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Abstract: Let M be a semiprime ['-ring with involution. In this paper, it will be shown that if
an additive mapping d on M is a ['*-derivation, then d maps all elements of M into the center of
M. Furthermore, if d(x) coincides with the commutator of z and some a € M with respect to « for
all z € M and a € T', then d is a zero I'"-derivation. The above results are used to deduce the main
theorem which says that if d satisfies d(z) = aax + zaa” for all z € M, € T and a fixed element

a € M, then d is a zero I'"-derivation.
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1. Introduction

In [1], Nobusawa introduced some generalization on the theory of rings. Thus, a
notion called I'-ring was created and defined. Nobusawa introduced I'-rings for the
purpose of determining the structure when they are simple and semisimple. Barnes
[2] slightly weakened the conditions of I'-rings to discuss the residue class of I'-rings
on the notion of I'-homomorphism, prime and (right) primary ideals, m-systems,
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and the radical of an ideal to I'-rings. Following that, other research followed which
dealt with prime and semiprime I'-rings. In this paper, discussions are based upon
the weaker condition on I'-rings as defined by Barnes and is stated as the following:
Let M ={z,y,z2,...} and I' = {a, 8,7, ...} be additive groups. If the following three
conditions are satisfied:

(i) zay € M,

(i) (x + y)az = zaz + yaz, z(a+ Py = zay + 2By, za(y + 2) = vay + zaz,

(it} (zoy)Bz = z0(yBz),

then M is called a I'-ring.

Let M be a I'-ring, then [z,y|, = zay — yax is known as the commutator of
x and y with respect to « , where z,y € M and a € T'. Thus, if [z,y]l, = 0 for
all z,y € M and a € T', then M is a commutative I'-ring. An additive subgroup
U of M is called a left (resp. right) ideal of M if MTU C U (resp. UI'M C U).
If U is both a left and a right ideal, then U is an ideal of M. M is said to be
semiprime if for any element a € M, aI'MT'a = {0} implies that a = 0 and M
is said to be prime if for any two elements a,b € M, aI'MT'b = {0} implies that
either « = 0 or b = 0. In investigating the commutative property of prime and
semiprime I'-rings, additive mappings such as derivations are defined on M. Suppose
d: M — M and D : M — M are two additive mappings, then d is a derivation of
M if d(zay) = d(x)ay + zad(y) for all z,y € M and a € I and D is a generalized
derivation of M if D(zay) = D(z)ay + xad(y) for all ,y € M and a € T'. Recent
results regarding zero derivations of a I'-ring M includes one by Dey and Paul
[3] who proved that if D is a generalized derivation of a prime I'-ring M with an
associated derivation d of M acting as a homomorphism and an anti-homomorphism
on a nonzero ideal U of M, then either d = 0 or M is commutative. For a I'-ring
M, an additive mapping d : M — M is said to be a Jordan derivation of M if
d(zazx) = d(x)ax + zad(x) and is a Jordan left derivation if d(zax) = 2zad(zx) for
all x € M and o € T'. A T'-ring M with involution is called n-torsion free if for
all x € M, nx = 0 implies x = 0 where n is a positive integer. Paul and Rahman
[4] proved that if M is a 2,3-torsion free semiprime I'-ring and d,G : M — M are
Jordan left derivations such that d?(M) = G(M), then d = 0. In 2014, Hoque et
al.[5] produced the notion of I'-ring with involution, or I'*-ring as it is often referred
to, and its definition (which will be stated in the following section) is similar to that
of *-ring.

In [6] and [7], Kadhim et al. defined the derivation and Jordan derivation on
a I'-ring with involution where an additive mapping d : M — M is called a I'*-
derivation if d(zay) = d(z)ay* + zad(y) and a Jordan I™-derivation if d(zax) =
d(xz)ax* + zad(x). They established a relation between I"*-derivation and Jordan
I"-derivation and proved that if d is a non-zero Jordan I'*-derivation such that
d(zay) = d(yax) for all z,y € M and a € T, then M is a commutative I'-ring with
involution. In this paper, it is proven that, for a semiprime I'-ring M with involution,
if d: M — M is a I'-derivation, then d maps all elements of M to Z(M); which
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is then used to prove that if there is an element a € M where d(z) = [a, z], for all
z € M and a € I', then d = 0. This is then applied to prove the main theorem that
says if d satisfies d(z) = aax + zaa® for all x € M and a € T" and a fixed element
a € M, then d = 0 and the proof uses a property of Hermitian elements of M.

2. Preliminaries

This sections begins with a proper introduction to I'-rings with involution and its
associated ['*-derivations followed by some definitions on relevant terms. I'-rings
with involution can be defined in a similar way as *-rings for the case of rings.

Definition 1. An additive mapping x — x* on a I'-ring M is called an in-
volution if for all z,y € M and a € T, (zay)* = y*az* and 2™ = z. A T'-ring M
equipped with an involution is called a I'-ring M with involution (also known as
[*-ring).

To further clarify the idea of a I'-ring with involution, the following example is
given.

Example 2.1. Let R be a commutative ring with CharR # 2. Define M =

a b m 0
Mexa(R) = [0 a} 0 }
additive abelian groups under the addition of matrices and M is a I'-ring under

multiplication of matrices.

Define an additive mapping * : M — M by <[8 ﬂ) - [g _ab

To prove M is a I'-ring with involution, let z,y € M and o € I' such that
xr = |:a b:| , Y = |:C Ccl:| and o = |:m 7??;| . Clearly ™ = x. It remains to show

a,be Ry and I' = [ meZ}. Then M and T' are

0 a 0 0
that (zay)* = y*ax*.
Now,

and

fopt — |€ —d| |m 0| la —b| |cma —cmb—dma
4 S0 ¢ |0 m||0 a| | O cma '
Since R is a commutative ring, a,b,c,d € R and m € Z implies that amc = cma

and —amd — bmc = —cmb — dma. Therefore, (zay)* = y*ax™ which implies that M
is a ['-ring with involution.
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An example of a I"*-derivation will be given in what follows and thus its definition
is properly stated below.

Definition 2. Let M be a I'-ring with involution. Then an additive mapping
d: M — M is called a I"™-derivation if d(zay) = d(z)ay* + zad(y) for all z,y € M
and a € I,

Example 2.2. Let M be a I'-ring with involution defined in Example 2.1.

Define an additive mapping d : M — M by d ([g Z]) = [8 8] for all a,b € R.

It remains to show that d is a I'*-derivation.
Now,

o =(f 5 206 -1 5

and

o srn=[s 5 2)[s 21+[c 05 26 4
_ [8 bme J(; amd] .

Therefore, d(zay) = d(z)ay* + zad(y). Hence, d is a I'*-derivation.

What follows are some definitions of terms related to the property of a I'-ring M
with involution. These can be cited from the papers of Kyuno [8], Hoque and Paul
[9], Ceven [10] and Paul and Chakraborty [11]. Note that I'-rings with involution
adapt these properties from I'-rings (except for those involving the involution *).

Definition 3. Let M be a I'-ring with involution. The set Z(M) = {x € M :
zay = yax for all @« € ', y € M} is called the center of the I'-ring M.

Definition 4. An element x in a I-ring M with involution is said to be
Hermitian if 2* = 2 and skew-Hermitian if 2* = —x. The sets of all Hermitian
elements and skew-Hermitian elements of M will be denoted by H (M) and S(M),
respectively.

The following gives an example of H(M) and S(M).
Example 2.3. Let M be a I'-ring with involution defined in Example 2.1.

. _la b S « _ |la —b
To find z* = z € H(M), let z = [0 a} This implies z* = [0 a]'

Thus, 2* = =z & [a —b]:[a ﬂ S - b=besb=0sz= [a 2] Hence,

0 a 0 0
- {f ¢

0 a€R;.
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To find y* = —y € S(M), let y = 0 el This implies y* = L Thus,
=y e |C —d_|—c —d Sc=—cec=0s _ [0 d
Y200 |70 —c - VY=o of

Hence, S(M) — {[8 g] de R}.

The following results require a flexibility condition on I' called Assumption (A)
in the computations involving commutators as stated below.

(A) e rayfz = xfyaz for all z, y, 2 € M and «, S €T.
This ”assumption” has been used in establishing many results in I'-rings as can be
seen in [9] , [12] and [13]. Note that similar to commutators on elements of M,

[, Bl = axff — Bra for all o, 5 € T and € M. First, consider the following basic
commutator identities:

[zoy, z)g = [z, Zgay + z[a, By + zaly, 2]s (1)

[z,yaz]s = [z,y]paz + y[B, aloz + yalz, 2] (2)
for all x,y,z € M and o, € T'.
By taking Assumption (A), z[a, 8],y = zazfy — xfzay = 0 and
y[B, .z = yBraz — yaxfz = 0. So, identities (1) and (2) reduce to

[z, z)g = [z, 2]gay + zaly, 2] (3)

[z, yaz]g = [z, y]gaz + yalz, 23 (4)
forall z, y, z€ M and o, B €T
The identities (3) and (4) above shall be used extensively in the computation
involving commutators where appropriate.
The following is a result by Hoque and Paul [9] which will be used in the proof
of the lemma in next section.

Lemma 2.4. Let M be a semiprime I'-ring satisfying Assumption (A) and let
a be an element in M. If acfx,yls = 0 for all x,y € M and o, € T', then there
exists an ideal U of M such that a € U C Z(M).

3. Properties for Zero I'*-Derivation

As mentioned previously, a property which makes d a zero I'*-derivation will be
stated and proven. First, a similar result is proven when d is defined as the commu-
tator of a and x for all x € M and some fixed element a of M. The lemma below
shows that a I'*-derivation on a semiprime I'-ring M with involution will map every
element to the center of M. The lemma also gives a condition that makes d = 0
which will be used to deduce the result of Theorem 3.2.
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Lemma 3.1. Let M be a semiprime I'-ring with involution satisfying Assump-
tion (A) and let d : M — M be a I'*-derivation. Then d(x) € Z(M) for all x € M.
In addition, if d(z) = [a, x|, for all x € M, o € I" and some fixed element a of M,
then d = 0.

Proof. Let M and d be as stated in the statement of the lemma. Since d is a
I'*-derivation, then

d(zay) = d(z)ay” + zad(y) (5)
for all z,y € M and « € T'. By replacing y by yfz in (5), it yields
d(za(ypz)) = d(z)a(ybz)" + zad(yBz)
which then implies
dza(ybs) = d()az"By* +wad(y)fs" + rayfd(z) (6)
for all z,y,z € M and «,8 € I'. On the other hand, replacing z with z8y and y
with z in (5), yields
d((zBy)az) = d(zfy)az" + (zfy)ad(z)
which then implies by Assumption (A) that

d(zay)Bz) = d(x)oy" 2" + zad(y)Bz" + vayBd(z) (7)

for all z,y,z € M and o, € I". The equality of the left-hand side of (6) and (7),
yields

d(z)ay*fz" —d(x)az"By* =0

which implies
d(x)a(y*pz" —2"By*) =0
and deduce

d(z)aly”,z%]s =0 (8)

forall z,y,2 € M and o, f € I'. Now, d(z) is an element of M where d(z)aly*, 2*|g =
0 for all y*,2* € M and o, € I'. Hence, by using Lemma 2.4, d(z) € Z(M) for
all x € M. This completes the proof of the first part. For the second part, sup-
pose d(z) = [a,z], for all z € M and a € T. Then from (8) it can be shown that
[a, z]oyM~la, x]o = 0 for all z € M and «,v € I'. Since M is a semiprime I'-ring
with involution, then [a,x], = 0. Hence, d = 0. O

Recall that if a € S(M) for a semiprime I'-ring M with involution, then a* = —a
and the fact from Lemma 3.1 implies that d(z) = aax + zaa* = 0 for all x € M
and « € T'. The theorem below shows that if d is a I'*-derivation defined by d(x) =
aax + zaa®, then d = 0 without a necessarily be a skew-Hermitian element.
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Theorem 3.2. Let M be a semiprime I'-ring with involution satisfying As-
sumption (A) and d : M — M be a I'*-derivation which satisfies d(z) = aax + xaa*
for all x € M, o € I" and fixed elements a,a* € M, then d = 0.

Proof. Let M and d be as stated in the statement of the theorem. It remains
to prove that d = 0. Now,

d(z) = aax+ zaad® 9)

for all z € M and a € I' from the hypothesis. Without loss of generality, let
y € H(M) and replace x by zay in (9). This yields

d(zxay) = aa(zay) + (ray)aa™.
By (5) of Lemma (3.1) and (9),
d(zay) = d(x)ay™ + zad(y) = (aax + zaa®)ay™ + za(aay + yaa™).
Combining the two relations above yields
aa(zay) + (zay)aa”™ = (aax + zaa™)oy™ + za(aay + yoa™).
This results to
acray + rayaad® = acxay® + raatay’ + raaoy + rayaa® (10)
for all z,y € M and o € T'. Since y € H(M), (10) becomes
acxay + rayaa” = aczay + raaday + raacy + roayoaa® (11)
which then implies
raa*ay + zaaay = za(a+a")ay =0 (12)
for all z,y € M and « € T'. Left multiplication of (12) by (a + a*)By gives
(a+ a*)pyazala + a*)ay =0 (13)
for all x,y € M and o, 8 € I'. By using Assumption(A) with semiprimeness of M,
(a+a")oay =0 (14)
for all y € H(M) and « € I'. Right multiplication of (14) by (a + a*) gives
(a+a)oyBla+a") =0 (15)

for all y € H(M) and «, 8 € I'. By semiprimeness of M again, (a + a*) = 0 which
implies that a = —a*. Therefore, by (9), d(z) = aax — zaa which implies that

d(x) = [a,z]s. Hence by Lemma 3.1, d = 0. O



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 13, No. 1 (2019)

44

H. Sulaiman, A.K. Kadhim, A.-R.H. Majeed

4. Acknowledgments

This research was supported by Universiti Sains Malaysia on Short-term Grant

304/PMATHS/6313171.

1]

2]

[3]

[10]

[11]

References

N. Nobusawa, On the generalization of the ring theory, Osaka J.Math., 1 (1964),
81-89.

W.E. Barnes, On the I'-rings of Nobusawa, Pacific J. Math., 18 (1966), 411-
422. doi: 10.2140/pjm.1966.18.411.

K.K. Dey, and A.C. Paul, Generalized derivations acting as homomorphism and
anti-homomorphism of I'-rings, Journal of Scientific Research, 1 (2011), 33-37.
doi: 10.3329/jsr.v4il.7911.

A.C. Paul, and M.M. Rahman, Jordan left derivations on semiprime I'-Rings,
International Journal of Pure and Applied Sciences and Technology, 2 (2011),
131-135.

M.F. Hoque, F.S. Alshammari, and A.C. Paul, Left centralizers of semiprime
I-rings with involution, Applied Mathematical Sciences. 95 (2014), 4713-4722.
doi: 10.12988/ams. 2014.46477.

A.K. Kadhim, H. Sulaiman, and A.H. Majeed, ['*-derivation acting as an endo-
morphism and as an anti-endomorphism in semiprime I'-ring M with involution,
International Journal of Pure and Applied Mathematics, 102 (2015), 495-501.
doi: 10.12732/ijpam.v102i3.7.

A.K. Kadhim, H. Sulaiman, and A.H. Majeed, I'*-derivation and Jordan I'*-
derivation on prime I'-ring with involution, Mathematical Theory and Modeling,
6 (2016), 88-97.

S. Kyuno, On prime I-ring, Pacific J. Math., 75 (1978), 185-190. doi:
10.2140/pjm.1978.75.185.

M.F. Hoque and A.C. Paul, On centralizers of semiprime I'-rings, International
Mathematical Forum, 6 (2011), 627-638 .

Y. Ceven, Jordan left derivations on completely prime I'-rings, Fen Bilimleri
Dergisi 2 (2003), 39-43.

A.C. Paul and S. Chakraborty, Derivation acting as homomorphism and as anti-
homomorphism in o-lie ideals of o-prime I'-rings, Mathematical and Statistics,1
(2015), 10-15. doi: 10.13189/ms.2015.030103.



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 13, No. 1 (2019)

ON I'*-DERIVATIONS OF... 45

[12] M.F. Hoque and A.C. Paul, An equation related to centralizer in semiprime
[-rings, Annals of Pure and Applied Mathematics, 1 (2012), 84-90.

[13] I.S. Rakhimov, K.K. Dey, and A.C. Paul, On commutativity of completely
prime I'-rings, Malaysian Journal of Mathematical Sciences, 2 (2013), 283-295.



46

(6T02) T "ON ‘€T @WN[OA ‘INVA LI — sorpeweyjey parddy pue eing jo [eUINOf JIUOIIOS[F [eUOIFRUIIU]



