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Abstract: In this paper, we investigate a n-dimensional competition system with stochastic

perturbation. By using the theory of nonsingular M-matrix, we get the sufficient condition for the

existence of stationary distribution. The sufficient condition in this paper is more simple than Ref.

[1].
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1. Introduction

In nature, when two or more species live in proximity and share the same basic
requirements, they usually compete for resources, food, habitat, or territory. A
model for population dynamics is the traditional Lotka-Volterra competition system
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which has received a lot of attention and has been studied extensively, we refer
the reader to [4-7] and the references therein. A deterministic, multi-species Lotka-
Volterra competition system with n interacting components is given by

ẋi(t) = xi(t)



bi −

n
∑

j=1

aijxj(t)



 , i = 1, 2, · · · , n, (1.1)

where xi denotes the population size of the i-th species in the system and all pa-
rameters bi and aij are positive.

Based on the deterministic system (1.1), Jiang et al [1] investigated a stochastic
competition system

dxi(t) = xi(t)







bi −

n
∑

j=1

aijxj(t)



 dt+ σidBi(t)



 , i = 1, 2, · · · , n. (1.2)

Jiang et al studied the stability in time average, the stationary distribution and the
extinction of the SDE (1.2). To prove the system (1.2) has a stationary distribution
and has the ergodic property, they needed the matrix A = (aij) to be irreducible,
aii >

∑n
j=1,j 6=i aij and bi >

∑n
j=1,j 6=i

aij
ajj

bj (i = 1, 2, . . . , n). In this paper, we only

use the condition bi >
∑n

j=1,j 6=i

aij
ajj

bj (i = 1, 2, . . . , n) to establish the existence of a

stationary distribution for the SDE (1.2).
Throughout this paper, unless otherwise specified, let (Ω, {Ft}t≥0, P ) be a com-

plete probability space with a filtration {Ft}t≥0 satisfying the usual conditions (i.e.
it is right continuous and F0 contains all P -null sets). Let Rn

+ denote the positive
cone of Rn, namely Rn

+ = {(x1, x2, . . . , xn) ∈ Rn : xi > 0, i = 1, 2, . . . , n}. For con-
venience and simplicity in the following discussion, let x(t) =

(

x1(t), x2(t), . . . , xn(t)
)

and xi = xi(t). If A is a vector or matrix, its transpose is denoted by AT . By A ≫ 0
we mean all the elements of A are positive. We impose the following assumption:

Assumption H. bi >
∑n

j=1,j 6=i

aij
ajj

bj , i = 1, 2, . . . , n.

2. Stationary Distribution and Ergodicity

In this section, we will study the stationary distribution of SDE (1.2) under As-
sumption H. First, we give some lemmas.

Lemma 2.1. (Mao and Yuan [3], Lemma 5.3) If B = (bij) ∈ Zn×n has all of
its row sums positive,

n
∑

j=1

bij > 0 for all 1 ≤ i ≤ n,

then detB > 0, here Zn×n = {B = (bij)n×n : bij ≤ 0, i 6= j}.In
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Lemma 2.2. (Mao and Yuan [3], Theorem 2.10) If B ∈ Zn×n, then the
following statements are equivalent:

(a) B is a nonsingular M-matrix.

(b) For any y ≫ 0 in Rn, the linear equation Bx = y has a unique solution
x ≫ 0.

(c) All of the principal minors of B are positive; that is

LB =

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 . . . b1k
b21 b22 . . . b2k
...

...
. . . . . .

bk1 bk2 . . . bkk

∣

∣

∣

∣

∣

∣

∣

∣

∣

> 0 for every k = 1, 2, . . . , n.

Let the matrices be

A =











a11 −a12 . . . −a1n
−a21 a22 . . . −a2n
...

...
. . . . . .

−an1 −an2 . . . ann











and

Ā =











a11 −a12 . . . −a1n
−a21 a22 . . . −a2n
...

...
. . . . . .

−an1 −an2 . . . ann











,

here, aij =
aijbj
ajjbi

(i, j = 1, 2, . . . , n), and then aii = 1.

Remark 2.1. By Assumption H and the definition of aij , we have that
∑n

j=1,j 6=i aij < 1 = aii.

Lemma 2.3. If Assumption H holds, then both Ā and ĀT are nonsingular
M-matrices.

Proof. We can obtain from Lemma 2.1 that, if
∑n

j=1,j 6=i aij < 1 = aii, then all

of the principal minors of Ā are positive, and from (a) and (c) of Lemma 2.2, we
have that Ā is a nonsingular M-matrix.

Since all of the principal minors of Ā and ĀT are the same, so we have that ĀT

is also a nonsingular M-matrix.

Remark 2.2. The matrix ĀT is a nonsingular M-matrix, and from (b) of
Lemma 2.2, we see that there exists a C = (c1, c2, . . . , cn)

T ≫ 0, such that,

ĀTC = (1, . . . , 1)T , (2.1)

here ci (i = 1, 2, . . . , n) are positive constants.In
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Golpalsamy [2] pointed out that if Assumption H is satisfied, then the following
equations















a11x1 + a12x2 + . . . a1nxn = b1,

. . .
. . .

an1x1 + an2x2 + . . . annxn = bn,

(2.2)

has a unique positive solution x∗ = (x∗1, x
∗
2, . . . , x

∗
n), that is, the system (1.1) has a

unique positive equilibrium point x∗ satisfying the equations

ẋi = −xi

n
∑

j=1

aij(xj − x∗j), i = 1, 2, . . . , n. (2.3)

Theorem 2.1. Let Assumption H hold. Let

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i < min

1≤i≤n
{
a2ii
2b2i

[ci(1−

n
∑

j=1,j 6=i

aij) + 1](x∗i )
2},

where ci satisfies (2.1). Then there is a stationary distribution µ(·) for the SDE
(1.2) and it has the ergodic property.

Proof. Define a C2-function V : Rn
+ → R+ by

V (x) =

n
∑

i=1

aii

b2i
ci(xi − x∗i − x∗i log

xi

x∗i
), (2.4)

here, ci is defined as in Remark 2.2. By Itô’s formula and (2.3), we have

LV =−
n
∑

i=1

n
∑

j=1

aiiaij

b2i
ci(xi − x∗i )(xj − x∗j ) +

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

≤−

n
∑

i=1

a2ii
b2i

ci(xi − x∗i )
2 +

n
∑

i=1

n
∑

j=1,j 6=i

aiiaij

b2i
ci|xi − x∗i | · |xj − x∗j |

+

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

=−
n
∑

i=1

ciaii(yi − y∗i )
2 +

n
∑

i=1

n
∑

j=1,j 6=i

ciaij |yi − y∗i | · |yj − y∗j |

+

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i ,

(2.5)
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here aij =
aijbj
ajjbi

, yi =
aii
bi
xi, y∗i = aii

bi
x∗i , and then we have

LV ≤−

n
∑

i=1

ci(yi − y∗i )
2 +

n
∑

i=1

n
∑

j=1,j 6=i

ciaij

2
[(yi − y∗i )

2 + (yj − y∗j )
2]

+

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

=−
n
∑

i=1

ci(1−
1

2

n
∑

j=1,j 6=i

ciaij)(yi − y∗i )
2 +

1

2

n
∑

i=1

(
n
∑

j=1,j 6=i

cjaji)(yi − y∗i )
2

+
n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i .

(2.6)

From Remark 2.2, we see that
∑n

j=1,j 6=i cjaji = aiici − 1 = ci − 1. Therefore,

LV ≤ −
1

2

n
∑

i=1

[ci(1−

n
∑

j=1,j 6=i

aij) + 1](yi − y∗i )
2 +

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

= −
1

2

n
∑

i=1

a2ii
b2i

[ci(1−

n
∑

j=1,j 6=i

aij) + 1](xi − x∗i )
2 +

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

=: −

n
∑

i=1

mi(xi − x∗i )
2 +

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i

here mi =
a2
ii

2b2
i

[ci(1 −
∑n

j=1,j 6=i aij) + 1] and mi > 0 (i = 1, 2, . . . , n). From the

condition
n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i < min{mi(x

∗
i )

2, i = 1, 2, . . . , n},

we know that the ellipsoid

−
n
∑

i=1

mi(xi − x∗i )
2 +

n
∑

i=1

ciaiix
∗
i

2b2i
σ2
i = 0

lies entirely in Rn
+. The rest proof of the theorem is similar to the argument in [1,

Theorem 3.2].

Remark 2.3. By constructing the same Lyapunov function as in (2.4) and
using a proof similar to that in Theorem 2.1, we can prove that the deterministic
system (1.1) has a global asymptotic stability positive equilibrium point if Assump-
tion H holds.In
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Remark 2.4. In [8], Golpalsamy showed that the system (1.1) with 2 inter-
acting components is global asymptotic stability when the condition a11

a21
> b1

b2
> a12

a22
holds. However, in this paper, we can omit this condition to get the same conclusion
for n interacting components if Assumption H holds.
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