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Abstract: In the context of reliability engineering, the Gompertz curve (or deterministic curve
model) is, for example, used do assess the reliability growth phenomenon of hardware products.

In this paper we study the uniform approximation of the generalized cut function by sigmoidal
deterministic curve model.

We propose a new Gompertz–Makeham software reliability model (GMSRM).

The comparison of both models shows that the proposed new is better for the data type

considered (Table 2).
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1. Introduction

Software reliability is the probability of failure–free software operation for a specified
period of time in a specified environment.

The Gompertz and logistic curves are still used in industry, because these curves
are well fitted to the cumulative number of faults observed in existing software
development processes.

Japanese software development companies prefer regression analysis based on
deterministic functions such as Gompertz and Gompertz–type curves to estimate
the number of residual faults (see, for instance [23]).

For other results, see [5]–[6].

Received: December 6, 2017

Revised: April 25, 2018

Published: October 21, 2018

c© 2018 Academic Publications, Ltd.

url: https://www.e.ijpam.eu

§Correspondence author

In
te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
1
2
,
N
o
.
1
(2

0
1
8
)



44 N. Pavlov, G. Spasov, A. Rahnev, N. Kyurkchiev

1.1. Numerical Example

We examine the following data.

Week Cumulative number of software faults

1 248
5 742
10 1936
15 2567
20 3205
25 3750
30 4301
35 4548
40 4749
45 4901
50 5024
55 5110

Table 1: The actual data (week; cumulative number of software faults) [7],
[6]

The data is plotted on Fig. 1.
We consider the Gompertz function [1]:

σM,α,β(t) = Me−αe−βt

, (1.1)

where M is the upper asymptote when time approaches +∞.
We next choose to fit the Gompertz sigmoid model to the available time course

measurement data.
The appropriate least–square fitting of the data by Gompertz model yields for

M = 5200, α = 3.03 and β = 0.09 and is visualized on Fig. 2 by using the
ManipulatePlot in CAS Mathematica.

In the context of reliability engineering, the Gompertz curve is, for example,
used do assess the reliability growth phenomenon of hardware products (see, [8]).

A residual–based approach for fault detection at rolling mills based on data–
driven soft computing techniques, can be found in [10].

For other results, see [9].
In [2] we study the Hausdorff approximation of the shifted Heaviside function

by sigmoid Gompertz function.
In the case, when σM,α,β(t) be the cumulative number of software faults detected

up to time t ≥ 0, the reader may formulate the corresponding upper and lower
bounds for Hausdorff distance d following the ideas given in this Monograph.In
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Figure 1: The actual data.

Figure 2: The least–square fitting of the data by the Gompertz model yields
M = 5200, α = 3.03, β = 0.09.
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Figure 3: The approximate solution (blue).

Figure 4: The deterministic curve model (2) with ω = 1, a = 0.02 and
b = 0.18 and the tangent at the inflection point t0 = 0.795461.

Ohishi, Okamura and Dohi [23] formulate Gompertz software reliability model
based on the following deterministic curve model:

M(t) = ωab
t

(1.2)

where a, b ∈ (0, 1).

From Figure 4 we see that the curve draws a typical S–shaped curve and thatIn
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Figure 5: The cut and the (2) functions with ω = 1, a = 0.05, b = 0.17,
t0 = 0.619166, t1 = 0.0548482, t2 = 1.5889, M(t1) = 0.065988, M(t2) =
0.835792, uniform distance ρ = 0.164208.

its point of inflection is given by

t0 = −
ln (− ln a)

ln b
.

Satoh [6] and Satoh and Yamada [11] introduced a discrete Gompertz curve
by discretizing the differential equations for the Gompertz curve and applied the
discrete Gompertz curve to predict the number of detected software faults.

In this Section we study the uniform approximation of the generalized cut func-
tion by sigmoidal deterministic curve model (2) (SDCM).

1.2. The Generalized Cut Function Associated to the (SDCM)

The associate to the (SDCM) cut function C is defined by

C(t) =























0, if t < t1,

M ′(t0)(t− t0) +M(t0), if t1 ≤ t < t2,

1, if t ≥ t2.

(1.3)

1.3. Approximation of the Cut Function (3) by Function (2)

Note that the slope of the function C(t) on the interval ∆ = [t1, t2] is M
′(t0).

The straight line y = M ′(t0)(t − t0) +M(t0) cross the lines y = 0 and y = 1 at
the points t1 and t2 respectively.In
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Then, noticing that the largest uniform distance ρ between the cut and sigmoid
function is achieved at the endpoints of the underlying interval ∆ we have the
following

Theorem 1. The function defined by (2):

i) is the function of best uniform approximation to function C(t) in the interval
∆;

ii) approximates the cut function C(t) in uniform metric with an error

ρ = max{M(t1), 1 −M(t2)}. (1.4)

The detailed study of this sigmoid function, which is a good approximation of
the cut function associated to the (SDCM) gives good information to predict the
number of detected software faults.

Yamada [5] constructed a model with the following mean value function

M(t) = ω
(

ab
t

− a
)

. (1.5)

2. Gompertz Software Reliability Model (GSRM)

The Gompertz software reliability model is defined as:

M(t) = ω
(

1− e
λ
α(1−eαt)

)

. (2.1)

Let ω = 1. For given λ, α we find t0 for which M(t0) =
1
2 , i.e.

t0 =
1

α
ln

(

1 +
α

λ
ln 2

)

.

We define the following shifted Heaviside function:

ht0(t) =











0, if t < t0,
1
2 , if t = t0

1, if t > t0

(2.2)

We study the Hausdorff approximation of the ht0 by (GSRM).
The one–sided Hausdorff distance d = d(λ, α) between the ht0(t) and the sigmoid

(6) satisfies the relation:
M(t0 + d) = 1− d. (2.3)

The (GSRM) for various λ, α are visualized on Fig. 6 – Fig. 7.
The software reliability for the Gompertz software reliability model is derived as

[12]In
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Figure 6: Approximation of the ht0(t) by sigmoid (6) for λ = 2.5, α = 2,
t0 = 0.220583; Hausdorff distance: d = 0.19636.

Figure 7: Approximation of the ht0(t) by sigmoid (6) for λ = 4.2, α = 3.4,
t0 = 0.131001; Hausdorff distance: d = 0.145512.
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Figure 8: Behavior of the software reliability R(x|t) for x =
0.01; 0.05; 0.1; 0.2.

R(x|t) = e−(M(t+x)−M(t)). (2.4)

Suppose that the time interval data on the software fault–detection

I = {(t1, y1), . . . , (tn, yn)}

are available, where (ti, yi) denotes that yi software faults are detected during the
time interval [ti−1, ti) with 0 < t1 < · · · < tn.

Behavior of the software reliability R(x|t) for x = 0.01; 0.05; 0.1; 0.2 is plotted
on Fig. 8.

For other results, see [13] – [22].
For configuration of software debugging theory for Gompertz software reliability

model, see [23] and Fig. 9.

3. The New Gompertz–Makeham Software Reliability Model (GMSRM)

The estimation of remaining errors in the software is the deciding factor for the
release of the software or the amount of more testing which is required software
growth reliability models are using for the correct estimation of the remaining errors.

3.1. Numerical Example

We examine the following data. (The data were reported by Musa [22] and represent
the failures observed during system testing for 25 hours of CPU time).In
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Figure 9: Configuration of software debugging theory [23].

Goel [20] consider the model

M(t) = a
(

1− e−bt
)

. (3.1)

The fitted model based on the data of Table 2 and the estimated parameters is:

M(t) = 132.2
(

1− e−0.1246t
)

.

The approximate solution (cumulative number of failures as a function of exec-
utive time) and confidence bounds are plotted on Fig. 10.

The Goel–Okumoto model [20]:

m(t) = a
(

1− e−btc
)

. (3.2)

The fitted model based on the data of Table 2 and the estimated parameters is:

m(t) = 136
(

1− e−0.18355t0.872765
)

.

The approximate solution (cumulative number of failures as a function of exec-
utive time) and confidence bounds are plotted on Fig. 11.

We use the cumulative distribution function of the Gompertz–Makeham distri-
bution

M∗(t) = ω
(

1− e
−λt−α

β (e
βt−1)

)

(3.3)

to illustrate the development of a software reliability model based on failure data.In
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Figure 10: Approximate solution (dashed) [20].

Figure 11: Approximate solution [20].
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Hour Number of failures Cumulative failures

1 27 27
2 16 43
3 11 54
4 10 64
5 11 75
6 7 82
7 2 84
8 5 89
9 3 92
10 1 93
11 4 97
12 7 104
13 2 106
14 5 111
15 5 116
16 6 122
17 0 122
18 5 127
19 1 128
20 1 129
21 2 131
22 1 132
23 2 134
24 1 135
25 1 136

Table 2: Failures in 1 Hour (execution time) intervals and cumulative fail-
ures [22], [20]

The fitted model based on the data of Table 1 for the estimated parameters:

ω = 136; λ = 0.120574; α = 0.205507; β = −1.52095.

is plotted on Fig. 12.

4. Concluding Remarks

The comparison of both models - (10) and (12) (see also Figure 10 and Figure 12)
shows that the proposed new Gompertz–Makeham model is better for the data type
considered (Table 2).In
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Figure 12: Approximate solution (thick).

In addition, it has 4 free optimization parameters.
The approximate results related to the approximation of the shifted Heaviside

function and the generalized cut functions associated to some cumulative distribu-
tion functions about uniform and Hausdorff distances are in some sense natural to
estimate the number of residual faults. See for comparison the classical researches
connected to ”confidence bounds” (Figure 10).

Evidently, the software reliability for the new Gompertz–Makeham software re-
liability model (11) is derived as

R∗(x|t) = e−(M∗(t+x)−M∗(t)). (4.1)

For other results, see [26] – [34], [2] – [4].
A possible architekture of a software for controlling and monitoring printers in

a local network is proposed in [35].
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