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1. Introduction

Let G = (V (G), E(G)) be a graph with vertex set V (G and edge set E(G). A set of
two or more edges of a graph G is called a set of multiple edges[1] if they have the
same ends. An edge with identical ends is called a loop[1]. A graph is simple[1] if it
has no loops or multiple edges. A graph is finite[3] if both its vertex set and edge
set are finite. In this paper we consider only finite simple graphs. Two adjacent
vertices of a graph are referred to as neighbors of each other. The set of neighbors
of a vertex v is called the open neighborhood[4] of v and is denoted by N(v). The
set N [v] = N(v) ∪ {v} is called the closed neighborhood[4] of v.

Another concept we used in this paper is that of a sigma algebra.

Definition 1. [6] A collection R of subsets of a set X is said to be a sigma
algebra on X if R has the following properties:

(i) X ∈ R.

(ii) If A ∈ R, then Ac ∈ R, where Ac is the complement of A relative to X.

(iii) If A =
⋃

∞

n=1An and if An ∈ R for n = 1, 2, 3, ..., then A ∈ R.

Proposition 2. [6] If F is any family of subsets of a set X, there exists a
smallest sigma algebra containing F , called the sigma-algebra generated by F .
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Definition 3. [5] Let G = (V (G), E(G)) be a graph. The sigma algebra
generated by the collection {N [v] : v ∈ V (G)} on V (G) is called the neighborhood
sigma algebra of G and it is denoted by AG.

LetG be a graph with vertex set V (G). For v ∈ V (G), let Ev denotes the smallest
measurable set containing v in AG. That is the intersection of all measurable sets
containing v in AG. The following theorem characterises Ev.

Theorem 4. [5] If G is a graph with vertex set V (G) and v ∈ V (G), then
Ev = {u ∈ V (G) : N [u] = N [v]}.

2. Neighborhood Sigma Algebra of Graph Products

A graph product[2] of two graphs G and H is a new graph whose vertex set is
V (G)×V (H) and for any two vertices (g, h) and (g

′

, h
′

) in the product, the adjacency
is determined entirely by the adjacency of g and g

′

in G and that of h and h
′

in
H. The most commonly used graph products are lexicographic product, normal
product, tensor product, and cartesian product. In this section the neighborhood
sigma algebras of these graph products are examined.

2.1. Composition or Lexicographic Product

The composition or the lexicographic product [1], G1[G2] of two graphs G1 and G2

is the simple graph with V (G1) × V (G2) as its vertex set and two vertices (u1, v1)
and (u2, v2) are adjacent in G1[G2] if and only if either (u1 is adjacent to u2) or
(u1 = u2 and v1 is adjacent to v2).

It is clear that for (u, v) ∈ V (G1[G2]), N [(u, v)] = (N(u)×V (G2))∪({u}×N [v]).

Theorem 5. Let (u, v) and (x, y) ∈ V (G1[G2]). Then N [(u, v)] = N [(x, y)] if
and only if either (i) or (ii) holds, where
(i)u = x and N [v] = N [y]
(ii)N [u] = N [x] and N [v] = N [y] = V (G2)

Proof. Suppose that N [(u, v)] = N [(x, y)]. Then (u, v) and (x, y) are adjacent in
G1[G2]. Therefore u = x or u and x are adjacent. Suppose u = x. Then let, if
possible, w ∈ N [v] \N [y] (or w ∈ N [y] \N [v] ). Then (u,w) ∈ N [(u, v)] \N [(x, y)]
(or (u,w) ∈ N [(x, y)] \N [(u, v)]), a contradiction. Therefore N [v] = N [y].

Suppose u 6= x. Then u and x are adjacent. Let, if possible, w ∈ V (G2) \
N [v]. Then (u,w) ∈ N [(x, y)] \N [(u, v)], a contradiction. Therefore N [v] = V (G2).
Similarly we can prove that N [y] = V (G2).

Conversely assume that either (i) or (ii) holds.In
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If (i) holds then,

N [(u, v)] = (N(u)× V2) ∪ ({u} ×N [v])
= (N(x)× V2) ∪ ({x} ×N [y])
= N [(x, y)]

If (ii) holds then,

N [(u, v)] = (N(u)× V2) ∪ ({u} ×N [v])
= (N(u)× V2) ∪ ({u} × V2)
= N [u]× V2

= N [x]× V2

= (N(x)× V2) ∪ ({x} × V2)
= (N(x)× V2) ∪ ({x} ×N [y])
= N [(x, y)]

Hence the theorem.

Corollary 6. If G1 is any graph and G2 is a graph with neighborhood sigma
algebra P(V (G2)), then neighborhood sigma algebra of G1[G2] is P(V (G1[G2])).

2.2. Tensor Product or Kronecker Product

The tensor product [1], G1 ⊗G2 of two graphs G1 and G2 is the simple graph with
V (G1) × V (G2) as its vertex set and two vertices (u1, v1) and (u2, v2) are adjacent
in G1 ⊗G2 if and only if u1 is adjacent to u2 in G1 and v1 is adjacent to v2 in G2.

For (u, v) ∈ V (G1⊗G2), N [(u, v)] = {(u, v)}∪ (N(u)×N(v)). If u is an isolated
vertex of G1 or v is an isolated vertex G2 , then (u, v) is an isolated vertex of G1⊗G2.

Theorem 7. Let G1 and G2 be two graphs. Suppose u, v are two non isolated
vertices of G1 and x, y are two non isolated vertices ofG2. ThenN [(u, v)] = N [(x, y)]
if and only if N [u] = N [x] = {u, x} and N [v] = N [y] = {v, y}.

Proof. Let N [(u, v)] = N [(x, y)]. Then u is adjacent to x and v is adjacent to y. Let,
if possible w(6= u) ∈ N [u]\N [x]. Then for any z ∈ N(v), (w, z) ∈ N [(u, v)]\N [x, y],
which contradicts the assumption N [(u, v)] = N [(x, y)]. Therefore N [u] = N [x].

If possible, let p(6= x) ∈ N(u). Then (p, y) ∈ N [(u, v)]. But (p, y) /∈ N [(x, y)].
Hence N [u] = N [x] = {u, x}. Similarly we can prove that N [v] = N [y] = {v, y}.

Conversely assume that N [u] = N [x] = {u, x} and N [v] = N [y] = {v, y}.
Then,

N [(u, v)] = {(u, v)} ∪ (N(u) ×N(v))
= {(u, v)} ∪ {(x, y)}
= {(u, v), (x, y)}In
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and
N [(x, y)] = {(x, y)} ∪ (N(x) ×N(y))

= {(x, y)} ∪ {(u, v)}
= {(x, y), (u, v)}

That is N [(u, v)] = N [(x, y)]. Hence the theorem.

Corollary 8. Let G1 and G2 be two graphs. If G1 or G2 does not have P2 as
a component then the neighborhood sigma algebra of G1 ⊗G2 is P(V (G1 ⊗G2)).

Note 1. For the graph G1 with its two non isolated vertices u and v, and for the
graph G2 with its two non isolated vertices x and y, the conditions N [u] = N [x] in
G1 and N [v] = N [y] in G2 are not sufficient to guarantee that N [(u, v)] = N [(x, y)]
in G1 ⊗G2.
For example consider K2 ⊗K3.
Here N [u1] = N [u2] in K2 and N [v1] = N [v2] in K3. But N [(u1, v1)] 6= N [(u2, v2)]
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Figure 1:

in K2 ⊗K3.

2.3. Cartesian Product

The Cartesian product [1], G1×G2 of two graphs G1 and G2 is the simple graph with
V (G1) × V (G2) as its vertex set and two vertices (u1, v1) and (u2, v2) are adjacent
in G1 × G2 if and only if, either u1 = u2 and v1 is adjacent to v2 or u1 is adjacent
to u2 and v1 = v2.
For (u, v) ∈ V (G1 ×G2), N [(u, v)] = ({u} ×N [v]) ∪ (N [u]× {v}).

Theorem 9. Let G1 and G2 be two graphs. Suppose (u, v) and (x, y) are two
distinct vertices of G1 × G2. Then N [(u, v)] = N [(x, y)] if and only if either (i) or
(ii) holds, whereIn

te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
2
,
N
o
.
1
(2

0
1
8
)



NEIGHBORHOOD SIGMA ALGEBRA OF GRAPH PRODUCTS 127

(i)u = x, u is an isolated vertex of G1 and N [v] = N [y]
(ii)v = y, v is an isolated vertex of G2 and N [u] = N [x]

Proof. If N [(u, v)] = N [(x, y)], then (u, v) is adjacent to (x, y). Therefore either
u = x or v = y.

Suppose that u = x. Then v 6= y since (u, v) 6= (x, y). If there exists w ∈ N(u),
then (w, v) ∈ N [(u, v)]. But (w, v) /∈ N [(x, y)]. Hence u is an isolated vertex of
G. If N [v] 6= N [y], then without loss of generality we can assume that there exists
z ∈ N [v] but z /∈ N [y]. Then (u, z) ∈ N [(u, v)] \N [(x, y)]. Thus N [v] = N [y].

If v = y, then u 6= x since (u, v) 6= (x, y). Similarly, we can prove that v is an
isolated vertex of G2 and N [u] = N [x] if v = y.
Conversely if condition (i) holds, then

N [(u, v)] = ({u} ×N [v]) ∪ (N [u]× {v})
= ({u} ×N [v]) ∪ ({u} × {v})
= {u} ×N [v]
= {x} ×N [y]
= ({x} ×N [y]) ∪ ({x} × {y})
= ({x} ×N [y]) ∪ (N [x]× {y})
= N [(x, y)]

Similarly we can show that condition(ii) also implies N [(u, v)] = N [(x, y)]. Hence
the theorem.

Corollary 10. If two graphs G1 and G2 have no isolated vertices then the
neighborhood sigma algebra of G1 ×G2 is P(V (G1 ×G2)).

Corollary 11. If G1 is a graph with neighborhood sigma algebra P(V (G1))
and G2 is a graph with neighborhood sigma algebra P(V (G2)), then neighborhood
sigma algebra of G1 ×G2 is P(V (G1 ×G2)).

2.4. Normal Product

The normal product[1], G1 ◦G2 of two graphs G1 and G2 is the simple graph with
V (G1) × V (G2) as its vertex set and two vertices (u1, v1) and (u2, v2) are adjacent
in G1 ◦G2 if, and only if, either

(i) u1 = u2 and v1 is adjacent to v2
or (ii) u1 is adjacent to u2 and v1 = v2
or (iii)u1 is adjacent to u2 and v1 is adjacent to v2
For (u, v) ∈ V (G1 ◦ G2), N [(u, v)] = N [u] × N [v]. Hence we have the following
theorem.

Theorem 12. Let (u, v) and (x, y) ∈ V (G1 ◦ G2). Then N [(u, v)] = N [(x, y)]
if and only if N [u] = N [x] and N [v] = N [y].In
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Proof.

N [(u, v)] = N [(x, y)] ⇔ N [u]×N [v] = N [x]×N [y]
⇔ N [u] = N [x] and N [v] = N [y]

Corollary 13. If G1 is a graph with neighborhood sigma algebra P(V (G1))
or G2 is a graph with neighborhood sigma algebra P(V (G2)), then neighborhood
sigma algebra of G1 ◦G2 is P(V (G1 ◦G2)).
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