International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 12, No. 1 (2018)

International Electronic Journal of Pure and Applied Mathematics

Volume 12 No. 1 2018, 123-128

ISSN: 1314-0744
url: https://www.e.ijpam.eu
doi: 10.12732/iejpam.v12i1.9

NEIGHBORHOOD SIGMA ALGEBRA OF GRAPH PRODUCTS
P. Jisna!, Raji Pilakkat?

L2Department of Mathematics
University of Calicut
Malappuram Dt, Pin: 673635, Kerala, INDIA

Abstract: In this paper the neigborhood sigma algebras of graph products like composition

product, tensor product, cartesian product and normal product are examined.

AMS Subject Classification: 05C69, 28A25
Key Words: sigma algebra, neighborhood sigma algebra, measurable function, graph product,

lexicographic product, cartesian product, tensor product, normal product

1. Introduction

Let G = (V(G), E(G)) be a graph with vertex set V(G and edge set E(G). A set of
two or more edges of a graph G is called a set of multiple edges[1] if they have the
same ends. An edge with identical ends is called a loop[1]. A graph is simple[1] if it
has no loops or multiple edges. A graph is finite[3] if both its vertex set and edge
set are finite. In this paper we consider only finite simple graphs. Two adjacent
vertices of a graph are referred to as neighbors of each other. The set of neighbors
of a vertex v is called the open neighborhood[4] of v and is denoted by N(v). The
set N[v] = N(v) U{v} is called the closed neighborhood[4] of v.
Another concept we used in this paper is that of a sigma algebra.

Definition 1. [6] A collection R of subsets of a set X is said to be a sigma
algebra on X if R has the following properties:

(i) X e R.
(ii) If A € R, then A° € R, where A€ is the complement of A relative to X.
(i) f A=, Ay and if A, € R for n =1,2,3,..., then A € R.

Proposition 2. [6] If F is any family of subsets of a set X, there exists a
smallest sigma algebra containing F, called the sigma-algebra generated by F.
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Definition 3. [5] Let G = (V(G), E(G)) be a graph. The sigma algebra
generated by the collection {N[v] : v € V(G)} on V(G) is called the neighborhood
sigma algebra of G and it is denoted by Ag.

Let G be a graph with vertex set V(G). For v € V(G), let E, denotes the smallest
measurable set containing v in Ag. That is the intersection of all measurable sets
containing v in Ag. The following theorem characterises F,,.

Theorem 4. [5] If G is a graph with vertex set V(G) and v € V(G), then
E,={ueV(GQ): Nju] = N[v]}.

2. Neighborhood Sigma Algebra of Graph Products

A graph product[2] of two graphs G and H is a new graph whose vertex set is
V(G)xV (H) and for any two vertices (g, h) and (¢, k') in the product, the adjacency
is determined entirely by the adjacency of g and ¢  in G and that of h and A’ in
H. The most commonly used graph products are lexicographic product, normal
product, tensor product, and cartesian product. In this section the neighborhood
sigma algebras of these graph products are examined.

2.1. Composition or Lexicographic Product

The composition or the lexicographic product [1], G1[G2] of two graphs G and G2
is the simple graph with V/(G1) x V(G2) as its vertex set and two vertices (u1,vy)
and (ug,v2) are adjacent in G1][Gs] if and only if either (u; is adjacent to ug) or
(u1 = ug and vy is adjacent to vq).

It is clear that for (u,v) € V(G1[G2]), N[(u,v)] = (N(u) x V(G2))U({u} x N[v]).

Theorem 5. Let (u,v) and (z,y) € V(G1[Gse]). Then N|(u,v)] = N[(z,y)] if
and only if either (i) or (ii) holds, where
(i)u =z and N[v] = NJy|
(#)Nfu] = Nfa] and N[v] = N[y] = V(G2)

Proof. Suppose that N[(u,v)] = N[(z,y)]. Then (u,v) and (x,y) are adjacent in
G1[G2]. Therefore w = x or u and = are adjacent. Suppose u = x. Then let, if
possible, w € N[v] \ N[y] (or w € N[y] \ N[v] ). Then (u,w) € N[(u,v)] \ N[(z,y)]
(or (u,w) € N[(z,y)] \ N[(u,v)]), a contradiction. Therefore N[v] = N[y].

Suppose u # x. Then u and x are adjacent. Let, if possible, w € V(G3) \
Nv]. Then (u,w) € N[(z,y)] \ N[(u,v)], a contradiction. Therefore N[v] =V (Ga).
Similarly we can prove that N[y] = V(Ga2).

Conversely assume that either (i) or (ii) holds.
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If (i) holds then,

N{(u,0)] = (N(u) x V) U ({u} x N[v])

I
=
)
X
S
~
C
—_—
——
8
—
X
=
=,

If (ii) holds then,

u) x Vo) U ({u} x N[v])
u) X Vg) U ({u} X Vg)

[
==

x) X Vg) U ({x} X Vg)
z) x Vo) U ({z} x Ny])

Hence the theorem. O

Corollary 6. If Gy is any graph and GGy is a graph with neighborhood sigma
algebra P(V (G2)), then neighborhood sigma algebra of G1]|G2] is P(V(G1[G2])).

2.2. Tensor Product or Kronecker Product

The tensor product [1], G; ® G2 of two graphs G and G is the simple graph with
V(G1) x V(G2) as its vertex set and two vertices (u1,v1) and (ug,vs) are adjacent
in G1 ® G if and only if u; is adjacent to us in GG1 and vy is adjacent to vy in Go.

For (u,v) € V(G1 ® Ga), N[(u,v)] = {(u,v)} U(N(u)x N(v)). If u is an isolated

vertex of G or v is an isolated vertex Go , then (u,v) is an isolated vertex of GG ®G.

Theorem 7. Let G1 and Gy be two graphs. Suppose u, v are two non isolated
vertices of Gy and x, y are two non isolated vertices of G3. Then N[(u,v)] = N[(z,y)]
if and only if N[u] = Nz| = {u,z} and N[v] = Ny] = {v,y}.

Proof. Let N|[(u,v)] = N[(z,y)]. Then u is adjacent to z and v is adjacent to y. Let,
if possible w(# u) € N[u]\ N[z]. Then for any z € N(v), (w, z) € N[(u,v)]\ N[z, y],
which contradicts the assumption N|[(u,v)] = N[(z,y)]. Therefore N[u] = N|[z].
If possible, let p(# ) € N(u). Then (p,y) € N[(u,v)]. But (p,y) ¢ N[(z,v)].
Hence Nu] = Nz] = {u,z}. Similarly we can prove that N[v] = N[y| = {v,y}.
Conversely assume that N[u] = N[z] = {u,z} and N[v] = N]y] = {v,y}.
Then,

Nl(w,v)] = {(u,v)}U(N(u) x N(0))
{(w,v)} U{(z,9)}
= {(u7v)7(xay)}
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and
Nl(z,y)] = {(z,y)} UN(z) x
= {(@y)} U{(u,v)}
= {(z,y), (w,v)}

That is N[(u,v)] = N[(x,y)]. Hence the theorem. O

N(y))

Corollary 8. Let G1 and G9 be two graphs. If G1 or GGy does not have P, as
a component then the neighborhood sigma algebra of G1 ® G2 is P(V(G1 ® G2)).

Note 1. For the graph G; with its two non isolated vertices v and v, and for the
graph Go with its two non isolated vertices = and y, the conditions N[u] = N|z] in
G1 and N[v] = N[y| in Gy are not sufficient to guarantee that N[(u,v)] = N|[(x,y)]
in Gi ® Go.

For example consider Ko ® K3.
Here N[uj] = N[ug] in K9 and N[v1] = N[vg] in K3. But N|[(uy,v1)] # N[(usg,v2)]

u Vi (upsvp)  (upsvy) (UgV3)
1
u vy V3
(U:V1) (Up¥y) (uy.V5)
Ky K3 K,®Kj
Figure 1:
in K2®K3.

2.3. Cartesian Product

The Cartesian product [1], G X G5 of two graphs G and G is the simple graph with
V(G1) x V(G2) as its vertex set and two vertices (u1,v1) and (ug,vs) are adjacent
in G; X Go if and only if, either u; = us and vy is adjacent to vy or uy is adjacent
to ug and vy = vs.

For (u,v) € V(G1 x Gg), N[(u,v)] = ({u} x N[v]) U(Nu] x {v}).

Theorem 9. Let G1 and G9 be two graphs. Suppose (u,v) and (x,y) are two
distinct vertices of G1 X Ga. Then N[(u,v)] = N|(z,y)] if and only if either (i) or
(ii) holds, where
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(1)u = x, u is an isolated vertex of G1 and N[v] = N|y]
(ii)v =y, v is an isolated vertex of Gy and N|[u] = N|x]

Proof. If N[(u,v)] = N[(z,y)], then (u,v) is adjacent to (x,y). Therefore either
u=xorv=y.

Suppose that u = z. Then v # y since (u,v) # (x,y). If there exists w € N(u),
then (w,v) € Nl(u,v)]. But (w,v) ¢ N|[(z,y)]. Hence u is an isolated vertex of
G. If N[v] # Nly|, then without loss of generality we can assume that there exists
z € N[v] but z ¢ N[y]. Then (u,z) € N[(u,v)] \ N[(z,y)]. Thus N[v] = N[y].

If v = y, then u # x since (u,v) # (z,y). Similarly, we can prove that v is an
isolated vertex of G and N[u] = N[z] if v = y.

Conversely if condition (i) holds, then

Nl(w,0)] = ({u} x N[v]) U(N[u] x {v})
({u} x Ny U ({u} x {v})

{u} x N[v]

{z} x Ny]

({z} x Nlyl) U ({z} x {y})

= ({z} x N[y]) U (N[z] x {y})
= N[(z,y)]

Similarly we can show that condition(ii) also implies N[(u,v)] = N|[(z,y)]. Hence
the theorem. I

Corollary 10. If two graphs G1 and Gy have no isolated vertices then the
neighborhood sigma algebra of G x G is P(V(G1 x G2)).

Corollary 11. If Gy is a graph with neighborhood sigma algebra P(V (G1))
and G is a graph with neighborhood sigma algebra P(V (G2)), then neighborhood
sigma algebra of Gi x Gy is P(V(G1 x Ga2)).

2.4. Normal Product

The normal product[l], G; o G5 of two graphs G and G4 is the simple graph with
V(G1) x V(G2) as its vertex set and two vertices (u1,v1) and (ug,vs) are adjacent
in Gy o G if, and only if, either

(i) up = ug and vy is adjacent to vo
or (ii) u; is adjacent to ugy and v = vy
or (iii)u; is adjacent to ug and vy is adjacent to vo
For (u,v) € V(G o Ga), N|[(u,v)] = NJu] x N[v]. Hence we have the following
theorem.

Theorem 12. Let (u,v) and (z,y) € V(G1 0 Ga). Then N|(u,v)] = N[(z,y)]
if and only if N[u] = Nlz| and N[v] = N[y].
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Proof.
N[(u,v)] = N[(z,y)] & Nu] x N[v] = N[z] x N[y]
< Nlu] = Niz] and N[v] = N[y]

O

Corollary 13. If Gy is a graph with neighborhood sigma algebra P(V (G1))
or Gy is a graph with neighborhood sigma algebra P(V (G2)), then neighborhood
sigma algebra of Gy o Gy is P(V(G1 o G9)).
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