γ-rings, additive mappings such as derivations are defined onM . Suppose
d : M → M and D : M → M are two additive mappings, then d is a derivation of
M if d(xαy) = d(x)αy + xαd(y) for all x, y ∈ M and α ∈ Γ and D is a generalized
derivation of M if D(xαy) = D(x)αy + xαd(y) for all x, y ∈ M and α ∈ Γ. Recent
results regarding zero derivations of a Γ-ring M includes one by Dey and Paul
[3] who proved that if D is a generalized derivation of a prime Γ-ring M with an
associated derivation d of M acting as a homomorphism and an anti-homomorphism
on a nonzero ideal U of M , then either d = 0 or M is commutative. For a Γ-ring
M , an additive mapping d : M → M is said to be a Jordan derivation of M if
d(xαx) = d(x)αx + xαd(x) and is a Jordan left derivation if d(xαx) = 2xαd(x) for
all x ∈ M and α ∈ Γ. A Γ-ring M with involution is called n-torsion free if for
all x ∈ M , nx = 0 implies x = 0 where n is a positive integer. Paul and Rahman
[4] proved that if M is a 2,3-torsion free semiprime Γ-ring and d,G : M → M are
Jordan left derivations such that d2(M) = G(M), then d = 0. In 2014, Hoque et
al.[5] produced the notion of Γ-ring with involution, or Γ∗-ring as it is often referred
to, and its definition (which will be stated in the following section) is similar to that
of ∗-ring.

In [6] and [7], Kadhim et al. defined the derivation and Jordan derivation on
a Γ-ring with involution where an additive mapping d : M → M is called a Γ∗-
derivation if d(xαy) = d(x)αy∗ + xαd(y) and a Jordan Γ∗-derivation if d(xαx) =
d(x)αx∗ + xαd(x). They established a relation between Γ∗-derivation and Jordan
Γ∗-derivation and proved that if d is a non-zero Jordan Γ∗-derivation such that
d(xαy) = d(yαx) for all x, y ∈ M and α ∈ Γ, then M is a commutative Γ-ring with
involution. In this paper, it is proven that, for a semiprime Γ-ringM with involution,
if d : M → M is a Γ∗-derivation, then d maps all elements of M to Z(M); whichIn
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is then used to prove that if there is an element a ∈ M where d(x) = [a, x]α for all
x ∈ M and α ∈ Γ, then d = 0. This is then applied to prove the main theorem that
says if d satisfies d(x) = aαx + xαa∗ for all x ∈ M and α ∈ Γ and a fixed element
a ∈ M , then d = 0 and the proof uses a property of Hermitian elements of M .

2. Preliminaries

This sections begins with a proper introduction to Γ-rings with involution and its
associated Γ∗-derivations followed by some definitions on relevant terms. Γ-rings
with involution can be defined in a similar way as ∗-rings for the case of rings.

Definition 1. An additive mapping x → x∗ on a Γ-ring M is called an in-
volution if for all x, y ∈ M and α ∈ Γ, (xαy)∗ = y∗αx∗ and x∗∗ = x. A Γ-ring M

equipped with an involution is called a Γ-ring M with involution (also known as
Γ∗-ring).

To further clarify the idea of a Γ-ring with involution, the following example is
given.

Example 2.1. Let R be a commutative ring with CharR 6= 2. Define M =

M2×2(R) =

{

[

a b

0 a

]

∣

∣

∣

∣

∣

a, b ∈ R

}

and Γ =

{

[

m 0
0 m

]

∣

∣

∣

∣

∣

m ∈ Z

}

. Then M and Γ are

additive abelian groups under the addition of matrices and M is a Γ-ring under
multiplication of matrices.

Define an additive mapping ∗ : M → M by

([

a b

0 a

])

∗

=

[

a −b

0 a

]

To prove M is a Γ-ring with involution, let x, y ∈ M and α ∈ Γ such that

x =

[

a b

0 a

]

, y =

[

c d

0 c

]

and α =

[

m 0
0 m

]

. Clearly x∗∗ = x. It remains to show

that (xαy)∗ = y∗αx∗.

Now,

(xαy)∗ =

([

a b

0 a

] [

m 0
0 m

] [

c d

0 c

])

∗

=

[

amc −amd− bmc

0 amc

]

and

y∗αx∗ =

[

c −d

0 c

] [

m 0
0 m

] [

a −b

0 a

]

=

[

cma −cmb− dma

0 cma

]

.

Since R is a commutative ring, a, b, c, d ∈ R and m ∈ Z implies that amc = cma

and −amd− bmc = −cmb− dma. Therefore, (xαy)∗ = y∗αx∗ which implies that M
is a Γ-ring with involution.In

te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
3
,
N
o
.
1
(2

0
1
9
)



40 H. Sulaiman, A.K. Kadhim, A.-R.H. Majeed

An example of a Γ∗-derivation will be given in what follows and thus its definition
is properly stated below.

Definition 2. Let M be a Γ-ring with involution. Then an additive mapping
d : M → M is called a Γ∗-derivation if d(xαy) = d(x)αy∗ + xαd(y) for all x, y ∈ M

and α ∈ Γ.

Example 2.2. Let M be a Γ-ring with involution defined in Example 2.1.

Define an additive mapping d : M → M by d

([

a b

0 a

])

=

[

0 b

0 0

]

for all a, b ∈ R.

It remains to show that d is a Γ∗-derivation.
Now,

d(xαy) =d

([

a b

0 a

] [

m 0
0 m

] [

c d

0 c

])

=

[

0 amd+ bmc

0 0

]

and

d(x)αy∗ + xαd(y) =

[

0 b

0 0

] [

m 0
0 m

] [

c −d

0 c

]

+

[

a b

0 a

] [

m 0
0 m

] [

0 d

0 0

]

=

[

0 bmc+ amd

0 0

]

.

Therefore, d(xαy) = d(x)αy∗ + xαd(y). Hence, d is a Γ∗-derivation.

What follows are some definitions of terms related to the property of a Γ-ring M

with involution. These can be cited from the papers of Kyuno [8], Hoque and Paul
[9], Ceven [10] and Paul and Chakraborty [11]. Note that Γ-rings with involution
adapt these properties from Γ-rings (except for those involving the involution *).

Definition 3. Let M be a Γ-ring with involution. The set Z(M) = {x ∈ M :
xαy = yαx for all α ∈ Γ, y ∈ M} is called the center of the Γ-ring M.

Definition 4. An element x in a Γ-ring M with involution is said to be
Hermitian if x∗ = x and skew-Hermitian if x∗ = −x. The sets of all Hermitian
elements and skew-Hermitian elements of M will be denoted by H(M) and S(M),
respectively.

The following gives an example of H(M) and S(M).

Example 2.3. Let M be a Γ-ring with involution defined in Example 2.1.

To find x∗ = x ∈ H(M), let x =

[

a b

0 a

]

. This implies x∗ =

[

a −b

0 a

]

.

Thus, x∗ = x ⇔

[

a −b

0 a

]

=

[

a b

0 a

]

⇔ −b = b ⇔ b = 0 ⇔ x =

[

a 0
0 a

]

. Hence,

H(M) =

{

[

a 0
0 a

]

∣

∣

∣

∣

∣

a ∈ R

}

.
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To find y∗ = −y ∈ S(M), let y =

[

c d

0 c

]

. This implies y∗ =

[

c −d

0 c

]

. Thus,

y∗ = −y ⇔

[

c −d

0 c

]

=

[

−c −d

0 −c

]

⇔ c = −c ⇔ c = 0 ⇔ y =

[

0 d

0 0

]

.

Hence, S(M) =

{

[

0 d

0 0

]

∣

∣

∣

∣

∣

d ∈ R

}

.

The following results require a flexibility condition on Γ called Assumption (A)
in the computations involving commutators as stated below.

(A) ......... xαyβz = xβyαz for all x, y, z ∈ M and α, β ∈ Γ.
This ”assumption” has been used in establishing many results in Γ-rings as can be
seen in [9] , [12] and [13]. Note that similar to commutators on elements of M ,
[α, β]x = αxβ − βxα for all α, β ∈ Γ and x ∈ M . First, consider the following basic
commutator identities:

[xαy, z]β = [x, z]βαy + x[α, β]zy + xα[y, z]β (1)

[x, yαz]β = [x, y]βαz + y[β, α]xz + yα[x, z]β (2)

for all x, y, z ∈ M and α, β ∈ Γ.
By taking Assumption (A), x[α, β]zy = xαzβy − xβzαy = 0 and
y[β, α]xz = yβxαz − yαxβz = 0. So, identities (1) and (2) reduce to

[xαy, z]β = [x, z]βαy + xα[y, z]β (3)

[x, yαz]β = [x, y]βαz + yα[x, z]β (4)

for all x, y, z ∈ M and α, β ∈ Γ.
The identities (3) and (4) above shall be used extensively in the computation

involving commutators where appropriate.
The following is a result by Hoque and Paul [9] which will be used in the proof

of the lemma in next section.

Lemma 2.4. Let M be a semiprime Γ-ring satisfying Assumption (A) and let
a be an element in M. If aα[x, y]β = 0 for all x, y ∈ M and α, β ∈ Γ, then there
exists an ideal U of M such that a ∈ U ⊂ Z(M).

3. Properties for Zero Γ∗-Derivation

As mentioned previously, a property which makes d a zero Γ∗-derivation will be
stated and proven. First, a similar result is proven when d is defined as the commu-
tator of a and x for all x ∈ M and some fixed element a of M . The lemma below
shows that a Γ∗-derivation on a semiprime Γ-ring M with involution will map every
element to the center of M . The lemma also gives a condition that makes d = 0
which will be used to deduce the result of Theorem 3.2.In
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Lemma 3.1. Let M be a semiprime Γ-ring with involution satisfying Assump-
tion (A) and let d : M → M be a Γ∗-derivation. Then d(x) ∈ Z(M) for all x ∈ M .
In addition, if d(x) = [a, x]α for all x ∈ M , α ∈ Γ and some fixed element a of M ,
then d = 0.

Proof. Let M and d be as stated in the statement of the lemma. Since d is a
Γ∗-derivation, then

d(xαy) = d(x)αy∗ + xαd(y) (5)

for all x, y ∈ M and α ∈ Γ. By replacing y by yβz in (5), it yields

d(xα(yβz)) = d(x)α(yβz)∗ + xαd(yβz)

which then implies

d(xα(yβz)) = d(x)αz∗βy∗ + xαd(y)βz∗ + xαyβd(z) (6)

for all x, y, z ∈ M and α, β ∈ Γ. On the other hand, replacing x with xβy and y

with z in (5), yields

d((xβy)αz) = d(xβy)αz∗ + (xβy)αd(z)

which then implies by Assumption (A) that

d(xαy)βz) = d(x)αy∗βz∗ + xαd(y)βz∗ + xαyβd(z) (7)

for all x, y, z ∈ M and α, β ∈ Γ. The equality of the left-hand side of (6) and (7),
yields

d(x)αy∗βz∗ − d(x)αz∗βy∗ = 0

which implies
d(x)α(y∗βz∗ − z∗βy∗) = 0

and deduce

d(x)α[y∗, z∗]β = 0 (8)

for all x, y, z ∈ M and α, β ∈ Γ. Now, d(x) is an element ofM where d(x)α[y∗, z∗]β =
0 for all y∗, z∗ ∈ M and α, β ∈ Γ. Hence, by using Lemma 2.4, d(x) ∈ Z(M) for
all x ∈ M . This completes the proof of the first part. For the second part, sup-
pose d(x) = [a, x]α for all x ∈ M and α ∈ Γ. Then from (8) it can be shown that
[a, x]αγMγ[a, x]α = 0 for all x ∈ M and α, γ ∈ Γ. Since M is a semiprime Γ-ring
with involution, then [a, x]α = 0. Hence, d = 0. �

Recall that if a ∈ S(M) for a semiprime Γ-ring M with involution, then a∗ = −a

and the fact from Lemma 3.1 implies that d(x) = aαx + xαa∗ = 0 for all x ∈ M

and α ∈ Γ. The theorem below shows that if d is a Γ∗-derivation defined by d(x) =
aαx+ xαa∗, then d = 0 without a necessarily be a skew-Hermitian element.In
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Theorem 3.2. Let M be a semiprime Γ-ring with involution satisfying As-
sumption (A) and d : M → M be a Γ∗-derivation which satisfies d(x) = aαx+ xαa∗

for all x ∈ M, α ∈ Γ and fixed elements a, a∗ ∈ M , then d = 0.

Proof. Let M and d be as stated in the statement of the theorem. It remains
to prove that d = 0. Now,

d(x) = aαx+ xαa∗ (9)

for all x ∈ M and α ∈ Γ from the hypothesis. Without loss of generality, let
y ∈ H(M) and replace x by xαy in (9). This yields

d(xαy) = aα(xαy) + (xαy)αa∗.

By (5) of Lemma (3.1) and (9),

d(xαy) = d(x)αy∗ + xαd(y) = (aαx + xαa∗)αy∗ + xα(aαy + yαa∗).

Combining the two relations above yields

aα(xαy) + (xαy)αa∗ = (aαx+ xαa∗)αy∗ + xα(aαy + yαa∗).

This results to

aαxαy + xαyαa∗ = aαxαy∗ + xαa∗αy∗ + xαaαy + xαyαa∗ (10)

for all x, y ∈ M and α ∈ Γ. Since y ∈ H(M), (10) becomes

aαxαy + xαyαa∗ = aαxαy + xαa∗αy + xαaαy + xαyαa∗ (11)

which then implies

xαa∗αy + xαaαy = xα(a+ a∗)αy = 0 (12)

for all x, y ∈ M and α ∈ Γ. Left multiplication of (12) by (a+ a∗)βy gives

(a+ a∗)βyαxα(a + a∗)αy = 0 (13)

for all x, y ∈ M and α, β ∈ Γ. By using Assumption(A) with semiprimeness of M,

(a+ a∗)αy = 0 (14)

for all y ∈ H(M) and α ∈ Γ. Right multiplication of (14) by (a+ a∗) gives

(a+ a∗)αyβ(a + a∗) = 0 (15)

for all y ∈ H(M) and α, β ∈ Γ. By semiprimeness of M again, (a + a∗) = 0 which
implies that a = −a∗. Therefore, by (9), d(x) = aαx − xαa which implies that
d(x) = [a, x]α. Hence by Lemma 3.1, d = 0. �
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