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1. Introduction

This paper, motivated in part by the papers [1, 3, 5, 6], presents general Lefschetz
type results for compact morphisms (in the sense of Gorniewicz and Granas) on
Hausdorff topological spaces. Our spaces include NES(compact) and ANES(compact)
spaces and we present a number of coincidence and a-coincidence (and a-fixed point)
type results. Noncompact morphisms will be discussed briefly at the end of the pa-
per.

Now we present some ideas needed in Section 2. Let H be the Cech homology
functor with compact carriers and coefficients in the field of rational numbers K
from the category of Hausdorff topological spaces and continuous maps to the cate-
gory of graded vector spaces and linear maps of degree zero. Thus H(X) = {H,(X)}
(here X is a Hausdorff topological space) is a graded vector space, Hy(X) being
the g—dimensional Cech homology group with compact carriers of X. For a con-
tinuous map f : X — X, H(f) is the induced linear map f, = {f.,} where
faqg i Hy(X) = Hy(X). A space X is acyclic if X is nonempty, Hy(X) = 0 for every
g>1,and Hy(X) ~ K.
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Let X, Y and I" be Hausdorff topological spaces. A continuous single valued
map p: [ — X is called a Vietoris map (written p: I' = X) if the following two
conditions are satisfied:

(i) for each = € X, the set p~!(x) is acyclic;

(ii) p is a perfect map i.e. p is closed and for every z € X the set p~!(z) is
nonempty and compact.

Let D(X,Y) be the set of all pairs X & I' & Y where p is a Vietoris map
and ¢ is continuous. We will denote every such diagram by (p,q). Given two

diagrams (p,q) and (p',¢’), where X L4 Y, we write (p,q) ~ (p,¢') if there
are continuous maps f:I' = IV and ¢ : IV — I" such that ¢ o f =¢q, p'o f = p,
gog=¢ and pog=p'. The equivalence class of a diagram (p,q) € D(X,Y) with
respect to ~ is denoted by

p={XETLVv}: XY

or ¢ = [(p,q)] and is called a morphism from X to Y. We let M(X,Y) be the
set of all such morphisms. Note if (p,q), (p1,q1) € D(X,Y) (where X £ T 3 v
and X &2 14 Y) and (p,q) ~ (p1,4q1) then it is easy to see (use gog = ¢1
and pog = p; where g : TV — T) that for z € X we have ¢ (p; *(z)) = ¢ (p~*(2)).
For any ¢ € M(X,Y) aset ¢(x) =qp!(x) where ¢ = [(p,q)] is called an image
of x under a morphism ¢. Let ¢ € M(X,Y) and (p,q) a representative of ¢.
We define ¢(X) C Y by ¢(X) = q(p~1(X)). Note ¢(X) does not depend on the
representative of ¢. Now ¢ € M(X,Y) is called compact provided the set ¢p(X) is
relatively compact in Y. Note we will identify a map f : X — Y with the morphism

f=A4X s x I, Y}: X =Y. Let X CY. A point z € X is called a fixed point
of a morphism ¢ € M(X,Y) if x € ¢(z).

Consider vector spaces over a field K. Let E be a vector space and f: E — F
an endomorphism. Now let N(f) = {z € E: f™(2) =0 for some n} where f
is the n'" iterate of f, and let E = E\ N(f). Since f(N(f)) € N(f) we have the
induced endomorphism f : E — E. We call f admissible if dim E < oo; for such
f we define the generalized trace Tr(f) of f by putting Tr(f) = tr(f) where tr
stands for the ordinary trace.

Let f = {f;} : E = E be an endomorphism of degree zero of a graded vector
space £ = {E;}. We call f a Leray endomorphism if (i). all f, are admissible
and (ii). almost all E, are trivial. For such f we define the generalized Lefschetz
number A(f) by

A(f) =D (=1)ITr (fy).
q
A linear map f : F — E of a vector space E into itself is called weakly nilpotent

provided for every z € E there exists n, such that f™(x) = 0. Assume that
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E = {E,} is a graded vector space and f = {f;} : E — E is an endomorphism.
We say that f is weakly nilpotent iff f, is weakly nilpotent for every ¢. It is well
known [4, pp 53] that any weakly nilpotent endomorphism f : E — E is a Leray
endomorphism and A(f) = 0.

With Cech homology functor extended to a category of morphisms (see [5 pp.
364]) we have the following well known result (note the homology functor H extends
over this category i.e. for a morphism

p={XETL V) : XY

we define the induced map

by putting ¢, = gs o p; 1).
Recall the following result [3, 4 pp. 227].

Theorem 1.1. If ¢: X - Y and ¢:Y — Z are two morphisms (here X, Y
and Z are Hausdorff topological spaces) then

(¢ o ¢)*=¢* o Py

Definition 1.2. Now ¢ € M(X,X) is said to be a Lefschetz morphism if
¢y : H(X) — H(X) is a Leray endomorphism; for such ¢ we define the generalized
Lefschetz number by putting A (¢) = A(¢y).

Let = {X £ T % Y}: X - Y be a morphism. We define the coincidence set

Coin (p,q) ={y el : p(y) =q(y)}.

We say ¢ has a coincidence provided the set C(¢) = p(Coin (p,q)) is nonempty
(i.e. there exists z € p(Coin(p,q)) i.e. there exists y € I" with z = p(y) =

q(y)). Let (p',q') be another representation of ¢, say ¢ = {X Zpd Y'}. Note
p(Coin(p,q)) = p' (Coin (p',q')); to see this note if z € p(Coin (p,q)) then x =
p(y) = q(y) for some y € T and now since (p,q) ~ (p',¢') and with f: T — I" we
have = = q(y) = ¢'(f(y)) and = = p(y) = p'(f(y)) so f(y) € I" and = = ¢'(f(y)) =
P (f(y)) ie. € p'(Coin(p,q)). Thus the above definition does not depend on
the choice of a representation (p,q). Also C(¢) # 0 iff Coin(p,q) # 0 for any
representation (p, q) of ¢.

Suppose ¢ € M(X,X) (here ¢ = {X £ T' & X1) has a coincidence point for
(p,q) i.e. suppose there exists y € I" with p(y) = ¢q(y). Now since p is surjective
there exists w € X with y € p~!(w) (note p(w) = y) and so w € ¢ (p~ (w)) = ¢(w)
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(note pp~!(w) = w and the set ¢ (p~!(w)) is the image of w under ¢) i.e. ¢ has a
fixed point. As a result

p(y) =a(y), y €T (and let w=p(y)) < w e q(p " (w));

note if w € q(p~!(w)) then there exists y € p~!(w) with w = q(y) so p(y) €
pp H(w) = w (ie. p(y) = w) and so p(y) = q(y). In particular if the morphism
¢ € M(X,X) (here (p,q) is a representation of ¢) has a fixed point (say w i.e.
w € q (p~*(w))) then there exists y € p~!(w) with ¢(y) = p(y), so ¢ has a coincidence
point for (p, q), and now since we can do this argument for any representation (p, q)
of ¢ (recall if (p1,q1) is another representation of ¢ then (p,q) ~ (p1,¢q1) and as
above ¢ (p~!(w)) = q1 (p7* (w)) so w € q1 (p; ' (w)) so there exists y; € p; ' (w) with
@1(y1) = p1(y1)) then Coin (p,q) # 0 for any representation (p,q) of ¢ i.e. ¢ has a
coincidence.

For a subset K of a topological space X, we denote by Covx (K) the set of all
coverings of K by open sets of X (usually we write Cov (K) = Covx (K)). Given
a morphism ¢ € M (X, X) and a € Cov (X), a point z € X is said to be an a—fixed
point of ¢ if there exists a member U € « such that x € U and ¢(z) NU # 0.
Given a morphism ¢ € M (X, X) (here ¢ = {X £ T 4 X)) and a € Cov(X) a
point y € I is said to be a a—coincidence point for (p,q) if there exists a member
U € a with p(y) € U and ¢(y) € U. We say ¢ has a a—coincidence if ¢ has a
a—coincidence point for each representation (p,q) of ¢.

Let X and Y be topological spaces. Given two morphisms ¢ € M(X,Y) and
Y e MX,Y)and a € Cov(Y), ¢ and 9 are said to be a—close if for any = € X
there exists U, € a with ¢(z) NU, # ) and ¢(x) N U, # 0. Recall given two single
valued maps f, g: X =Y and a € Cov(Y), f and g are said to be a—close if for
any x € X there exists U, € a containing both f(z) and g(z). Given a morphism
¢ € M(X,Y) and a single valued map g : X — Y and a € Cov (Y), ¢ and g are
said to be strongly a—close if for any x € X there exists U, € a with ¢(z) C U,
and g(z) € Us.

Definition 1.3. A space X is said to be a Lefschetz coincidence space if every
compact morphism ¢ € M (X, X) is a Lefschetz morphism and A(¢) # 0 implies ¢
has a coincidence.

Remark 1.4. Examples of Lefschetz coincidence spaces can be found in [5].

2. Coincidence Theory

By a space we mean a Hausdorff topological space.

Definition 2.1. We say X € NESM (w.r.t. the morphism ¢) if there exists a
Lefschetz coincidence space U, aset V C X with ¢(V) CV, ¢l € M (W, W) (here
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W = ¢(V)), a compact 6 € M(U,W), a ¢ € M(W,U), with 6, o 1, = (¢|w ) and
with the property that if #¢ has a coincidence then ¢|y has a coincidence.

Theorem 2.2. Let X € NESM (w.ar.t. ¢) and let U, V, W, 0, ¢ be as
described in Definition 2.1. Then A (¢|w) is well defined. Also A (¢|w) # 0 guar-
antees that ¢|w has a coincidence.

Proof. Let ¢ = ¢l = {W ET L W op={W4 1, 8 U} and 6 =
{U2 1,5 W) Let n = ¢ 6. Note [5, see (4.2)] guarantees that n € M(U,U) is
compact (note € is compact and the map = — ¢ (pl_l(x)) is upper semicontinuous
with nonempty compact values [4]). Since U is a Lefschetz coincidence space then
7 is a Lefschetz morphism. Now [5, see (2.2) or see the diagram below] (here E’ =
U =HU), E" =W =HW), u=0,,v="1y, f'=n, and f” = (¢|w)+ and note
uv = 0,1, = (¢‘W)* and vu =, 0, = 77*)

/ u 1/

E
fl \
E U

guarantees that ¢l is a Lefschetz morphism and A ((¢|w)s) = A (¢4 6,). Thus
A (¢|lw) is well defined.

Now suppose A (¢|lw) # 0 (i.e. A((¢lw)x) # 0). Then A (¢ 0,) # 0 and since
U is a Lefschetz coincidence space then 1 6 has a coincidence. Then (see [5, Lemma
6.3]) €1 has a coincidence. From Definition 2.1, ¢|y has a coincidence. O

E
f//
E//

Remark 2.3. Note in Theorem 2.2 (see the proof) we could replace 6 compact
with 1 6 compact.

Remark 2.4. In Theorem 2.2 to show A (¢|y) is well defined we do not need
to assume 01 has a coincidence guarantees that ¢|y has a coincidence.

Remark 2.5. If ¢ = ¢|w then trivially we have the property 61 has a
coincidence guarantees that ¢|y has a coincidence. Also of course 0, o ¥y = ()| )x-

Remark 2.6. Suppose in Definition 2.1 we have ¢|y € M (W, W) replaced by
¢lv € M(V,V). Then A (¢|y) is well defined and A (¢|y) # 0 guarantees that ¢|y
has a coincidence. Let ¢ly = {V 2 T' & V} and ¢ly = {W & pyt(W) & W
here p and ¢ denote contractions of the appropriate maps pg and qo (see [3, pg 214]).

Also let ¢y € M(V, W) where ¢y () = ¢p(x) forz € Vsopy = {V & T X W'} where
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q(, is the contraction of gy to (I', W). Let ig : W — V be the inclusion and note ¢|y =
¢119. Notice Theorem 2.2 guarantees that ¢|yy is a Lefschetz morphism. Also [5, see
(2.2)] (here B' = W' = H(W), B" = V' = H(V), u = (ig), v = (61)s: ' = (@l )s
and f” = (¢|v)« and note uv = (io)« (¢1)+ = (io)x (a0)+ (P0)x" = (d0)x (P0); " =
(@]v )« since ig gy = go and vu = (é1)« (i0)x = (¢|lw )« since ¢plw = ¢1 ip) guarantees
that ¢|y is a Lefschetz morphism (and A ((¢]v)x) = A((¢lw)«)). Now suppose
A(@lv) £ 0 (ie. A((Blv).) £ 0). Then A ((@lw)s) £0 (ie. A(glw) £ 0) so from
Theorem 2.2 we have that ¢|y (so ¢|y) has a coincidence.

Suppose in Definition 2.1 we have ¢ € M (X, X) and ¢ € M (X, V) then similar
reasoning as above guarantees that A (¢) is well defined and A (¢) # 0 guarantees
that ¢ has a coincidence.

Alternate Definition and Results: We say X € GNESM (w.r.t. ¢) if there ex-
ists a Lefschetz coincidence space U, a set A C X with ¢(A) C A, ¢|lw € M(W, W)
(here W = ¢(A)), a compact 0 € M(U,W),a ¢p € M(W,U), with 0, o ¢, = (d|lw )«
and with the property that if ¢ has a coincidence then ¢|y has a coincidence.

(1) The reasoning in Theorem 2.2 guarantees that if X € GNESM (w.r.t. ¢)
(let U, A, W, 6 and 9 be as described above) then A (¢|w) is well defined and also
A (¢lw) # 0 guarantees that ¢|y has a coincidence.

(2) Suppose in the statement above we have ¢|y € M (W, W) replaced by ¢|4 €
M (A, A) then the reasoning in Remark 2.6 guarantees that A (¢|4) is well defined
and A (¢|a) # 0 guarantees that ¢|4 has a coincidence.

Suppose in the statement above we have ¢ € M (X, X) and ¢ € M(X, A) then
the reasoning in Remark 2.6 guarantees that A (¢) is well defined and A (¢) # 0
guarantees that ¢ has a coincidence.

(3) We note here that an analogue of Remark 2.3 and Remark 2.4 hold.
Next we discuss some special cases of Theorem 2.2.

Definition 2.7. We say X € NESM; (w.r.t. the morphism ¢) if there exists
a Lefschetz coincidence space U, ¢|lw € M (W, W) (here W = ¢(X)), a compact
0 M(UW),a e MW,U), with 6, o ¥, = (é|w)s and with the property that

if 84 has a coincidence then ¢|y has a coincidence.

Corollary 2.8. Let X € NESM; (w.r.t. ¢) and W = ¢(X). Then A (¢|w) is
well defined. Also A (¢|w) # 0 guarantees that ¢|w has a coincidence.

Proof. Take V = X in Theorem 2.2. O
We note here that an analogue of Remark 2.3, Remark 2.4, Remark 2.5 and
Remark 2.6 hold for Corollary 2.8.

Definition 2.9. We say X € NESM; (w.r.t. the morphism ¢) if there exists
a Lefschetz coincidence space U, ¢ € M(X, X), a compact 0 € M(U,X), a 9 €
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M(X,U), with 0, o 1, = ¢, and with the property that if 8¢ has a coincidence
then ¢ has a coincidence.

Corollary 2.10. Let X € NESMy (w.r.t. ¢). Then A(¢) is well defined.
Also A (¢) # 0 guarantees that ¢ has a coincidence.

Proof. The proof is word for word that in Theorem 2.2 with W replaced by
X. O

We note here that an analogue of Remark 2.3, Remark 2.4 and Remark 2.5 (if
01 = ¢ then trivially we have the property 61 has a coincidence guarantees that ¢
has a coincidence) hold for Corollary 2.10.

Example 2.11. Let X be a space and ¢ € M (X, X) and W = ¢(X) is compact.
We know [7] that W can be embedded as a closed subset K* of T (Tychonoff
cube i.e. cartesian product of copies of the unit interval); let s : W — K* be a
homeomorphism. Let ¢ : W < X be the inclusion. Now assume

{ there exists an open neighborhood V of K* in T and a (2.1)

continuous extension hy : V — X of is™!(: K* — X).

Let jy : K* < V be the natural embedding so hy jiy = i s~!. Now consider span (T)
in a Hausdorff locally convex topological vector space containing 7. We know [3,
page 221] that there exists a retraction r : span (T) — T. Let iy : V < r~1(V)
be the inclusion. Let U = r=Y(V), ¥ = i1 jy s¢ and § = hyr. We now show
X € NESM; (wrt. ¢).

First note [5, Theorem 7.6] that U (note U is open) is a Lefschetz coincidence
space space. Also note [5] that v € M(X,U) and § € M(U, X) and (see Remark
2.3) 1) 0 is compact (since ¢(X) is compact). Also notice that

Osthy = (hv)* Tx (il)* (jV)* Sx = Oy

since hy riyjy s(w) = (hy riyjv)s(w) = i(w) for w € W (note hy jy = is™ ).
Finally note (see Remark 2.5) that for z € X (note ¢(z) € W) we have 09(z) =
hyriyjv sd(z) =i¢(z) = ¢(z). Thus X € NESM, (w.r.t. ¢).

Example 2.12. Let X be a space and ¢ € M (X, X) and W = ¢(X) is compact.

Now W can be embedded as a closed subset K* of T; let s : W — K* be a
homeomorphism. Now assume

{ there exists an open neighborhood U of K* in T

2.2
and a continuous extension h: U — W of s~ L. (22)

Let jy : K* < U be the natural embedding. Now let ¢ = jy s and 6 = ¢|w h. We
now show X € NESM; (w.r.t. ¢).
Note ¢ € M(W,U) and § € M (U, W) is compact (since ¢(X) is compact). Also
notice that
Othy = (¢|W)* D (jU)* Sx = (¢|W)*
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since hjy s = id. Finally notice for z € W that 0(z) = ¢|w hju s(z) = ¢lw(2).
Thus X € NESM; (w.r.t. ¢).
Our next result considers a more general situation.

Definition 2.13. We say X € ANESM (w.r.t the morphism ¢) if there
exists a set V' C X with ¢(V) C V, ¢|lw € M(W,W) (here W = ¢(V)), and for
each a € Covy (¢p(W)) there exists a Lefschetz coincidence space U,, a compact
0o € M(Un, W), a tho € M(W,Uy,), with (04)x (¥a)x = (¢|w)+ and with one of
the following properties holding: (a) 6, %, has a coincidence guarantees ¢|y has a
a—coincidence, or (b) 6,1, has a fixed point guarantees ¢|y has a a—fixed point.

Theorem 2.14. Let X € ANESM (w.r.t ¢) and let V, W, a, Uy, 0, and 1,
be as described in Definition 2.13. Then A (¢|w) is well defined. Also if Definition
2.13 part (a) holds and A (¢|w) # 0 then for any « € Covy (¢(W)) we have that
¢|w has a a—coincidence (if Definition 2.13 part (b) holds and A (¢|w) # 0 then for
any « € Couvy (¢(W)) we have that that ¢|w has a a—fixed point).

Remark 2.15. We say (W, ¢) has the a-—coincidence property if ¢ having
an a—coincidence for each a € Covy (¢p(W)) guarantees that ¢ has a coincidence
(similarly (W, ¢) has the a—fixed point property if ¢ having an a—fixed point for
each a € Covy (¢p(W)) guarantees that ¢ has a fixed point). One can put conditions
on the space W and the morphism ¢ so that (W, ¢) has the a—coincidence property
(or (W, ¢) has the a—fixed point property). For examples we refer the reader to [2
(Lemma 1.2), 5 (Lemma 6.1), 8 (Theorem 1.4 and Remark 1.6)].

Proof. Let ¢ = ¢l = {W &£ T' %5 W} and let a € Covpy (K) where K =

q2,«

d(W). Also let 1hq = {W & T, ™ U,} and 6y = {Uy "2 Ty 28 W) Let
No = Ya Ba. Note [5, see (4.2)] guarantees that 1, € M(U,, U,) is compact (note 6,
is compact and the map = — qlva(pl_(lx(w)) is upper semicontinuous with nonempty
compact values [4]). Since U, is a Lefschetz coincidence space then 7, is a Lefschetz
morphism. Now [5, see (2.2)] (here E' = U, = H({U,), E" = W' = HW), u =
(0a)e, v = (Ya)e [ = (Ma)x and f" = (¢lw)x, note uv = (0a)«(Va)x = (Slw)«
and vu = (¥q)x(0a)x = (Ma)x) guarantees that ¢|y is a Lefschetz morphism and
A((dlw)x) = A(¥a)x(0a)x). Thus A (¢|w) is well defined.

Now suppose A (¢|w) # 0 (i.e. A((¢lw)x) # 0), then A ((¢a)x(0a)s) # 0 and
since U, is a Lefschetz coincidence space then .0, has a coincidence. Then (see
[5, Lemma 6.3]) 6,1, has a coincidence (also note from Section 1 that 6,1, has
a fixed point). If Definition 2.13 part (a) holds, then ¢|y has a a—coincidence (if
Definition 2.13 part (b) holds, then ¢|y has a a—fixed point). O

Remark 2.16. Note in Theorem 2.14 (see the proof) we could replace 6,
compact with 1,6, compact.

Remark 2.17. A morphism n € M(X,Y") is said to be strongly a—close (here
ac€Co(Y))tog e M(X,Y) if for any x € X there exists U, € a with n(z) C U,
and &(x) N U, # (0. Assume for each o € Covyy (¢p(W)) that the morphism 0,1, €
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MW, W) is strongly a—close to ¢l € M(W,W). Then Definition 2.13 part (b)
holds. To see this fix o € Covy (¢(W)) and suppose 0, 1, has a fixed point i.e.
there exists w € W with w € 0,1 (w). Then since 0,1, is strongly a—close to ¢|w
there exists V) € a with

Batba(w) C Vo and dlw(w) N Vo # 0.

Thus w € Vp and ¢|w (w) NVp # 0 i.e. ¢l has a a—fixed point.

Remark 2.18. Two morphisms n € M(X,Y) and £ € M(X,Y) are said to be
very strongly a—close (here a € Cov (Y)) if for any = € X there exists U, € a with
n(z) C U, and &(z) C U,. Assume for each o € Covy (¢(W)) that the morphisms
Oathe € M(W, W) and ¢|w € M (W, W) are very strongly a—close. Then Definition
2.13 part (a) holds. To see this fix a € Covy (¢(W)) and suppose 0, 1, has a
coincidence. From Section 1 we have that 0,1, has a fixed point i.e. there exists
w € W with w € 0,1, (w). Then since 0,1, and ¢l are very strongly a—close
there exists V) € a with

Oata(w) C Vo and ¢lw(w) =q(p~'(w)) C V.

In particular w € Vy. Let a € p~!(w). Then p(a) = w € Vo. Also q(a) € Vj since
q(p~Y(w)) € Vo. Thus p(a) € Vy and q(a) € Vg, so ¢|w has a a—coincidence (for
(p,q)) [We can do the above argument for any representation (p,q) of ¢|w].

Remark 2.19. Suppose in the statement Definition 2.13 we have ¢|y €
M (W, W) replaced by ¢|y € M(V,V). Then essentially the same reasoning as
in Remark 2.6 guarantees that A (¢|y) is well defined. If Definition 2.13 part (a)
holds and A (¢|y) # 0 then for any a € Covy (¢(W)) we have that ¢|y has a a—
coincidence (note if A (¢|y) # 0 then essentially the same argument as in Remark
2.6 guarantees that A (¢|w) # 0 and apply Theorem 2.14). Also if Definition 2.13
part (b) holds and A (¢|y) # 0 then for any o € Couvy (¢(WW)) we have that that
¢|v has a a—fixed point.

We now discuss two special cases of Theorem 2.14.

Definition 2.20. We say X € ANESM; (w.r.t the morphism ¢) if ¢|w €
M(W,W) (here W = ¢(X)), and for each a € Covy (¢(W)) there exists a Lef-
schetz coincidence space U,, a compact 6, € M(U,, W), a ¥, € M(W,U,), with
(00)x (Va)x = (¢|lw)x and with one of the following properties holding: (a) 0, ¥
has a coincidence guarantees ¢|y has a a—coincidence, or (b) 6, 1, has a fixed point

guarantees ¢l has a a—fixed point.

Theorem 2.21. Let X € ANESM; (w.r.t ¢) and W = ¢(X). Then A (p|lw)
is well defined. Also if Definition 2.20 part (a) holds and A (¢|w) # O then for any
o € Covy (¢(W)) we have that ¢|y has a a—coincidence (if Definition 2.20 part (b)
holds and A (¢|w) # 0 then for any « € Covy (¢(W)) we have that that ¢|y has
a a—fixed point).
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Proof. Take V = X in Theorem 2.14. O

Definition 2.22. We say X € ANESM; (w.r.t the morphism ¢) if ¢ €
M(X,X) and for each o € Covy (¢(X)) there exists a Lefschetz coincidence space
Uy, a compact 0, € M(Uy, X), a 1o € M(X,Uy), with (04)x (¥a)x = ¢» and with
one of the following properties holding: (a) 0,1, has a coincidence guarantees ¢
has a a—coincidence, or (b) 6, 1, has a fixed point guarantees ¢ has a a—fixed point.

Theorem 2.23. Let X € ANESMs (w.r.t ¢). Then A(¢p) is well defined.
Also if Definition 2.22 part (a) holds and A (¢) # 0 then for any o € Covx (¢(X))
we have that ¢ has a a—coincidence (if Definition 2.22 part (b) holds and A (¢) # 0
then for any o € Covy (¢(X)) we have that that ¢ has a a—fixed point).

Proof. The proof is word for word that in Theorem 2.14 with W replaced by
X. O

Alternate Definition and Results: We say X € GANESM (w.r.t. ¢) if there
exists a set A C X with ¢(4) C A, ¢|lw € M(W,W), here W = ¢(A), and for
each a € Covy (¢p(W)) there exists a Lefschetz coincidence space U,, a compact
0o € MUy, W), a thy € M(W,Uy,), with (04)x (¥a)x = (¢|w )+ and with one of
the following properties holding: (a) 0, 1, has a coincidence guarantees ¢|y has a
a—coincidence, or (b) 6,1, has a fixed point guarantees ¢|y has a a—fixed point.

(1) The reasoning in Theorem 2.14 guarantees that if X € GANESM (w.r.t.
¢) (and let A, W, «, U,, 0, and 1, be as described above) then A (¢|w) is well
defined. Also if in the Definition above part (a) holds and A (¢|w) # 0 then for any
a € Covy (p(W)) we have that ¢l has a a—coincidence (if in the Definition above
part (b) holds and A (¢|w) # 0 then for any o € Covy (¢p(W)) we have that that
¢|w has a a—fixed point).

(2) Suppose in the statement above we have ¢l € M(W, W) replaced by
¢la € M(A,A). Then the reasoning in Remark 2.19 guarantees that A (¢|a) is
well defined. If in the Definition above part (a) holds and A (¢]4) # 0 then for any
a € Covy (p(W)) we have that ¢|4 has a a—coincidence (if in the Definition above
part (b) holds and A (¢|a) # 0 then for any « € Covy (¢(W)) we have that that
¢|4 has a a—fixed point).

Motivated in part by [6] we will generalize slightly Theorem 2.2 (see Remark
2.6) and Theorem 2.14 (see Remark 2.19) for noncompact morphisms ¢ € M (X, X).

Definition 2.24. Let X be a space. We say ¢ € M (X, X) is compact absorbing
contractive if:

(i) X € NESM (wrt. ¢) and let U, V, W, 6 and ¢ be as described in
Definition 2.1;
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(i) p € M((X,W),(X,W)) and ¢, : H(X, W) — H(X,W) is a weakly nilpo-
tent endomorphism.

Theorem 2.25. Let ¢ € M(X,X) be compact absorbing contractive. Then
A (¢|x) is well defined and if A (¢|x) # 0 then ¢|x has a coincidence.

Proof. Now Theorem 2.2 and Definition 2.24 (i) guarantees that ¢|y is a Lef-
schetz morphism. Note Definition 2.24 (ii) (see [6, Theorem 5.9]) guarantees that ¢
is a Lefschetz morphism and A (¢.) = 0. Now [6, Theorem 5.11] guarantees that ¢|x
is a Lefschetz morphism and A ((¢]x)«) = A ((¢lw)«), so A(¢p|x) is well defined.

Now suppose A (¢|x) # 0 (ie. A((¢lx)«) # 0). Then A((¢|w)«) # 0 (ie.
A (¢|w) # 0) so Theorem 2.2 enables us to deduce that ¢l (so ¢|x ) has a coin-
cidence. O

Definition 2.26. Let X be a space. We say ¢ € M (X, X) is approximate
compact absorbing contractive if:

(i) X € ANESM (w.rt. ¢), and let V, W, «, U,, 0, and 1, be as described
in Definition 2.13;

(ii) Definition 2.24 (ii) holds.

Theorem 2.27. Let ¢ € M(X,X) be approximate compact absorbing con-
tractive. Then A (¢|x) is well defined. Also if Definition 2.13 part (a) holds and
A(¢|x) # 0 then for o € Couvy (¢(W)) we have that ¢|x has a a—coincidence (if
Definition 2.13 part (b) holds and A (¢|x) # 0 then for o € Covy (¢(W)) we have
that ¢|x has a a—fixed point).

Proof. The same argument as in Theorem 2.25 (with Theorem 2.2 replaced
by Theorem 2.14) guarantees that ¢|x is a Lefschetz morphism and A ((¢|x)«) =
A ((dlw)x), so A(d|x) is well defined.

Now suppose A (¢|x) # 0 (ie. A((élx)«) # 0). Then A((¢|w).) # 0 (ie.
A (élw) # 0). If Definition 2.13 part (a) holds then for o € Covyy (¢(W)) we have
from Theorem 2.14 that ¢|w (so ¢|x ) has a a—coincidence (if Definition 2.13 part
(b) holds then for o € Covy (¢(W)) we have from Theorem 2.14 that ¢l (so
¢|x ) has a a—fixed point). O
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