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Abstract: We consider position dependent random maps T = {τ1, τ2, · · · , τK ; p1, p2, · · · , pK}

such that T preserves a unique absolutely continuous invariant measure µ∗ with density f∗, where

{τ1, τ2, · · · , τK} is a collection of nonsingular maps on [0, 1] into [0, 1] and {p1, p2, · · · , pK} is a

collection of position dependent probabilities on [0, 1]. A piecewise quadratic Gelerkin projection

method for approximating f∗ is developed. We present a proof of convergence of the piecewise

quadratic Gelerkin projection method for random maps. We also present a numerical example.
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1. Introduction

Absolutely continuous invariant measures of position dependent random maps play
important roles in understanding statistical properties of trajectories and chaotic
nature for position dependent random maps. In this article, we describe a piecewise
quadratic Gelerkin projection method for the approximation of absolutely contin-
uous invariant measures for position dependent random maps. A random map T
on a set X is a special type of random dynamical system which consists a number
of transformations from X into itself, where the process switches from one map to
another map according to fixed probabilities [13] or, more generally, position de-
pendent probabilities [8]. Random maps have application in the study of fractals
[2], in modeling interference effects in quantum mechanics [4], in computing metric
entropy [14], and in forecasting the financial markets. It is well known that fixed
points of Frobenius-Perron operator of a dynamical system are invariant densities
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130 Md Shafiqul Islam

of absolutely continuous invariant measures of the system. The Frobenius-Perron
equation is a functional equation and it is difficult to solve this equation except in
some simple cases. Approximation of invariant measures is one of the major research
topics in ergodic theory and dynamical systems.

Ulam’s method is one of the most used and the best understood method among
numerical methods for the approximation of absolutely continuous invariant mea-
sures for deterministic maps [16, 11] and random maps [8]. For deterministic dy-
namical systems, piecewise linear approximation methods are described in [6, 5]. In
[7] Froyland described a piecewise constant Ulam’s method for random maps with
i.i.d. probabilities. For position dependent random maps, Góra and Boyarsky de-
scribed Ulam’s method in [8]. Moreover, piecewise linear methods were developed in
[9, 10] for the approximation of absolutely continuous invariant measures for posi-
tion dependent random maps. Recently, based on the Gelerkin projection principle
applied to subspaces spanned by continuous piecewise quadratic functions, Tian,
Ding and Rhee in [15] described a piecewise quadratic method for the computation
of absolutely continuous invariant measures for deterministic dynamical systems. In
this paper, we propose a piecewise quadratic Galerkin Projection method for the
approximation of absolutely continuous invariant measures for position dependent
random maps. Our results are generalizations of results of Tian et al. [15].

In Section 2 we present the notation and summarize results we shall need in the
sequel. In Section 3 we describe a piecewise quadratic Galerkin Projection method of
approximating invariant measures for random maps with position dependent proba-
bilities. We present convergence analysis of piecewise quadratic Galerkin Projection
method in Section 4. In Sectioin 5 we present a numerical example.

2. Random maps, the Frobenius-Perron operator and invariant measures

Consider the measure space (I = [0, 1],B, λ). Let τk : [0, 1] → [0, 1], k = 1, 2, · · · ,K,

be piecewise one-to-one and differentiable, nonsingular transformations on a common
partition J = {J1, J2, · · · , Jq} of [0, 1]. Let V (.) be the standard one dimensional
variation of a function, and BV ([0, 1]) be the space of functions of bounded variation
on I equipped with the norm ‖ . ‖BV = V (.)+ ‖ . ‖1, where ‖ . ‖1 denotes the L

1 norm
of a function. A position dependent random map T on I with position dependent
probabilities is defined as

T = {τ1, τ2, · · · , τK ; p1(x), p2(x), · · · , pK(x)},

where {p1(x), p2(x), · · · , pK(x)} is a set of position dependent probabilities on I.
For any x ∈ I, T (x) = τk(x) with probability pk(x) and, for any non-negativeIn
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A PIECEWISE QUADRATIC GALERKIN PROJECTION... 131

integer N,TN (x) = τkN ◦ τkN−1
◦ · · · ◦ τk1(x) with probability pkN (τkN−1

◦ · · · ◦
τk1(x))pkN−1

(τkN−2
◦ · · · ◦ τk1(x)) . . . pk1(x). A measure µ is T -invariant if and only

if it satisfies the following condition [8]:

µ(A) =

K
∑

k=1

∫

τ−1
k

(A)
pk(x)dµ(x), (2.1)

for any A ∈ B.

The Frobenius–Perron operator of T is given by [8]:

(PT f)(x) =

K
∑

k=1

(Pτk(pkf)) (x), (2.2)

where Pτk is the Frobenius-Perron operator associated with the transformation τk
[3] defined by

Pτkf(x) =
∑

z∈{τ−1
k

(x)}

f(z)

|τ ′k(z)|
. (2.3)

where, for any x, the set {τ−1
k (x)} consists of at most q points.. It can be easily shown

that (i) PT : L1([0, 1]) → L1([0, 1]) is a linear operator; (ii) PT is non-negative, i.e.,
f ∈ L1([0, 1]) and f ≥ 0 => PT f ≥ 0; (iii) PT is a contractive, i.e., ‖ PT f ‖1≤‖ f ‖1,
for any f ∈ L1([0, 1]); (iv) PT satisfies the composition property, i.e., if T and R are
two position dependent random maps on [0, 1], then PT◦R = PT ◦ PR. In particular,
for any n ≥ 1, Pn

T = PTn ; (v) PT f = f if and only if µ = f · λ is T-invariant;

Bahsoun and Góra proved the existence of an absolutely continuous invariant mea-
sure for a class of random maps (see [1]).

Lemma 2.1. [1] Let T = {τ1, τ2, . . . , τK ; p1(x), p2(x), ..., pK(x)} be a position
dependent random map, where τk : [0, 1] → [0, 1], k = 1, 2, ...,K are piecewise one-
to-one and differentiable, nonsingular transformations on a common partition J =
{J1, J2, ......, Jq} of [0, 1]. Let gk(x) =

pk(x)
|τ ′

k
(x)|

, k = 1, 2, ...,K. Assume that the random

map T satisfies the following conditions: (i)
∑K

k=1 gk(x) < α < 1, x ∈ [0, 1]; (ii) gk ∈
BV ([0, 1]), k = 1, 2, ...,K. Then, for any f ∈ BV ([0, 1]), PT satisfies the following
Lasota-Yorke type inequality:

V[0,1]PT f ≤ AV[0,1]f +B ‖ f ‖1, (2.4)

where A = 3α+ max
1≤i≤q

K
∑

k=1

VJigk and B = 2βα + β max
1≤i≤q

K
∑

k=1

VJigk with

β = max
1≤i≤q

1

λ(Ji)
.
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Proof. See [1].

Let x ∈ [0, 1]. Then for any N ≥ 1 we have, TN (x) = τkN ◦ τkN−1
◦ · · · ◦ τk1(x)

with probability

pkN (τkN−1
◦ · · · ◦ τk1(x))pkN−1

(τkN−2
◦ · · · ◦ τk1(x)) . . . pk1(x).

For ω ∈ {1, 2, . . . ,K}N , define

Tω(x) = TN (x),

pω = pkN (τkN−1
◦ · · · ◦ τk1(x))pkN−1

(τkN−2
◦ · · · ◦ τk1(x)) . . . pk1(x),

gω =
pω

|T ′
ω(x)|

,WN = max
L∈J (N)

∑

ω∈{1,2,...,K}N

VLgω

Based on Lemma 2.1, Bahsoun and Góra has proved the following Lemma for the
iterates of PT :

Lemma 2.2. Let T be a random map satisfying conditions of Lemma 2.1 and
N be a positive integer such that AN = 3αN +WN < 1. Then

V[0,1]P
N
T f ≤ ANV[0,1]f +BN ‖ f ‖1, (2.5)

where, BN = βN
(

2αN +WN

)

, βN = max
L∈J (N)

1

λ(L)
.

Using Lemma 2.1 and Lemma 2.2, the following theorem was proved in [1] for
the existence of an absolutely continuous invariant measure of random maps:

Theorem 2.3. [1] Let T = {τ1, τ2, . . . , τK ; p1(x), p2(x), . . . , pK} be a position
dependent random map satisfying conditions of Lemma 2.1. Then, T has an invari-
ant measure which is absolutely continuous with respect to Lebesgue measure. The
operator PT is quasi-compact in BV (I).

3. A piecewise quadratic Galerkin projection method for position

dependent random maps

We consider position dependent random maps

T = {τ1, τ2, . . . , τK ; p1(x), p2(x), . . . , pK(x)}In
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A PIECEWISE QUADRATIC GALERKIN PROJECTION... 133

satisfying the following assumptions:

(A) there exists A = 3α+ max
1≤i≤q

K
∑

k=1

VJigk < 1 and B = 2βα + β max
1≤i≤q

K
∑

k=1

VJigk > 0

with β = max
1≤i≤q

1

λ(Ii)
such that ∀f ∈ BV ([0, 1])

V[0,1]PT f ≤ AV[0,1]f +B ‖ f ‖1 . (3.1)

(B) T has a unique acim µ with density f∗.

Note that the invariant density f∗ of the unique acim µ is the fixed point of the
Frobenius-Perron operator PT . In the following, we describe a piecewise quadratic
Galerkin projection approximation scheme for f∗ and we present the proof of con-
vergence of our approximation scheme.

Let P(n) = {I1, I2, . . . , In} be a partition of [0, 1] into n equal subintervals,
where Ii = [ai−1, ai], ai = ih, i = 1, 2, . . . , n, a0 = 0, an = 1, h = 1

n
. For convenient,

we consider n = l · q, where l is a positive even integer and q is the number of the
sub-intervals of the partition J , (see Sec. 2), where the maps τk, k = 1, 2, . . . , q of
the random map T are piecewise non-singular. Let ∆(n) ⊂ L1([0, 1]) be a subspace
of L1 consisting of functions which are piecewise quadratic on the elements of the
partition P(n), that is,

∆(n) = {φ : φ ∈ C0[0, 1], φ|Ii ∈ Pol2(Ii), i = 1, 2, . . . , n},

where C0[0, 1] is the class of continuous functions on [0, 1] and Pol2(Ii) is the class
of quadratic functions on Ii. Consider the functions g1, g2 : R → [0, 1] defined by

g1(x) =























(x+ 1)2, −1 ≤ x ≤ 0,

(x− 1)2, 0 ≤ x ≤ 1,

0, otherwise.

(3.2)

g2(x) =







2x(1− x) , 0 ≤ x ≤ 1,

0 , otherwise.
(3.3)

Consider the basis functions {φ0, φ1, . . . , φ2n} of ∆(n), where

φ2i(x) = g1(
x− xi

h
), i = 0, 1, 2, . . . , n
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and

φ2i−1(x) = g2(
x− xi−1

h
), i = 1, 2, . . . , n

This basis {φ0, φ1, . . . , φ2n} is a 2n+ 1 dimensional subspace of ∆(n) and it has the
following properties.

1. supp(φ0) = (0,h) and supp(φ2n) = (1− h, 1);

2. supp(φ2i) = ((i − 1)h, (i + 1)h), i = 1, 2, , . . . ,n − 1 and supp(φ2i−1) = ((i −
1)h, ih), i = 1, 2, . . . ,n;

3.
∑2n

i=0 φi(x) = 1,∀x ∈ [0, 1].

Let Qn : L1(0, 1) → ∆(n) be a a projection operator from L1(0, 1) onto the subspace
∆(n) such that for any f ∈ L1(0, 1) the residual function f − Qnf is orthogonal to
L1(0, 1), that is,

< f −Qnf, φi >=

∫ 1

0
(f −Qnf)(x)φi(x)dx = 0,∀ i = 0, 1, 2, . . . , 2n.

In other words, for any f ∈ L1(0, 1), Qnf is the unique function in ∆(n) such that

< Qnf, φi >=< f, φi >,∀ i = 0, 1, 2, . . . , 2n. (3.4)

Let Qnf =
∑2n

j=0 cjφj. Then the constants c0, c1, . . . , c2n are unique solutions of the
following system of equations:

2n
∑

j=0

cj < φj, φi >=< f, φi >,∀ i = 0, 1, 2, . . . , 2n. (3.5)

Let PT : L1(0, 1) → L1(0, 1) be the Frobenius-Perron operator of the random map
T. We define an operator Pn : ∆(n) → ∆(n) as follows:

Pnf = Qn ◦ PT f, f ∈ ∆(n) (3.6)

The fixed points of the Frobenius-Perron operator PT are invariant densities of ab-
solutely continuous invariant measures of the position dependent random map T.

Numerical computation of the density function of acims for the position dependent
random map is equivalent to solve the following finite dimensional fixed point equa-
tion:

Pnf = f, f ∈ ∆(n). (3.7)In
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A PIECEWISE QUADRATIC GALERKIN PROJECTION... 135

Proposition 3.1. For any n > 0, there exists a nonzero fn ∈ ∆(n) such that
fn is a fixed point of Pn, that is,

Pnfn = fn.

Proof. Using (3.4) and (3.6), the fixed point equation (3.7) reduces to

< PT f, φi >=< f, φi >,∀ i = 0, 1, 2, . . . , 2n. (3.8)

Let f =
∑2n

j=0 djφj . Then, (3.8) reduces to

2n
∑

j=0

dj < PTφj , φi >=
2n
∑

j=0

dj < φj , φi >, forall i = 0, 1, 2, . . . , 2n. (3.9)

Let A = (aij) and B = (bij), 0 ≤ i, j ≤ 2n, where (aij) =< PTφj , φi >,

(bij) =< φj, φi >, PT =
∑K

k=1 Pτk and Pτk is the Frobenius-Perron operator of
τk, k = 1, 2, . . . ,K. Then, from (3.9) we obtain

(A−B)d = 0, d = (d0, d1, . . . , d2n)
′ ∈ R

2n, (3.10)

where E′ is the transpose of E. Now, for each 0 ≤ j ≤ 2n,

2n
∑

i=1

aij = < PTφj, φi >=

2n
∑

i=1

< PTφj , φi >

= < PTφj,

2n
∑

i=1

φi >=< PTφj, 1 >

= < φj , 1 >=

2n
∑

i=1

< φj , φi >

=
2n
∑

i=1

bij.

Thus, (1, 1, . . . , 1) is a left eigenvector of A − B with eigenvalue 0 and hence there
is a right eigenvector d of A−B with eigenvalue 0.

Let d = (d0, d1, . . . , d2n)
′ be a nonzero solution of (3.10) such that ‖ fn ‖1= 1,

where

fn =

2n
∑

i=1

diφi. (3.11)
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We define fn =
∑2n

i=1 diφi as an approximation of the fixed point of the Frobenious-
Perron operator PT , that is, for each integer, n ≥ 1, fn is an approximation of f∗.

The following two lemmas (Lemma 3.2 and Lemma 3.3) are important lemmas
for the convergence analysis of the piecewise quadratic Galerkin projection method.
For proofs, see Proposition 4.1 and Proposition 4.2 in [15].

Lemma 3.2. The sequence {Qn} of operatorsQn : L1(0, 1) → ∆(n) is uniformly
bounded by 47

2 in norm and converges strongly to the identity operator.

Lemma 3.3. Let f ∈ BV (0, 1) be absolutely continuous. Then for any n,

∨

Qnf ≤ 327
∨

f.

4. Convergence analysis of piecewise quadratic Galerkin projection

method for position dependent random maps

Lemma 4.1. Let T = {τ1, τ2, . . . , τK ; p1(x), p2(x), . . . , pK(x)} be a position
dependent random map satisfying conditions satisfies conditions of (A) – (B) such
that the constant A in (3.1) satisfies 327A < 1. Let fn be the sequence of normal-
ized approximate densities defined in (3.7). Then the sequence {VIfn} is uniformly
bounded.

Proof.

VIfn = VIPnfn = VIQnPT fn ≤ 327VIPT fn ≤ 327AVIfn + 327B ‖ fn ‖1,

where 0 < 327A < 1, and B > 0. Since ‖ fn ‖1= 1, we have VIfn ≤ 327B
1−327A < ∞.

Thus, the sequence {VIfn} is uniformly bounded.

Theorem 4.2. Let T = {τ1, τ2, . . . , τK ; p1(x), p2(x), . . . , pK(x)} be a random
map with position dependent probabilities. Assume that the random map T satisfies
conditions of (A) – (B) and T has a unique acim with density f∗. Let fn be the
sequence of approximate densities of f∗ from interpolation method described above.
Then, limn→∞ ‖ fn − f∗ ‖1= 0..

Proof. From Lemma 4.1, the sequence {fn}n≥1 is uniformly bounded in varia-
tion. By Helly’s Theorem, {fn}n≥1 is pre-compact. Let {fnk

} be a subsequence of
{fn}n≥1 and fnk

converges to g ∈ L1([0, 1]). Now,

‖ PT g − g ‖1

= ‖ g − fnk
+ fnk

−Qnk
◦ PT fnk

+Qnk
◦ PT fnk

−Qnk
◦ PT g +Qnk

◦ PT g − PT g ‖1In
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A PIECEWISE QUADRATIC GALERKIN PROJECTION... 137

≤ ‖ g − fnk
‖1 + ‖ fnk

−Qnk
◦ PT fnk

‖1

+ ‖ Qnk
◦ PT fnk

−Qnk
◦ PT g ‖1 + ‖ Qnk

◦ PT g − PT g ‖1 .

‖ g − fnk
‖1→ 0 as n → ∞ because fnk

→ g. ‖ fnk
− Qnk

◦ PT fnk
‖1= 0

because Qnk
◦ PT fnk

= Pnk
fnk

= fnk
. ‖ Qnk

◦ PT fnk
− Qnk

◦ PT g ‖1→ 0 because
Qnk ◦ PT fnk

− Qnk
◦ PT g = Qnk

◦ PT (fnk
− g) and (fnk

− g) → 0 as n → ∞.

Finally,‖ Qnk
◦ PT g − PT g ‖1= 0 because Qnk

h → h for all h ∈ L1([0, 1]). Thus,
PT g = g. By the uniqueness of the fixed point of PT we have shown that all the
convergent subsequences of {fn} converges to the same density g = f∗. This shows
that limn→∞ fn = f∗.

5. Example

In this section, we consider a position dependent random map T satisfying (A)–(B)
with unique invariant density f∗ and we apply our piecewise quadratic Galerkin
projection scheme described in the previous Section 3. Moreover, we find the L1

norms ‖ f∗ − fn ‖1, for some n ≥ 1, where fn is an approximation of f∗.

Example 5.1. We consider the position dependent random map

T = {τ1(x), τ2(x); p1(x), p2(x)},

where τ1, τ2 : [0, 1] → [0, 1] are defined by

τ1(x) =







2x, 0 ≤ x ≤ 1
2 ,

x, 1
2 ≤ x ≤ 1,

τ2(x) =







x+ 1
2 , 0 ≤ x ≤ 1

2 ,

2x− 1, 1
2 ≤ x ≤ 1

and the position dependent probabilities p1, p2 : [0, 1] → [0, 1] are defined by

p1(x) =







2
3 , 0 ≤ x ≤ 1

2 ,

1
3 ,

1
2 ≤ x ≤ 1,

and

p1(x) =







1
3 , 0 ≤ x ≤ 1

2 ,

2
3 ,

1
2 ≤ x ≤ 1,In
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Figure 1: The graph of the actual density f∗ and the approximate density
fn, n = 4.

It is easy to show that the random map T satisfies conditions of Theorem 2.3 (see
[1]). Therefore, the random map has a unique acim µ∗ with normalized density
f∗. In fact, the normalized density f∗ =

[

2
3 ,

4
3

]

. In the following, we compute L1−
norm ‖ fn − f∗ ‖1 using Maple 18 and estimate the convergence of the approximate
density fn to the actual density f∗ for our piecewise quadratic Galerkin projection
method.

n ‖ fn − f∗ ‖1
4 0.1647736195

8 0.1086689286

16 0.0670454565

.

The graph of the actual density f∗ and approximate densities fn, n = 4, 8, 16 are
presented in the following figure.
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Figure 2: The graph of the actual density f∗ and the approximate density
fn, n = 8.

Figure 3: The graph of the actual density f∗ and the approximate density
fn, n = 16.
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[1] Bahsoun, W. and Góra, P., Position Dependent Random Maps in One and

Higher Dimensions, Studia Math. 166, no. 3, 2005, 271 – 286.

[2] Barnsley, M., Fractals everywhere, Academic Press, London, UK, 1998.
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