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Abstract: In this paper is considered a modified Weibull cumulative distribution function based
on m existing ones. It is studied the important ”saturation” characteristic for this function in the
Hausdorff sense.

The results have independent significance in the study of issues related to life time analysis,
insurance mathematics, biochemical kinetics, population dynamics and debugging theory.

Numerical examples illustrating the obtained results using programming environment Mathe-

matica are presented.
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1. Introduction

The Weibull distribution [1], now named for W. Weibull who described it in detail
in 1951, was first identified by Frechet [2] in 1927 and first applied by Rosin and
Rammier [3] in 1933 to describe particle size distributions.

The Weibull and Bur XII–Weibull cumulative distribution functions (CDF) find
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applications to software reliability analysis [4]–[6] (Reliability is theoretical defined
as the probability of success, i.e. Reliability = 1 - Probability of Failure).

For some approximation and modeling aspects see also [7].
In the literature several transformations exists to obtain a new CDF using other

well-known CDF(s) [8]–[37].
Many researches have used the quadratic rank transmuted map (QRTM) to

develop new life time distribution.
Another popular transformations by using a CDF F (t) are introduced in [38]

(with applications in data analysis):

G1(t) =
1

e− 1

(

eF (t) − 1
)

(1)

and in [39]:

G2(t) = e
1− 1

F (t) . (2)

Kumar et al. [40] proposed a CDF distribution by the use of any two CDF
F1(t) and F2(t) of baseline continuous distribution(s) with common spectrum by
the transformation:

G3(t) =
F1(t) + F2(t)

1 + F1(t)
. (3)

The transformation (3) has great applications in lifetime analysis.
A new CDF based on m existing ones [41] is the following:

G(t) =

m
∑

k=1

Fk(t)

m− 1 +

m
∏

k=1

(Fk(t))
δk

. (4)

In this paper we study the important ”saturation” characteristic for the modified
Weibull cumulative distribution function (based on the transformation (4) form = 2)
in the Hausdorff sense [42] (see the next definition).

Definition 1. [42] The Hausdorff distance (the H–distance) ρ(f, g) between
two interval functions f, g on Ω ⊆ R, is the distance between their completed graphs
F (f) and F (g) considered as closed subsets of Ω× R. More precisely,

ρ(f, g) = max{ sup
A∈F (f)

inf
B∈F (g)

||A−B||, sup
B∈F (g)

inf
A∈F (f)

||A−B||},

wherein ||.|| is any norm in R
2, e. g. the maximum norm ||(t, x)|| = max{|t|, |x|};

hence the distance between the points A = (tA, xA), B = (tB , xB) in R
2 is ||A−B|| =

max(|tA − tB |, |xA − xB|).

The obtained results have independent significance in the study of issues related
to lifetime analysis, population dynamics and debugging theory.
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2. Main Results

2.1. The Transformation (4) for m = 2, δ1 = δ2 = 1

Based on the transformation (4) for m = 2, δ1 = δ2 = 1 we have:

G(t) =
F1(t) + F2(t)

1 + F1(t)F2(t)
. (5)

Let

F1(t) = 1− e
−
(

t

λ1

)

k1

; F2(t) = 1− e
−
(

t

λ2

)

k2

be the Weibull CDF with parameters (k1, λ1), (k2, λ2), ki, λi > 0, i = 1, 2 respec-
tively.

Then we have [41]:

G(t) =
2− e

−
(

t

λ1

)

k1

− e
−
(

t

λ2

)

k2

2− e
−
(

t

λ1

)k1

− e
−
(

t

λ2

)k2

+ e
−
(

t

λ1

)k1
−
(

t

λ2

)k2
. (6)

We study the ”saturation” of the family (6) to the horizontal asymptote in
Hausdorff sense.

The Hausdorff distance d satisfies the relation

G(d) = 1− d (7)

i.e.

2− e
−
(

d

λ1

)

k1

− e
−
(

d

λ2

)

k2

2− e
−
(

d

λ1

)

k1

− e
−
(

d

λ2

)

k2

+ e
−
(

d

λ1

)

k1
−
(

d

λ2

)

k2
− 1 + d = 0. (8)

The model (6) for λ1 = 0.4, λ2 = 0.3, k1 = 1.2, k2 = 1.5 is visualized on Fig. 1.
From the nonlinear equation (8) we have d = 0.2381303.
The model (6) for λ1 = 0.4, λ2 = 0.3, k1 = 0.2, k2 = 0.3 is visualized on Fig. 2.
From (8) we find d = 0.1492.
The model (6) for λ1 = 0.03, λ2 = 0.05, k1 = 1.1, k2 = 0.6 and H–distance

d = 0.047661 is visualized on Fig. 3.
The applied comparisons show that the ”saturation” using the G–model is faster.

2.2. The Transformation (4) for m = 2, δ1 = δ2 = 1

2

Based on the transformation (4) for m = 2, δ1 = δ2 =
1
2 we have:

G̃(t) =
F1(t) + F2(t)

1 +
√

F1(t)F2(t)
. (9)
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Figure 1: The model (6) for λ1 = 0.4, λ2 = 0.3, k1 = 1.2, k2 = 1.5;
H–distance d = 0.2381303.

Figure 2: The model (6) for λ1 = 0.4, λ2 = 0.3, k1 = 0.2, k2 = 0.3;
H–distance d = 0.1492.

Figure 3: The model (6) for λ1 = 0.03, λ2 = 0.05, k1 = 1.1, k2 = 0.6;
H–distance d = 0.047661.
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Then we have:

G̃(t) =
2− e

−
(

t

λ1

)k1

− e
−
(

t

λ2

)k2

1 +

√

(

1− e
−
(

t

λ1

)k1
)(

1− e
−
(

t

λ2

)k2
)

. (10)

The Hausdorff distance d1 satisfies the relation

G̃(d1) = 1− d1. (11)

3. Applications

We examine the following experimental data for biomass and substrate for Xanto-
bacter autotrophycum without electric field (see Table 1).

t Biomass Substrate

0.05 0.01 1.
12 0.233 0.54
24 0.39 0.4
36 0.507 0.35
48 0.618 0.315
60 0.766 0.27
72 0.88 0.19

Table 1: The experimental data (biomass and substrate) for Xantobacter
autotrophycum without electric field

We next choose to fit the classical Weibull model

F1(t) = 1− e
−
(

t

λ1

)k1

to the available time course measurement data.
The appropriate least–square fitting of the experimental data (for the biomass)

by the Weibull model F1(t) yields λ1 = 44.653, k1 = 1.1693 and is visualized on
Figure 4.

We have
F1(t) = 1− e−(

t

44.654 )
1.1693

.

The appropriate least–square fitting of the experimental data (for the biomass)
by the modified Weibull model G(t) (6) yields for λ1 = 56.8154, λ2 = 78.3079,
k1 = 0.842452, k2 = 5.30895 and is visualized on Figure 5.In
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Figure 4: The least–square fitting of the experimental data (for the biomass)
by the Weibull model F1(t) yields λ1 = 44.653, k1 = 1.1693.

Figure 5: The least–square fitting of the experimental data (for the biomass)
by the modified Weibull model G(t) (6) yields λ1 = 56.8154, λ2 = 78.3079,
k1 = 0.842452, k2 = 5.30895.
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Figure 6: The least–square fitting of the experimental data (for the biomass)
by the modified Weibull model G̃(t) (9) (red) and by the model (6) (dashed).

The appropriate least–square fitting of the experimental data (for the biomass)
by the modified Weibull model G̃(t) (9) yields for λ1 = 645262, λ2 = 47.9928,
k1 = 4.61701, k2 = 0.947019 and is visualized on Figure 6.

4. Concluding Remarks

We will explicitly note that in some cases the model G(t) (or G̃(t)) provides better
results than the classical model F1(t).

Specifically, we will note that the reliability of the software model functions is
checked by additional six criteria, the consideration of which go beyond this article.

Precise approximation estimates for the best Hausdorff approximation d (or d1)
can be obtained using known methodological results in this regard - see for example
[15]–[16].

We hope that the results will be useful for specialists in this scientific area.

We propose a software module (intellectual property) within the programming
environment CAS Mathematica for the analysis of the considered family G(t).

The module offers the following possibilities:

• generation of the family (6) (or (9)) for the parameters λ1, λ2, k1 and k2;

• calculation of the H-distance d from the nonlinear equation (8) (or (11));

• software tools for animation and visualization.
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