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1. Introduction

Throughout this work, N and R denote the set of natural numbers and real numbers,
respectively. Let n € N and X be a R-linear space of the dimension d > n. A n-
norm is a function satisfying following four properties on X" (see, [2],[4],[7]): For all
21y ey 2p € X

(21, .. z0)|l,, = 0 if and only if 21, ..., z, are linearly depended,
. |I(z1, .., 20)|l,, is constant under permutation,

Nz sz, = ol (215 -0 20)]), for any o € R,

= W N

. H(Zlv ey Zn—1, T + y)Hn < H(Zla cees Zn—1, .T)Hn + ”(Zla oo Bn—1, y)”n

In this case, a double (X, ||.|[,) is called a n-normed space. Let (x(k)) be a
sequence in (X, |.[|,,) and  be an element in (X,|.||,). If for each ¢ > 0 and
21, ..., Zn—1 € X there is one n. € N such that [|(z1,..., zn—1,2 (k) — 2),, < € wher-
ever k > ng, then it is said to converge to z of (x (k)). If for each ¢ > 0 and
21,y 2n—1 € X there is one n. € N such that |[(z1,...,2n—1,2 (k) —2(1))|,, < €
wherever k,l > n., then it is said to be a Cauchy sequence in X of (zy). If every
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Cauchy sequence in a n-normed space X is convergent, then this space is called a
n-Banach space.

An Orlicz function is a function ¢ : [0,00) — [0,00) which is continuous, non-
decreasing and convex with ¢ (0) = 0, ¢(x) > 0 for x > 0 and ¢ (z) — oo as
x — 00.

An Orlicz function ¢ can always be represented in the following integral form:

x

o (x) = / 7 (t) dt, where 7 is known as the kernel of ¢, is right differentiable for

0
t>0,7(0)=0,n(t) >0 for t >0, n is nondecreasing and 7 (t) — oo as t — oo.
An Orlicz function is said to be satisfied As-condition for all values of u, if there
exists a constant 7' > 0 such that ¢ (2u) < T'¢ (u) for all u > 0.

2. Main Results

Definition 1. Let X be a n-normed real linear space, w (n, X) be the space of
X-valued sequences, and ¢ be a Orlicz function. A set Ces,, 4 is defined in the form

Cespy = {z=(z(k)ewn, X):3IN>0, Vzi,22,...,2n-1 € X,
- e zm1, (R ,
;¢(i;”z17z27 ) & 1$( )Hn) <OO}

Theorem 2. Ces, is a real linear space under usual addition and scalar
multiplication operations for sequences.

Proof. Given z, y € Ces, 4 and o, f € R — {0}. Then there exist A\; > 0
and Ao > 0 such that

00 )\1 %
M oz (K
;QZ)( i ;Hzla'zZa y Zn—1 'I( )Hn) < 0

and

2 Q} Since ¢ nondecreasing and

for all z1,29,...,2p—1 € X. Let A = min{zm‘7 5191

convex, we have

Z ¢ <Z Z Hzlu 22y weey Zn—1, QT (k) + ﬁy (k)Hn>
=1 k=1
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> Aal o
< Z ¢ (Z Z th 29y veey Zn—1,T (k)Hn
; k=1

=1 —

A 7
+ ’2/6 E HZl,ZQ,---,Znhy(k)Hn)
k=1

oo %
A1
< Z¢ (21 Z Hzlaz% sy Zn—1,7 (k)Hn
=1 k=1
A i
2
+ Z Z HzlazQa "'7Zn—17y(k)Hn>
k=1
<

1 & M o
5 Z(b <Z Z sz 22y ey Zn—1,T (k)Hn>
i=1 k=1

1 A2
_’_5 Z¢ <Z ’; ||ZlaZ2a aznlay(k)Hn) < 0.

=1 =

This shows that az + By € Ces,, 4 and whereat Ces, 4 is a linear space. O

Theorem 3. Ces,, 4 is a normed space by the norm

||x||n7¢ = inf{A>0: Vz1,29,...,2n—1 € X,
> LS 21, 22, oo 21, @ (R,
Zd) <z k=1 < <1\,
=1

Proof. N1) If « = 0, then clearly [|z|, , = 0. Conversely let [[z||, 5 = 0. Then
for any z1, 29, ...,2zn—1 € X there exists a sequence (Ay) with Ay — 0 as N — oo

such that i
Z¢ %22:1 ||Zl’z2’...,zn717$(k‘)||n < 1.
i=1 v !

We now suppose z (k) # 0 for at least one k. Then including linear independent the
vectors 21, 22, ..., 2n—1, € (k) we obtain HZl,ZQ, ooy Zn—1s %—?H — oo where N — oo
n
as a contradiction. For this reason it must be z (k) = 0 for all £ € N, and hence
x = 0.
N2) Let any x € Cesy g and t € R be given. If ¢ = 0, then clearly [/tz||, , =
t] [|z[|,,.,- We are now able to accept ¢ # 0. In this case we have

[tzll, s = Inf{A>0:Vz1,29,...,201 € X,

©° lEZ_ HZI,ZQ,..-,Zn—Iytx (k)”n
=1
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= inf{/\ >0:V 21,29,...,2n_1 € X,

> ¢( EYi 1rrzl,zQ,A...,zn_1,x<k>\n> _ 1}

¢l

= inf{\t\ /\/ >0:V 21,20, .0, 2n-1 € X,

Z¢< Zk 1 HZhZ?’)'\‘/vZn—latx (k)”n> < 1}

= |t|inf{)\/ >0:V 21,29,...,2n-1 € X,

i¢> Pk 220zt (B )

= [t 2]l

N3) Let any z,y € Cesy 4 be given. Then there exist the numbers A\; > 0, Ay > 0
and Ky > 1, K9 > 1 with

o

Al
A vz B ) <K
30 (33 bon ) <

and
A
Z < : Z 21,22, s 201,y <k>||n> < Ky
We now select )\/ f\(— Since the Orlicz function ¢ is convex and 0 < 7= < 1, we
obtain
ZQS ( Zk: 1 H215Z2a sy Zn—1,T (k)Hn)
M
(ATl s,
: K,
=1
1 & AL
< E Z o 5 Z |21, 22, s 2n—1, 2 (k)||,,
=1 k=1
1
—K; =1.
< i, 1=

In exactly the same manner, selecting A, = I)\% we have

= l : sty #n—1s k
Z(é(lzk:luzl,zz SR L] A

= X,
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We now say A3 = /\{ + )\é. In this case we find

Zk 1 Hzlﬁ 22y eny Zn—1,T (k) +y (k)Hn
So(! : )
( LS o 22 ezt e (B, 230 (121, 22, ey 2 hy(k)un)

E?

par N+ N, N+ A
< )‘{ = ¢ (1221 ||217227"'7Zn—17x(k)||n>
M+ o M
+ )\é = ¢ <1E;c:1 ||21722a"'7'zn1ay(k)||n>
M+ = A
M M)
SNV
AL+, A A
and so
2+ yllng < 2l + 1Yle -
This completes the proof. ]

Theorem 4. If X is a n-Banach space with the n-norm on itself, then

(Cesn 1)

is a Banach space.
Proof. Let 2! = (z}) be an arbitrary Cauchy sequence in (Cesn’(z,, ||||n7¢) Then
for any € > 0 and r > 1 there exists one N € N such that

Hxl -

=inf{A >0:Vz,29,...,2n,-1 € X,

n,

Z ( Zk 1 Hzl,z%...,zg_l,xl (k) —a™ (k)“n> - 1} _ ;7

whenever l, m > N. We can also write

Z¢ Zk 1”21722"' Zn—1,2 H

for all [,m > N. Since ¢ is a non-negative function, we have

¢<122:1H217227“ yBn—1, T H )

I _
! = 2™,
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for all [,m > N. If we use that the Orlicz function ¢ satisfies three conditions with
non-decreasing, continuous and ¢ (c0) = oo, then for a large enough r > 1 and any
¢ € N we obtain

1 7 1 m
2t |21 22, s 2, () — 2™ (K|,
¢< ol <120 (3;)

whenever [, m > N. Again since ¢ is a non-decreasing function, we can write

% 22:1 Hzl, 29y oy Zn_1, 2t (k) — 2™ (kz)Hn

r
< —.
||xl _men(z) T2
Hence we have
i
r re_ ¢
; HZl,ZQ, ey 21, 2 (k) —a™ (k) ; < 3 H:):l — xm 2 - =3

whenever [, m > N and for each i € N and zy, 29, ..., 2,1 € X we obtain

€
w2
for each ¢ € N and 21, 29, ..., 2,1 € X. According to this, the sequence (z" (7)) we
have achieved above is a Cauchy sequence in n—Banach space X. Then there exists
an element x; € X for each ¢ € N such that [|2™ (i) — z (4)||,, — 0 as m — co. Let a
number Ag > 0 be defined by

Hzl, 29y e 21, ! (1) — 2™ (i)

Ao = sup Hxl—xm

I,m>N n,¢

Clearly

Zk 0 ||zl,22, voor 21, 2t (B) — 2™ (k:)”n
Zqﬁ( " <1

for all [,m > N. Additionaly since
hm H‘Zl, #2500 An—1, X l (k) —a" (k)Hn B ”Z17 B2y aeey anlwrm (k) — T (k)Hn

=0,

n

< hHl HZl,ZQ, s ”An—1,T l(k)_$(k)

we have ||z1, 22, ..., zn—1, 2 (k) — 2™ (k)Hn = |21, 22, ..oy Zp—1, 2™ (k) — 2 (k)|],, as | —
0.

Next we denote that the sequence (z™) converges to x with the norm ||.[|,, ;. For
this, given any z1, 29, ..., 2,—1 € X and where [,m > N, we have

1 Hzl,ZQ,...,zn_l,xl(k)—ﬂf(k)Hn
Z¢ (ZZ Ao

i=1
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P %Zzzlﬁ}gnooHzl,zg,...,zn_l,xl (k) — 2™ (k)Hn

— Z¢ o

=1
4 1 i l m
L 3t |21 22 s 21, 2t (R) — 2™ (K|
- niinoo;qb( Ao

<1

and

i¢ <i Z;‘{/‘:l HZI7ZQ7 .--,i\n—bxl (k) _ x(k)Hn> S 1a
i=1 ’

since this inequality satisfies for all p € N. Then we obtain

Hxl—x d):inf{)\>O:Vzl,z’g,...,zn_l eX,
2 (A5 #1222, 2t (B) — ()|
7 k=1 1922y «evy “n—1, g
g nl <1 A < - .
i=1 ’ ( A - ss " o

Hence we obtain Ha:l — an 6 0 as | — oo. Furthermore one can easily see that
x € Cesy . Thus the proof is completed. Ol

Theorem 5. Following conditions hold:
()Cesng # {0} =(ii) Jir € N, 332, 6 (4) < oo =(iii)vA > 0, Jiy €

Proof. (i)=(ii): Let t € Cesy 4 with t # 0. Then there exists at least one [ € N
with ¢ (1) # 0 and A; > 0 with

00 A %
Z¢ (’L Z HZI,ZZ, 7Zn17t(k)||n> <00
i=1 k=1
for all 21, 22, ..., 2n—1 € X. We now define a sequence y = (y (k)) with

y(k):{ t(k), k=1

0, otherwise °

Then we find

> Al : o )\1 7
— n—1, k S -0 s s ey Bp— ’t k
;¢<i ;thzz, Zn—1,Y ( )Hn) ;¢<Z ;Hzl 29, ey Zn—1, 1 ( )Hn><00

and thus y € Ces,, 4. Hence

00 )\1 00 )\1 A
-0 n_,tl - - , yeeey An—1, k .
;¢( o1, 52010t 1, ) Z_;cb( >l 1y<>un><oo
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If the vectors zi,22,...,2n—1,t(l) in X is selected linear independent and is said
A=A |z1, 22, s Zn—1,t (1)]|,, then we obtain ) ;°, ¢ (%) < 0.
In this instance, let A > 1. Since Orlicz function ¢ is nondecreasing, we can

write
So()<50()
i=l i=l

This proves the theorem. Let us assume 0 <A < 1. Then we can select one m € N
with L - < A. Accordingly the inequality —— < holds for all 7 € N. Hence we have

o) Eo) <~

i=l

._iqj(;):[‘ﬁ(ni.z)W(m.le)+"'+¢<m.l+(1m—1>ﬂ
+[¢<m<z1+1>>+¢<m<1+11>+1>*"'+¢(m<Z+1>1+<m—1>)]*“'
<loGua) e laa) e Gl o G ) 4o Graew)

o(men)] e () = e (7) <

i=.0

and so

In that case we reach the conclusion ) 72 ; ¢ (%) < oo with 43 = ml. This is what
we search.
(ii)=-(iii): This proof is exactly given in the reference [6]. O

Theorem 6. Let ¢ and ¢ be two Orlicz functions. If there are positive
numbers b and ty with ¢ (t) < ¢1 (bt) for allt € [0, o], then the inclusion Cesy, 4, C
Cesp, 4, hold.

Proof. Since the Orlicz function ¢; is non-decrasing, we select b > 1. By the
hypothesis, ¢2 (%) < ¢1 (u) for all w € [0,btp]. Given x € Ces,, 4,, then there is
one A > 0. Let A, be defined as follows:

L
A, =dieN:2 ooz ()| > bto
{16 i];HZl 22, oy Zn—1, 2 (K)|],, > 0}
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It is easy to see that A, is finite. Let A be defined by N = i forone 0 <c < A If
it is used @2 (%) < é1 (u)

Zd)Q <i2||217227"'7zn17$(k)”n>
i=l k=1
c i
= Z ¢2 (M;|Zl,22,...,zn1,(15'(]45)”71)

1€EA,
o

+Z ¢2 (bZ HZl,ZQ,...,an,.’I}(k)Hn>

it Ay k=1

i
c
< Z ¢2 (bl |Z17227"-azn17x(k)”n>

i€Ay k=1
+Z¢l (Z ||217227"‘azn—lvx(k)nn) < 0.

i=l k=1

This shows that = € Ces,, 4,, and the proof is completed. O
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