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Abstract: In the paper, we consider differential equations of neutral type with piecewise constant

argument of generalized type with positive coefficient. Sufficient conditions for oscillation of all

solutions are obtained and the asymptotic behavior of the nonoscillating solutions is studied also.
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1. Introduction

In his survey, A. D. Myshkis [18] among the functional differential equations first give
several reasonable occasions for differential equations with piecewise argument (in
short DEPCA). Generally speaking they are equations with hybrid properties, which
combine the properties of continuous systems with discrete equations properties.
Later with the works of [2], [22], [24] and [25] was started investigation of scalar

DEPCA of the type dx(t)
dt = f(t, x(t), x([t]), where [.] is the integer function. This

investigation has been extended by many authors: [1], [2], [5], [6], [7], [8], [15] and
[23] , which study generally the existing of periodic solutions and the oscillatory
properties of DEPCA. Some real applications of DEPCA can be found in [4], [8]
and [12]. Akhmet in [3] first introduce the γ- function in his consideration of only
delayed situation. This function is widely used in several works of Chiu and Pinto
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152 T. Kostadinov, V. Proycheva

[6], [7] and [8]. In [20] and [21] Pinto has cleared the importance of the advanced and
delayed intervals. Some specific results are given in [7], [10]and [24]. Note that to
our knowledge almost all investigations are devoted for equations of retarded type.
The aim of this work is to extend part of the results investigated by not many autors
[15] and [19] for the neutral case. In the present paper the equation

(y(t) + py(t+ τ))′ = qf(y(γ(t)) (1)

is investigated where p ∈ R \ {0} , τ ∈ (0, 1), q > 0 and γ(t) = [t] or γ(t) = [ t+1
2 ].

The alternative case q < 0 was considered in [17].

2. Preliminaries

In this paper the equation (1) is investigated where p ∈ R \ {0} and q > 0 for
two real sequences {tn} , {γn} ; n = 0, 1, 2... such that t0 = −τ ; tn+1 = tn + 1 and
n < γn < tn+1 ; γn+1 = γn + 1 where γ(t) is a step function given by

γ(t) =

{

[t] tn ≤ t < γn
2[ t+1

2 ] γn ≤ t < tn+1

The function γ(t) can be rewrited in the form

γ(t) =















0 t ∈ [−τ, 1− τ)
n− 1 t ∈ [n− τ, n)
n t ∈ [n, γn)

n+ 1 t ∈ [γn, n+ 1− τ)

n = 1, 2, 3....
Note that the equation (1) is of advanced type in I+n = [tn, γn) and of retarded

type in I−n = [γn, tn+1). This decomposition will be present in all our results.
As usual with C we denote the Banach space of initial functions C = ϕ :

[−τ, 0] → R, ϕ ∈ C([−τ, 0], R) with norm ‖ϕ‖ = sup
t∈[−τ,0]

|ϕ(t)| and introduce the

initial condition:

y(t) = ϕ(t), t ∈ [−τ, 0], ϕ ∈ C. (2)

Definition 1. The function y(t)is said to be a solution of initial value problem
(IV P ) (1), (2) if:

(a) y(t) ∈ C([−τ,∞), R) and satisfy the condition (2) for some ϕ ∈ C;
(b) z(t) = y(t) + py(t + τ) has a derivate for each t ∈ [−τ,∞) with a possible

exeption of a points of form t = γn n = 0, 1, 2... at which there exist right-side
derivates;

(c) y(t) satisfies (1) in each interval [n− τ, n + 1− τ) n = 0, 1, 2....In
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OSCILLATORY AND ASYMPTOTIC PROPERTIES OF... 153

It is not difficult to check that for arbitrary initial function the IV P (1), (2) has
a solution (see Chapter 3 [16], Chapters 2 and 3 [14]).

Definition 2. The solution of (1) is said to oscillate if the set of its zeros is
unbounded above, otherwise it is called nonoscillating.

We shall say that conditions (A) are satisfied if the following conditions hold:

A1. f ∈ C(R,R);

A2. uf(u) > 0 for u 6= 0;

A3. For any δ > 0 there exists δ̄ > 0 such that if |u| > δ then |f(u)| > δ̄.

We shall use the following results.

Lemma 1. [27] Let t0 ∈ R be an arbitrary fixed point, λ > 0 be an arbitrary
constant and τ > 0 be a constant delay. We shall assume that the conditions B are
satisfied:

B1. the function φ(t) : [t0,∞) → [0,∞) is continuous in the interval [t0,∞);

B2. for every t ≥ t0 the function φ(t) + λφ(t − τ) is monotonic increasing and
φ(t) + λφ(t− τ) ≥ c, c > 0.

Then for every t1 ∈ [t0,∞) there exists a set

A = {t|t1 ≤ t ≤ t1 + 2τ, λφ(t − τ) ≥ β} whose measure is not smaller than τ .
Here β = min

{

c
2 , λ

c
2

}

.

Theorem 1. [13] Let k, l ∈ N and qj ∈ R for j = −k, ..., l. Then the following
assertions are equivalent:

(a) Each solution of the equation

an+1 − an +

l
∑

j=−k

qjan+j = 0 (3)

oscillates;

(b) The characteristic equation

λ− 1 +
l

∑

j=−k

qjλ
j = 0 (4)

has no positive roots.

Theorem 2. [13] For the equation

an+1 − an +

m
∑

i=1

pifi(an−ki) = 0 (5)

where pi ∈ (0,∞) ;ki ∈ N ;
m
∑

i=1
pi + ki 6= 1, let the following conditions hold: (a)

ufi(u) > 0 for u 6= 0 , fi ∈ C(R,R);In
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154 T. Kostadinov, V. Proycheva

(b) lim inf
u→0

fi(u)
u ≥ 1 i = 1, 2, ...,m.

Then if the solution of the linearized equation

bn+1 − bn +
n
∑

i=1

pibn−ki = 0 (6)

oscillates, each solution of (5) also oscillates.

Lemma 2. Let conditions (A) hold, q > 0 and let y(t) be an arbitrary nonoscil-
lating solution of (1). Then the following assertions are valid:

(i) if p ∈ (0,∞) then lim sup
t→∞

|y(t)| = ∞;

(ii) if p ∈ (−∞, 0) then either lim inf
t→∞

|y(t)| = 0 or lim
t→∞

|y(t)| = ∞.

Proof. (i) Without loss of generality we could assume that y(t) > 0. Then
z′(t) > 0 , and z(t) = y(t) + py(t + τ) is monotonic increasing. Therefore since
p ∈ (0,∞) there exists constant c > 0 such that z(t) ≥ c eventually. Then Lemma 1
implies that there exists n0, constant c∗ > 0 and set E ⊂ [n0,∞) with measE = ∞
such that meas(E

⋂

[n − τ, n + τ ]) ≥ τ for n ≥ n0 and y(t) ≥ c∗, t ∈ E. Then
integrating (1) from n0 to t > n0 and taking into account conditions (A) we obtain

z(t)− z(n0) =
t
∫

n0

qf(y(γ(s)))ds ≥ qδ̄meas(E
⋂

[n0, t]),

which implies that lim
t→∞

z(t) = ∞ and hence lim sup
t→∞

y(t) = ∞.

(ii) Let p ∈ (−∞, 0) and lets assume that lim
t→∞

z(t) = c < ∞. Then integrating

(1) from n− τ to t ∈ [n− τ, n) we get

z(t)− z(n− τ) = qf(y(n− 1))(t − n+ τ).

Passing t → n− 0 we obtain

z(n)− z(n− τ) = τqf(y(n− 1)).

From this equality it follows that lim
n→∞

f(y(n − 1)) = 0 and therefore condition

A3 implies that lim inf
t→∞

y(t) = 0. If lim
t→∞

z(t) = ∞ then finally we have z(t) ≤ y(t)

and hence lim
t→∞

y(t) = ∞.

Let τ = 1
2 . Introduce the notation y(n) = cn , n = 0, 1, 2, ....

Let t ∈ [n − 1
2 , n + 1

2) , n = 1, 2, 3.... Integrate equation (1) from n to t and
obtain

y(t) + py(t+
1

2
) = cn + py(n+

1

2
) + qf(cn)γ0 + qf(cn+1)(t− γn). (7)

From (7) and the continuity of y(t), passing to the limit as t → n+ 1
2 the equality

(1− p)y(n+
1

2
) = cn − pcn+1 + qf(cn)γ0 + q(

1

2
− γ0)f(cn+1) (8)
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OSCILLATORY AND ASYMPTOTIC PROPERTIES OF... 155

follows.
We shall consider separatelly the cases p = 1 and p 6= 1.
Let p = 1.
Then from (8) it follows that if y(t) is solution of (1) the sequence {cn}∞n=1

satisfies the difference equation:

cn+1 − cn = qγ0f(cn) + q(
1

2
− γ0)f(cn+1) (9)

when t ∈ [n− 1
2 , n+ 1

2) ;n = 1, 2, 3....
Let p 6= 1.
Let t ∈ [n+ 1

2 , n+ 3
2). As above we obtain the equality

y(n+
3

2
) =

1

1− p
(cn+1 − pcn+2 + qγ0f(cn+1) + q(

1

2
− γ0)f(cn+2)). (10)

On the other hand integrating from n+ 1 to t we obtain
y(t) + py(t+ 1

2) = cn+1 + py(n+ 3
2) + qγ0f(cn+1) + qf(cn+2)(t− γn+1).

For t → n+ 1
2 we obtain

y(n+
1

2
) + pcn+1 = cn+1 + py(n+

3

2
) + qγ0f(cn+1)− q(

1

2
+ γ0)f(cn+2). (11)

Substituting y(n+ 1
2 ) and y(n+ 3

2) from 8 and (10) it follows

cn+2 − cn+1 +
1
p2
cn − 1

p2
cn+1 +

qγ0
p2

f(cn) +
1
p2
( q2 − 2qγ0)f(cn+1)+

1
p2
( q2 + qγ0 − pq)f(cn+2) = 0.

(12)

Hence for p 6= 1 if (1) has a solution y(t), then the sequence {cn}∞n=1 satisfies
the difference equation (12).

3. Main Results

We shall study the asympthotic behavior of the nonoscillating solution of equation
(1). We shall consider the case when q > 0.

Theorem 3. Let conditions (A) hold, q > 0 and p < −1. Then for each
nonoscillating solution y(t) of (1) we have lim

t→∞
y(t) = 0.

Proof. Let y(t) > 0 . By Lemma 2, lim inf
t→∞

y(t) = 0 or lim
t→∞

y(t) = ∞. Suppose

that lim
t→∞

y(t) = ∞. Hence z(t) is an increasing function. Suppose that y(t) +

py(t + τ) > 0 and it follows that y(t) > −py(t + τ) > y(t + τ). But the inequality
y(t) > y(t + τ), which is valid for all sufficiently large t, contradicts the fact that
y(t) is an unbounded function. Hence lim inf

t→∞
y(t) = 0. Choose a sequence (tn)

∞
n=1In
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156 T. Kostadinov, V. Proycheva

such that lim
n→∞

tn = ∞, lim
n→∞

y(tn + τ) = ∞, and max[t0,tn+τ ] y(s) = y(tn + τ). The

following estimate is valid.

z(tn) = y(tn) + py(tn + τ) < (1 + p)y(tn + τ).

Consequently,

y(tn + τ) < 1
1+pz(tn).

Passing to the limit in the above inequality, we obtain

lim
n→∞

y(tn + τ) = 0.

The contradiction obtained shows that y(t) is a bounded function.

Let d = lim sup
t→∞

y(t). Suppose that d > 0. Then there exists a sequence (µn)
∞
n=1

such that lim
n→∞

µn = ∞ and lim
n→∞

y(µn + τ) = d. Let c = lim sup
n→∞

y(µn). Obviously

c ≤ d. Choose a sequence (nk)
∞
k=1 (nk ≥ k ) so that lim

k→∞
y(µnk

) = c. Passing to the

limit in the equality

z(µnk
) = y(µnk

) + py(µnk
+ τ)

we obtain 0 = c+pd ≤ d(1+p) < 0. Hence lim sup
t→∞

y(t) = 0 and lim
t→∞

y(t) = 0.

Theorem 4. Let conditions (A) hold, q > 0 and p = −1. Then each solution
of (1) oscillates.

Proof. Let y(t) > 0 . Hence z(t) is an increasing function. By Lemma 2,
lim inf
t→∞

y(t) = 0 or lim
t→∞

y(t) = ∞. Then suppose that y(t) is an unbounded function

and as in the proof of Theorem 3 we find a contradiction. Hence lim inf
t→∞

y(t) = 0

and z(t) < 0 . Thus y(t) < y(t + τ). On the other hand , lim inf
t→∞

y(t) = 0, which

obviously contradicts the last inequality. In the same way the case when y(t) < 0 is
considered.

Theorem 5. Let conditions (A) hold, q > 0 and p ∈ (−1, 0). Then if y(t) is a
nonoscillating solution of (1), lim

t→∞
|y(t)| = ∞.

Proof. Let y(t) > 0 . From Lemma 2 it follows that lim inf
t→∞

y(t) = 0 or lim
t→∞

y(t) =

∞. Suppose that lim inf
t→∞

y(t) = 0. Let lim
t→∞

z(t) = d ≤ 0. Since z(t) is an increasing

function, then z(t) < 0 finally. The following estimate is valid

y(t) < −py(t+ τ) < y(t+ τ).

The inequality y(t) < y(t+ τ) contradicts the relation lim inf
t→∞

y(t) = 0 proved in

Lemma 2. Hence lim
t→∞

y(t) = ∞.

Let lim
t→∞

z(t) = d > 0. Then we choose a sequence (tn)
∞
n=1 such that lim

n→∞
y(tn) =

0. Then y(tn + τ) = 1
p(z(tn)− y(tn)). Passing to the limit when n → ∞ we obtain

that lim
n→∞

y(tn + τ) = d
p < 0, which contradists to the fact that y(t) > 0 .

Hence lim
t→∞

z(t) = ∞, but because of z(t) < y(t) it follows lim
t→∞

y(t) = ∞.

In
te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
2
,
N
o
.
1
(2

0
1
8
)
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Theorem 6. Let conditions (A) hold q > 0 and p > 1. Then if y(t) is a
nonoscillating solution of (1), lim

t→∞
|y(t)| = ∞.

Proof. Let y(t) > 0 . From Lemma 2 it follows that lim sup
t→∞

y(t) = ∞.

Suppose that lim inf
t→∞

y(t) = d < ∞. Choose a sequence (αn)
∞
n=1 such that

lim
n→∞

αn = ∞ and lim
n→∞

y(αn + 2τ) = d. For n large enough the inequality y(αn +

2τ) < 2d holds.

z(αn) = y(αn) + py(αn + τ),

pz(αn + τ) = py(αn + τ) + p2y(αn + 2τ).

Hence

pz(αn + τ)− z(αn) = p2y(αn + 2τ)− y(αn).

Since z(t) is an increasing function, then the following estimate is valid.

(p− 1)z(αn+ τ) < pz(αn+ τ)− z(αn) = p2y(αn+2τ)− y(αn) < p2y(αn+2τ) <
p22d.

Finally, z(αn+τ) < (p2/(p−1))2d, which contradicts the fact that lim
t→∞

z(t) = ∞
proven in Lemma 2. Hence lim inf

t→∞
y(t) = ∞ and lim

t→∞
y(t) = ∞.

Theorem 7. Let conditions (A) hold, q > 0 and p = 1. Then, if y(t) is a
nonoscillating solution of (1), lim

t→∞
|y(t)| = ∞.

Proof. Let y(t) > 0 . Obviously, z(t) is a positive strictly increasing function.
Define the function w(t) as follows: w(t) = z(t+ τ)− z(t). Then

w(t) = y(t+ 2τ)− y(t). (13)

We sum up the equalities w(t + 2kτ) = y(t + 2(k + 1)τ) − y(t + 2kτ) for k =
0, 1, 2, ., n and obtain

n
∑

k=0

w(t+ 2kτ) = y(t+ 2(k + 1)τ) − y(t). (14)

Suppose that c = lim inf
t→∞

y(t) < ∞. Let c > 0. he equality y(t) ≥ c
2 is valid.

Then

z′(t) = qf(γ(t)) ≥ qc̃

where c̃ is a positive constant. From the definition of w(t) and from above
inequality the estimate

w(t+ 2kτ) = z(t+ 2kτ + τ)− z(t+ 2kτ) = τz′(ξk) ≥ qc̃
2

follows. From (14) we see that for t ≥ t (t is large enough ) and for each n ∈ N
the inequality

y(t+ 2(k + 1)τ) ≥ (n+1)qc̃
2 + c

2In
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158 T. Kostadinov, V. Proycheva

is valid, which obviously contradicts the fact that lim inf
t→∞

y(t) < ∞. Let c = 0.

Since z(t) is an eventually strictly increasing function, then w(t) > 0 . Then (13)
implies the inequality y(t+2τ) > y(t) , which contradicts the relation lim inf

t→∞
y(t) = 0.

Hence lim inf
t→∞

y(t) = ∞ and lim
t→∞

y(t) = ∞.

Theorem 8. Let q > 0, τ = 1
2 and p ∈ (0, 1) and f(t) = t. Let y(t) be a

strictly positive solution of (1) corresponding to a strictly positive initial function
ϕ(t) ∈ C([−1

2 , 0], R+). Then the following assertions are valid.
(a) If ϕ(t) is a piecewise linear function, then lim

t→∞
y(t) = ∞;

(b) If the condition

2p2 + 4qγ0 − q + 2 > 4 +
q(2 + 4γ0 − 2p)

p2
(15)

is valid , then lim
t→∞

y(t) = ∞.

Proof. (a) From (12) (for f(t) = t) it follows that the sequence (cn)
∞
n=0(cn =

y(n)) satisfies the difference equation

(2p2 + q + 2qγ0 − 2pq)cn+2 − (2p2 − q + 4qγ0 + 2)cn+1 + 2(qγ0 + 1)cn = 0. (16)

The corresponding characteristic equation is:

(2p2 + q + 2qγ0 − 2pq)λ2 − (2p2 − q + 4qγ0 + 2)λ+ 2(qγ0 + 1) = 0. (17)

Since y(t) > 0 in [−1
2 ,∞), then (cn) is a strictly positive sequence. Hence (17)

has two positive roots, λ1 and λ2. Henceforth we shall consider the case λ1 6= λ2(if
they are equal the investigations are quite analogous, moreover, they are technically
simpler). We shall show that λi > 1. Introduce notations

F (λ) = (2p2 + q + 2qγ0 − 2pq)λ2 − (2p2 − q + 4qγ0 + 2)λ+ 2(qγ0 + 1).
Then F (1) = 2q(1−p) > 0. Hence for each (17) and either both roots are greater

than 1, or both are smaller thah 1. Suppose that 0 < λi < 1. Since (cn) satisfies
(16) then cn = αλn

1 + βλn
2 and hence lim

n→∞
cn = 0. From (8) it follows that

lim
n→∞

y(n+ 1
2) = 0.

From the definition of z(t) the equality
z(n) = y(n) + py(n+ 1

2 )
follows. Obviously, lim

n→∞
z(n) = 0. On the other hand , since

z′(t) = qy(γ(t)) (18)

then z′(t) > 0, t ∈ [−1
2 ,∞) and z(t) is a strictly increasing function, which

contradicts the fact that lim
n→∞

z(n) = 0. Thus λi > 1. We integrate (18) from n to t

and obtainIn
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OSCILLATORY AND ASYMPTOTIC PROPERTIES OF... 159

z(t)− z(n) = qγ0cn + qcn+1(t− γn) (19)

t ∈ [n− 1
2 , n+ 1

2).

Then

z(n− 1
2)− z(n) = qγ0cn − q(12 + γ0)cn+1.

Passing to the limit in (19) as t → n+ 1
2 , we obtain

z(n+ 1
2)− z(n) = qγ0cn + q(12 − γ0)cn+1.

Consequently,

z(n+
1

2
)− z(n − 1

2
) = qcn+1. (20)

We sum up equalities (20) for k = 0, 1, 2, ..., n:

z(n+ 1
2)− z(−1

2) = q
n
∑

k=0

ck+1 = q
n
∑

k=0

(αλk+1
1 + βλk+1

2 ), and

z(n+ 1
2) = z(−1

2 ) + qαλ1
λn+1

1
−1

λ1−1 + qβλ2
λn+1

2
−1

λ2−1 .

Let

a = z(−1
2 )−

qαλ1

λ1−1 −
qβλ2

λ2−1 ,

α1 =
qαλ1

λ1−1 , β1 =
qβλ2

λ2−1 .

Then

z(n +
1

2
) = a+ α1λ

n+1
1 + β1λ

n+1
2 . (21)

We shall prove that a = 0. From (20) for n = 0 we obtain

z(12 )− z(−1
2 ) = qc1 = q(αλ1 + βλ2),

z(−1
2) = z(12 )− q(αλ1 + βλ2),

z(12 ) = y(12 ) + py(1) = 1+qγ0
1−p (α+ β)− 2p−q+2qγ0

2(1−p) (αλ1 + βλ2) + p(αλ1 + βλ2).

Consequently,

z(−1
2) =

1+qγ0
1−p (α+ β)− 2p−q+2qγ0

2(1−p) (αλ1 + βλ2) + (p− q)(αλ1 + βλ2).

Let

G(α, β) = a = 1+qγ0
1−p (α+β)− 2p−q+2qγ0

2(1−p) (αλ1+βλ2)+(p−q)(αλ1+βλ2)− qαλ1

λ1−1 −
qβλ2

λ2−1 .
∂G
∂α = 1+qγ0

1−p − 2p−q+2qγ0
2(1−p) λ1 + (p − q)λ1 − qλ1

λ1−1 = − 1
2(1−p)(λ1−1)F (λ1) = 0 for

(α, β) ∈ R2.

Analogously , ∂G
∂β = 0 for arbitrary (α, β) ∈ R2. Since G(0, 0) = 0, then

G(α, β) = 0 in R2. Hence a = 0 and equality (21) becomes

z(n+
1

2
) = α1λ

n+1
1 + β1λ

n+1
2 . (22)

Since the function z(t) is linear in each interval [n− 1
2 , n + 1

2 ], thenIn
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z(t) = α1λ
n
1 + β1λ

n
2 + [α1(λ1 − 1)λn

1 + β1(λ2 − 1)λn
2 ](t− n+

1

2
) (23)

where t ∈ [n− 1
2 , n+ 1

2 ], n = 0, 1, 2, .... Let x ∈ [0, 12 ]. Define the sequences

an = y(n+ x); (24)

bn = y(n− 1

2
+ x), (25)

n = 0, 1, 2, ....
From the definition of z(t) the equality
y(t+ 1

2) =
1
p(z(t) − y(t))

follows. Then
an = 1

p [z(n− 1
2 + x)− bn],

bn+1 =
1
p [z(n+ x)− an].

From the last two equalities we find that the sequences (an) and (bn) satisfy the
difference equations

an+1 − 1
p2an = 1

p [z(n + 1
2 + x)− 1

pz(n+ x)],

bn+1 − 1
p2
bn = 1

p [z(n+ x)− 1
pz(n − 1

2 + x)].

Using (23) , the equations take the form

an+1 − 1
p2
an = [(λ1 − 1

p) + (λ1 − 1)(λ1 − 1
p)x− 1

2p(λ1 − 1)]α1λ
n
1 + [(λ2 − 1

p)+

(λ2 − 1)(λ2 − 1
p)x− 1

2p(λ2 − 1)]β1λ
n
2 .

(26)

bn+1 − 1
p2 bn = [(1 − 1

p) + (λ1 − 1)(1 − 1
p)x+ 1

2(λ1 − 1)]α1λ
n
1 + [(1− 1

p)+

(λ2 − 1)(1 − 1
p)x+ 1

2(λ2 − 1)]β1λ
n
2 .

(27)

Finally , Eqs. (26) and (27) can be written in the form

an+1 −
1

p2
an = (µ1x+ ν1)α1λ

n
1 + (µ2x+ ν2)β1λ

n
2 ; (28)

bn+1 −
1

p2
bn = (µ3x+ ν3)α1λ

n
1 + (µ4x+ ν4)β1λ

n
2 . (29)

and the constants µi, νi depend only on p, q, ϕ(−1
2 ) and ϕ(0). Obviously, no

matter what these constants are, for fixed x only the following cases are possible:
(i) bn+1 − 1

p2 bn = dn, where lim
n→∞

dn = ∞;

(ii) bn+1 − 1
p2
bn = dn, where lim

n→∞
dn = −∞;

(iii)bn+1 − 1
p2 bn = 0.In
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We shall consider these cases separately.

(i) Since bn > 0 for each n ∈ N and dn > 0 , then bn+1 > dn eventually and
lim
n→∞

bn+1 = ∞.

(ii) From the inequality − 1
p2
bn < dn it follows that lim

n→∞
bn = ∞.

(iii) In this case the solution of the difference equation for bn is bn = b0(
1
p2
)n,

n = 1, 2, 3, ... From the inequalities b0 > 0 and p < 1 we obtain lim
n→∞

bn = ∞.

Analogously it is proved that for each fixed x ∈ [0, 12 ], lim
n→∞

an = ∞. Since the

function ϕ(t) is piecewise linear, then there exists a finite number of points−1
2 = t0 <

t1 < ... < tn−1 < tn = 0 such that in each of the intervals [ti, ti+1], i = 0, 1, ..., k − 1,
the function ϕ(t) is linear. Taking into account the fact that z(t) is a linear function
in each interval [n − 1

2 , n + 1
2 ] and that y(t + 1

2) = 1
p(z(t) − y(t)) we find that in

each interval [ti +
n
2 , ti+1 +

n
2 ], i = 0, 1, 2, ..., k − 1, n = 0, 1, 2..., the function y(t)

is linear. Hence in order to prove that lim
t→∞

yt = ∞ it suffices to show that the

sequences (y(ti +
n
2 ))

∞
n=0 tend to infinity as n → ∞. This, however, follows from

the fact that lim
n→∞

an = lim
n→∞

bn = ∞ for each fixed x ∈ [0, 12 ](in particular , for

x = ti +
1
2 , i = 0, 1, ..., k − 1).

(b) A direct computation yelds to

F ( 1
p2
) = q((p−1)2+2γ0(p2−1)2)

p4
> 0.

Hence either both roots λ1, λ2 of the characteristic equation are greater than 1
p2

or both are smaller than 1
p2 . Suppose that λ1 < λ2 <

1
p2 . The inequality λ2 <

1
p2 is

equivalent to the inequality

[(2p2 + 4qγ0 − q + 2)2 − 8(1 + qγ0)(2p
2 + q + 2qγ0 − 2pq)]

1

2 < 4 + q(2+4γ0−2p)
p2 −

(2p2 + 4qγ0 − q + 2),

which contradicts condition (15). Thus 1
p2

< λ1 < λ2. Let λ = 1
p2
. Set bn =

λndn. Then (29) takes the form

dn+1 − dn = (µ3x+ ν3)
α1

λ
(
λ1

λ
)n + (µ4x+ ν4)

β1
λ
(
λ2

λ
)n. (30)

We sum up (30) from n = 0 to n− 1 and obtain

dn = d0 + (µ3x+ ν3)
α1

λ (1−(λ1/λ)n

1−λ1/λ
) + (µ4x+ ν4)

β1

λ (1−(λ2/λ)n

1−λ2/λ
).

Obviously, d0 = b0. Consequently,

bn = [b0 −
µ3x+ ν3
λ1 − λ

α1 −
µ4x+ ν4
λ2 − λ

β1]λ
n +

µ3x+ ν3
λ1 − λ

α1λ
n
1 +

µ4x+ ν4
λ2 − λ

β1λ
n
2 . (31)

Before we investigate (31) in more detail, we shall prove that the functions
µ3x+ ν3 and µ4x+ ν4 do not vanish simultaneously. Let x̄ be a root of the equation
µ3x+ ν3 = 0, and ¯̄x be a root of the equation µ4x+ ν4 = 0. A direct computation
yields toIn
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x̄ = − 1
λ1−1 − 1

2(1−1/p) , ¯̄x = − 1
λ2−1 − 1

2(1−1/p) .

From the inequality λ1 < λ2 it follows that x̄ < ¯̄x. Since µ3 < 0, then µ3x+ν3 > 0
for x < x̄ and µ3x + ν3 < 0 for x > x̄. Analogously, µ4x + ν4 > 0 for x < ¯̄x and
µ4x+ ν4 < 0 for x > ¯̄x.

In order to prove that lim
t→∞

y(t) = ∞ it suffices to prove that the functional

sequences (an(x)) and (bn(x)) diverge to infinity as n → ∞ uniformly in the interval
[0, 12 ]. The explicit form of the sequence (bn(x)) is obtained from (31)

bn(x) = (b0(x)−
µ3x+ ν3
λ1 − λ

α1−
µ4x+ ν4
λ2 − λ

β1)λ
n+

µ3x+ ν3
λ1 − λ

α1λ
n
1+

µ4x+ ν4
λ2 − λ

β1λ
n
2 . (32)

In the same way the sequence (an(x)) is obtained. We shall consider only the
sequence (bn(x))(the investigation of an(x)) is analogous). Taking into account the
fact that the sequence cn = αλn

1 + βλn
2 is strictly positive, we find that for the

constants α and β the following four cases are possible:
(i) α = 0, β > 0;
(ii)α > 0, β = 0;
(iii) α > 0, β > 0;
(iv) α < 0, β > 0.
(The same inequalities are valid for α1 and β1. ) We shall consider in detail the

case (i) and (iii)(case (ii) is similar to (i), and (iv) to (iii)).
(i) With respect to ¯̄x the following possibilities may occur:
Case 1. 1. Let ¯̄x < 1

2 . Then for x > ¯̄x, µ4x+ ν4 < 0. Choose x0 ∈ (¯̄x, 12). Since
1 < λ < λ2 and β1 > 0, then the sequence (bn(x0)) is negative , which contradicts
the fact that y(t) > 0 in [−1

2 ,∞).
Case 1. 2. Let ¯̄x = 1

2 . Then

b0(
1
2 )−

µ4
1

2
+ν4

λ2−λ β1 > 0.
If this is not the case, then bn(¯̄x) ≤ 0 and again we are led to a contradiction.

Since b0(x) is a continious function, then there exists δ > 0 and a > 0 such that

b0(x)− µ4
1

2
+ν4

λ2−λ β1 > a, x ∈ [12 − δ, 12 ].
On the other hand,
µ4x+ ν4 ≥ µ4(

1
2 − δ) + ν4 > 0, x ∈ [0, 12 − δ].

Let

m = min[0,1/2][b0(x)−
µ4

1

2
+ν4

λ2−λ β1]. Hence the following estimate is valid.

bn(x) ≥ mλn +
µ4(

1

2
−δ)+ν4

λ2−λ β1λ
n
2 = [m( λ

λ2
)n +

µ4(
1

2
−δ)+ν4

λ2−λ β1]λ
n
2 , x ∈ [0, 12 − δ].

For sufficiently large n the inequality m( λ
λ2
)n +

µ4(
1

2
−δ)+ν4

λ2−λ β1 ≥ µ4(
1

2
−δ)+ν4

λ2−λ
β1

2
holds. Hence

bn(x) ≥ λn
2
µ4(

1

2
−δ)+ν4

λ2−λ
β1

2 , x ∈ [0, 12 − δ].
On the other hand,
bn(x) ≥ aλn, x ∈ [12 − δ, 12 ]. Finally,In
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bn(x) ≥ min[a,
µ4(

1

2
−δ)+ν4

λ2−λ
β1

2 ]λ
n, x ∈ [0, 12 ].

Thus bn(x)n→∞ ⇒ ∞ in the interval [0, 12 ].

Case 1. 3. Let ¯̄x > 1
2 . Then µ4

1
2 + ν4 > 0. Let b =

µ4
1

2
+ν4

λ2−λ β1. The estimate

bn(x) ≥ mλn + bλn
2 , x ∈ [0, 12 ] is valid and bn(x)n→∞ ⇒ ∞, x ∈ [0, 12 ].

This completes the investigation of (i).

(iii) With respect to ¯̄x the following possibilities may occur:

Case 2. 1. For x > ¯̄x the inequality µ4x + ν4 < 0 is valid. Choose x0 ∈ (¯̄x, 12).
Since λ2 > λ1 > λ, then bn(x0) < 0 and we are led to a contradiction.

Case 2. 2. Above we prove that x̄ < ¯̄x. Moreover, µ3x+ ν3 < 0 for x > x̄. Since
λ1 > λ, then bn(

1
2) < 0 and we are led to a contradiction.

Case 2. 3. Obviously, µ4x+ ν4 ≥ µ4
1
2 + ν4 > 0, x ∈ [0, 12 ]. Henceforth, as in the

proof of 1. 3. , it is shown that

bn(x)n→∞ ⇒ ∞, x ∈ [0, 12 ].

Analogously it is proved that

an(x)n→∞ ⇒ ∞, x ∈ [0, 12 ].

Hence lim
t→∞

y(t) = ∞.

Theorem 9. Let conditions A1, A2 hold, τ = 1
2 , p = 1 and q < − 1

γ0
. Let

lim inf
u→∞

f(u)

u
≥ 1. (33)

Then each solution of (1) oscillates.

Proof. Let y(t) be a solution of (1). From (8) it follows that the sequence
(cn)(cn = y(n))satisfies the difference equation

cn+1 − cn − qγ0f(cn)− q(
1

2
− γ0)f(cn+1) = 0. (34)

Its corresponding linearized equation is

(1− q(
1

2
− γ0))bn+1 − (1 + qγ0)bn = 0. (35)

The characteristic equation of (35) is

(1− q(
1

2
− γ0))λ− (1 + qγ0) = 0. (36)

Since q < − 1
γ0
, then the only root of (36) is negative. Hence each solution of

(35) oscillates. From Theorem 2 it follows that each solution of (34) oscillates, but
then each solution of (1) oscillates too.In
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Theorem 10. Let conditions A1, A2, (33) hold , τ = 1
2 and q > 0. Moreover,

let the conditions

inf
R\{0}

f(u)

u
> min[

4

q(1− 4γ0)
,

2

q(1− 2p+ 2γ0)
], (37)

p ∈ (−
√

3 + 2
√
3,

1

2
+ γ0] \ {0} , (38)

γ0 ∈ (0,
1

4
) (39)

hold. Then each solution of (1) oscillates.

Proof. Let y(t) be a solution of (1). Then the sequence (cn) satisfies the differ-
ence equation (12).

Let f1(t) = ( q2 − pq + qγ0)f(t), f2(t) = ( q2 − 2qγ0)f(t)− t, and
f3(t) = qγ0f(t) + t. Then (12) takes the form
cn+2 − cn+1 +

1
p2
f1(cn+2) +

1
p2
f2(cn+1) +

1
p2
f3(cn) = 0. The corresponding lin-

earized equation is

(1 +
1

p2
)bn+2 − (1− 1

p2
)bn+1 +

1

p2
bn = 0. (40)

The characteristic equation of (40) is

(1 +
1

p2
)λ2 − (1− 1

p2
)λ+

1

p2
= 0. (41)

From Theorem 1 it follows that all solutions of (40) oscillate if and only if Eq.
(41) has not a negative root, wich is true if D < 0 or D ≥ 0 and 1 − 1

p2
< 0(D is

the discriminant of (41)). Taking into account (38) we deduce that (41) has not a
negative root and, consequently, each solution of (40) oscillates. From conditions
(33), (37), (39), the equation (35) and the inequality q > 0 it follows that for the
functions f1(t), f2(t) and f3(t) the conditions of Theorem 2 are fulfilled. Then each
solution of (12), and hence each solution of Eq. (1) oscillates.
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