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Abstract: The purpose of this paper is to give a sufficient condition for the
existence, nonexistence and uniqueness of positive solutions to a rather general type
of elliptic system of the Dirichlet problem on a bounded domain 2 in R". We also
investigate the effects of perturbation on the positive solutions to the system.

The techniques used in this paper are upper-lower solutions, eigenvalues of oper-
ators, the maximum principles and spectrum estimates. The arguments also rely on
some detailed properties for the solution of logistic equations. This result yields an
algebraically computable criterion for the positive coexistence of competing species
of animals in many biological models.
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1. Introduction

The most general type of elliptic interacting system with homogeneous boundary

condition is

Aui + gi(u1, ug, ooy Uim1, Uiy Uiy, -, uny) = 0 in )
ui|8Q = 07

for i = 1,2, ..., N, where we assume that the C? functions g;’s are relative growth
rates satisfying the following so-called growth rate conditions:

(Gh) (gi)uj < 0, (gi)uiuj <0fori,j=1,2,...,N,
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(Gg) gi(ul,uQ, ...,ui_l,O,uiH, ...,uN) =0 for i = 1,2, ...,N,

(G3) There exist constants ¢g > 0 such that g;(0, ...,0,u;,0,...,0) < 0,(gi)u, (0,
iy 0,u4,0,...,0) < 0 for u; > ¢ fori=1,...,N.

The goal of this paper is to answer the following questions about positive solu-
tions of (1).

Problem 1: What are sufficient conditions for the existence of a positive solution?

Problem 2: What are sufficient conditions for the nonexistence of positive solu-
tions?

Problem 3: What is the effect of perturbation on the positive solution?

2. Preliminaries

In this section we state some preliminary results which will be useful for our later
arguments.

Definition 2.1. (Upper and Lower solutions) The vector functions (!, ..., %

(u',...,u™N) form an upper/lower solution pair for the system

N,
Aul 4 gi(ul, .., uN) =0 in Q,
{ u' =0 on 09,
iffori=1,... N
AT+ g (ut, o u T A utt L uY) <
Aul + gh(uty o ut T af u uY) >
in Q for v <u <w@,j#1,

and ) .
u' <u' on §,

u' <0<a on O9.

Lemma 2.1. (see [1]) If g in the Definition 2.1 are in C! and the system admits
an upper/lower solution pair (u',...,u™), (@', ...,a"), then there is a solution of the
system in 2.1 with v’ < v < @' in Q. If

A+ gi(at, ..., aN) # 0,
Au' + gl (ut, . uN) £ 0

inQ fori=1,....N, then v’ < u* < @ in Q.
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Lemma 2.2. (The First Eigenvalue)

—Au T)u = Au in €,
{ +q(2) )

ulpn =0,

where q(z) is a smooth function from Q to R and Q is a bounded domain in R".

(A) The first eigenvalue A\i(q) of (2), denoted by simply A\; when q = 0, is simple
with a positive eigenfunction.

(B) If gi(x) < qa(x) for all x € 2, then A\1(q1) < M(q2)-
(C) (Variational Characterization of the First Eigenvalue)

Vol|? 2d
Mg)=  mn  JolVOLTdr
PEWL(Q),6#40 Jo $?dx

Lemma 2.3. (Maximum Principles)

Lu:ZaU D”u—FZaZ )Diu+ a(z)u = f(z) in €,
i,j=1

where () is a bounded domain in R".

(M1) 00 € C*%(0 < a < 1).

(M2) |aij(2)la, |ai(2)]a; la(z) o < M(i,j =1,...,n).

(M3) L is uniformly elliptic in Q, with ellipticity constant v, i.e., for every x €
and every real vector £ = (&1, ...,&)

n

Z aij(2)&i&; > VZ &l
i=1

3,j=1

Let u € C*(2) N C() be a solution of Lu > 0(Lu < 0) in .

(A) If a(z) = 0, then maxg u = maxpg u(ming v = mingo u).

(B) If a(xz) < 0, then maxgu < maxpo u’ (ming u > —maxpq u~ ), where ut =
max(u,0),u” = —min(u,0).

(C) If a(xr) = 0 and u attains its maximum (minimum) at an interior point of
), then u is identically a constant in 2.

(D) If a(x) < 0 and u attains a nonnegative maximum (nonpositive minimum)
at an interior point of §2, then wu is identically a constant in €.

Lemma 2.4.

{ Au+uf(u) =0 in Q,

U’aQ =0,u >0,
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where f is a decreasing C'! function such that there exists co > 0 such that f(u) <0
for u > ¢g and ) is a bounded domain in R".

(1) If f(0) > A1, then the above equation has a unique positive solution, where
A1 Is the first eigenvalue of —A with homogeneous boundary condition. We denote
this unique positive solution as 6.

(2) If f(0) < Ay, then the above equation does not have any positive solution.

3. Existence and Nonexistence

We consider the system (1) with conditions (G1), (G2) and (G3).

Theorem 3.1. (A) If (¢i)u,(co, ..., €0, 0, co, ...,c0) > Ay fori=1,..., N, then (1)
has a solution (u1,...,uy) with uy > 0,...,un > 0.
Any solution (u1,...,un) of (1) with uy > 0,...,uny > 0 in § satisfies

H(Qi)ui(607"'7007'3007"'760) <u S co-

(B) If (gi)u, (0, ...,0) < Ay for some i =1,..., N, then (1) does not have any positive

solutions.

Proof. (A) By the result in [7], there is a positive solution (ui, ..., uy) to

{ Au; 4+ ui(gi)u, (ur, ...,uy) = 0 in £,
uilog = 0

fori=1,...,N.
But, by the Mean Value Theorem, for ¢ = 1, ..., N, there is 4; such that 0 < a; <
u; and

gi(ul, coey Wyg—1y Ugy U1y +2ey UN) — gi(ul, ey Uj—1, 0,’LL¢+1, ...,UN)

= Ui (g3 )u; (U1, ooy Wi 1, Uiy Uit 1, -0y UN ),
so by the monotonicity of (g;)u,,

Au; + gi(ut, ., un) =Au; + gi(ut, ., un) — gi(ut, ooy Uim1, 0, Uit 1, oy UN)
=Au; + uz(gz)ul (’LL1, ey W1y Uy U]y ooy uN)
=0.
Hence, (uq,...,uy) is a subsolution to (1).

But, by the conditions, any (M, ..., M) with large enough M > 0 is a supersolu-
tion to (1).
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Therefore, by Lemma 2.1, there is a positive solution to (1).
Suppose (u1, ...,uy) is a solution to (1) with u; > 0 for i =1, ..., N.
By the Mean Value Theorem, for i = 1,..., N, there is u; such that 0 < @; < u;

and

gi(ul, ey Ug—15 Ujy Uj-1y weey

so by the monotonicity of (g;)

Au; + uz(gz)ul (ul,

uN) — gi(ul, ey Uj—1, 0,ui+1,

= wi(gi)u, (u1, .

77

”UJN) SAU@ + uz(gz)ul (Ul, e U

,UN)

i1y Wiy Wit 1y eey UN)

:Aul + gi(ul, vy Uj—1, Ujy Uit 1, ...,UN)
— gi(ul, ceey ui,l,O,uiH, ...,’LLN)

=Au; + gi(ur, ..., W1, Ui, Uit 1, ..., UN)

=0.

Hence, (uq,...,uy) is a supersolution to

uilona =0, i=1,...,N.

0,

143

oy Wiy Wiy Wig 1y oey UN )

For sufficiently large n € N, and for ¢ = 1,..., N by the monotonicity of (g;)u,,

i
1
n

0(g1)u, (-

—~
s
S
S~—
g
~° T

S

(91)u1 (s

[Af

=) (Bl
S

for i = 1,...,N, so (%9(91)
subsolution to

1
€0,-+-,€0)? ﬁe(gz)uQ (€0,75€0,-,C0) >+

(
007"'a00)’ n (92)u2(007'7607"'750)7 Y
(

1

ug (+4€0,--,C0) 59(92%2(007',Co7~-700)’

uiloo = 0,i=1,...,N.

Hence, by Lemma 2.1, there is a positive solution (uy, ...,

{ Aui + ui(gi)u; (Ul oy uny) =

uilog = 0,i =1,...,N.

with 4; < wu; fori=1,...,N.

1
g )ui(CO7H~7COV7CO,~~-,CO)] + ﬁe(gi)ui(Co,..A,Co,ch,A..,CU)

EG(QN)HN (CO)'“’ch'))

EG(QN)U,N(CO?-“:COF))]
Gi)u; (CO5-++,C055C05++,CO) +0 9i)u; (CO5-+,C055C05++,CO)
)Uz (007 -5 €O, O(gi)ui (CO3-+,C0O,5CO w50 ) ? CO3 s CO)]

1
> (9N )upy (€0ye5C05)

0,

uy) to

0,

) is a
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But, by the solution estimates in [7], we conclude

e(gi)ui(007--~7007‘7COV~~7CO) <uj,t=1,...N (3)
We prove u;(z) < cg forz € Qandi=1,...,N.

If ui(x) > co at some = € €2, then by the continuity of u;, there is r > 0 such
that u;(y) > ¢o for all y € By(x) = {y € R"| || y — = ||< r}, so by the monotonicity
of g;,

Au; = —g;(uy,...,un) > —g(0,...,0,¢cp,0,...,0) >0 on By(z),

which contradicts the Maximum Principles.
Hence, we conclude

Uq SCo,izl,...N. (4)
By (3) and (4), we have the desired inequalities.

(B) Assume (¢;)q,(0,...,0) < A\ for some ¢ = 1,...N. Suppose (uy,...,un) is a
positive solution to (1). Then by the same way as in (A), we have a positive solution
(ug,...,un) to

A’U,Z' + ui(gi)ui(ul, ey uN) = 0,
uilon = 0,7 =1,..., N.

Hence, we again contradict Lemma 2.4 by the same reason in [7]. So, there is no
positive solution to (1).

4. Uniqueness with Perturbation

We consider the model

()

Aui 4 gi(ur, ug, ooy Ui—1, Ui, Uiy, - un) = 0, in €,
uilogo =0, i=1,2,... N,

where © is a smooth, bounded domain in R" and (P1) g; € C% for i = 1,2, ..., N,

where C% is the set of all two variables functions f(u,v) such that all the first-order

partial derivatives of f are decreasing, and all the second-order partial derivatives
of f are bounded and continuous,

(P2) for i =1,2,..., N, there is ¢; > 0 such that (g;), (0, ...,0,u;,0,...,0) <0 for
u; > Cj.

The following theorem is our main result about the uniqueness.

Theorem 4.1. Suppose:
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(4) M= (90w (Og1)u, (0,005 - 0(gi1)u;_, (0,0,-0,...0)+ 0 0(gis1) i1 (40,0)5 -+
O(gn)uy (0,.09)] < 0 for i =1,.., N, where in general, A1(q) is the smallest eigen-
value of — A+ ¢ with homogeneous boundary conditions, denoted simply by A1 when
q=0,

(B) (5) has a unique coexistence state (uq,...,uy),
(C) the Frechet derivative of (5) at (uy,...,un) is invertible.

Then there is a neighborhood V of (g1, ..., gn) in [C%(R2)]N such that if (¢, ..., gN)
€V, then (5) with (g1, ...,gn) has a unique positive solution.

Proof. Since the Frechet derivative of (5) at (u1,ug, ..., un) is invertible, then, by
the Implicit Function Theorem, there is a neighborhood V of (g1, ..., gn) in C§ and a
neighborhood W of (u1,us, ..., un) in [Cg’a(Q)]N such that for all (g1, g2, ...,gn) €V,
there is a unique positive solution (uy,us,...,uy) € W of (5). Thus, the local
uniqueness of the solution is guaranteed.

To prove global uniqueness, suppose that the conclusion of Theorem 4.1 is
false. Then there are sequences ((g1)n, -, (9N )n, (U1)ns s (UN)n), ((91)ns -+ (9N )5
(1) ey (uy)n) in V x [Co ()] such that ((w1)n, -.., (un)n) and ((u1)p, s (un)n)
are positive solutions of (5) with ((g1)n, .-, (g~)n) and ((w1)n, ..., (UN)n) 7 ((w1)n, -
(un)n) and ((g1)n, - (gN)n) = (915 ..., gn). By Schauder’s estimate in elliptic the-
ory, the convergence of ((g1)n, .-, (gn)n), and the solution estimate in the proof of
Theorem 3.1, for i = 1, ..., N, there are constants k; > 0,[; > 0 such that

[(ui)nl2,a < Kill(gi)n((u1)ns s (UN)n)la + suPLeq(wi)n(2))] < Ki(l; + co),

for all n =1, 2, ..., and so we conclude that |(u;)p|2,o is uniformly bounded for each
i =1,...,N. Therefore, there are uniformly convergent subsequence of (u;),, for each
i =1,..., N, which again will be denoted by (u;);,.
Thus, let
((U1)ny ooy (UN) ) = (U1, eery UN),

(U))ns oees (U )p) = (101, ..., UN)
Then (41, ..., un), (U1, ...,un) € (C>*)N are also solutions of (5) with (g1, ..., gn).
We claim that @y > 0,...,un > 0,u1 > 0,...,uy > 0.
By the same proof as in Section 3, for each n = 1,2, ..., there is a positive solution
((u1)ny oes (un)p) to

Au; + uz((gz)n)uz(ul, ...,uN) =0 in €, (6)
uilog = 0,0 =1,...., N

such that (u1)n < (W), o) (UN)n < (UN)n.
By the exactly same proof as in [6], there are uniformly convergent subse-
quences of (u1)n, ..., (UN)n, Which again will be denoted by (u1)n, .., (UN)n, (U1)n —
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ULy ey (UN)n, — uN, (U1, ..., un) is a solution to (6) with

((gl)u17 ceey (gN)uN), and l[l > 0, ...,an > 0.

But, since (u1)n < (u1)ns ey (UN)n < (un)n, it follows that
0<u; < 1[1,...,0 <uy < u}\f

By the same procedure to the sequence ((u))n, ..., (ux)n), we also have
up > 0,...,uy > 0.
In conclusion, both (uy,...,uy) and (uy,...,un) are positive solutions to (6) with

(91,-..,9n). But, by the condition (B), 11 = u3 = uy,...,uy = Uy = vy, which is a
contradiction to the Implicit Function Theorem since

((ut)ny woes (un)n) # () ooey (UN)n).

5. Uniqueness with Perturbation of Region

Consider the model
Aui + uigi(ul, Uy veey Wiy Ui, ...,uN) =0 in Q,ui‘ag = 0, (7)

for : =1,...,N. Here () is a bounded smooth domain in R" and

gi € C% = { f:RY — Re C' All the first order partial derivarives of f
are strictly decreasing with respect to each w;, f

and all of its second order partial derivatives are continuous and bounded}.

The following theorem is the main result.
Theorem 5.1. Suppose:

(A) Tis a closed, bounded, convex region in [C3]™ such that for all (g1, ...,gn) €
L,

Al((_gl)ul (H(gl)ul (+,0,...,0) 5 +=*» e(gifl)uiil (0,...,0,-,0,...,0)» 07 0(9i+1)u,‘+1 (0,...,0,+,0,...,0) » =++»

O(gn)up (0,.0,))) <0

fori=1,...,N,
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(B) there exist ¢; > 0 such that for all (g1, ...,gn) € T, (¢i)w; (0, ..., 0,u;, 0, ...,0) <
0 for u; > c¢;,i=1,...,N.

(C) (7) has a unique positive solution for every (g1, ...,gn) € OrT', where

o' = {()‘927---791\17927 '--’gN) € F|f01“ any fixed go,...,gN, H )‘92,~~~79N H
= inf{[| g1 || [(91, .-, gnv) € T'}},

(D) for all (¢1,...,gn) € I, the Frechet derivative of (7) at every positive solution
to (7) is invertible.

Then for all (¢1,...,9n) € ', (7) has a unique positive solution. Furthermore,
there is an open set W in [C3]N such that I' C W and for every (gi,...,gn) € W,
(7) has a unique positive solution.

Theorem 5.1 goes even further than Theorem 4.1. Theorem 5.1 states uniqueness
in the whole region of (g1, ...,gn) whenever we have uniqueness on the left bound-
ary and invertibility of the linearized operator at any particular solution inside the
domain.

Proof. For each fixed go, ..., gn, consider (g1, g2, ..., gn) € T and (g1, g2, ..., gnN) €
I'. We need to show that for all 0 < ¢ < 1, (7) with (1—%)(g1, ..., gn)+t(41, 92, ---, gN)
has a unique positive solution. Since (7) with (g1, ..., gn) has a unique positive solu-
tion (u1, ..., un) and the Frechet derivative of (7) at (uy,...,un) is invertible, Theo-
rem 4.1 implies that there is an open neighborhood V' of (gi, ..., gn) in (CE)Y such
that if (g10, 920, ..-,9n0) € V, then (7) with (g10, 920, ---, gn0) has a unique positive
solution.

Let

As = sup{0 < X\ < 1] (7) with (1 —¢)(g1,.., gn) + (g1, 92, -, gN)
has a unique positive solution for 0 <t < A.}.

We need to show that Ay = 1. Suppose As < 1. From the definition of Ay, there
is a sequence {\,} such that A, — A; and there is a sequence (Uin, U2n, ..., UNT)
of the unique positive solution of (7) with (1 — A\,)(g1, ..., gn) + M(d1, 92, -5 gN)-
Then by the elliptic theory, there is (w10, u20, ..., uno) such that (win, u2n, ..., uny)
converges to (u1g, u20, ..., ung) uniformly and (u1g, ug, ..., uno) is a solution of (7)
with (1 — Xs)(g1, .-, 9n8) + As(g1, 92, .-, gn). We claim that u,o is positive for i =
1,...N.

By the same proof as in the previous section, for each n = 1,2, ..., there is a
positive solution ((u1)p, ..., (un)n) to

Aui + uz(gz)uz(uh ...,'LLN) = O’ in Q7
u¢|6§2 = Ovll = 1’ ’N
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With (1= Au) (g1, gn) + An(gi, g2, gn) such that (u)y < (), s (un)n <
(uN)n-

By the exactly same proof as in [5], there are uniformly convergent subse-
quences of (u1)n, ..., (uN)n, which again will be denoted by (u1)n, ..., (UN)n, (U1)n —
Uty ooy (UN)p — un, (U1, ..., un) is & solution to (6) with

((gl)U17 R (gN)UN)7 and up > 0, ...,’l[n > 0.

But, since (ul)n < (uln),,(u]:/)n < (unn), 0 < 41 < wuigy...,0 < uny < ung. We
claim that (7) has a unique coexistence state with (1—Xs)(g1, ..., gn)+As (g1, 92, -, N )-
In fact, if not, assume that (u1g, ..., uno) # (u10, ..., uno) is another coexistence state.
By the Implicit Function Theorem, there exists 0 < a < A and very close to g,
(7) with (1 —a)(g1,...,9n) + a(g1, 92, ..., gn) has a coexistence state very close to
(u10, ..., uno) which means that (7) with (1 — a)(g1,...,95) + a(g1, 92, ..., gn) has
more than one coexistence state. This is a contradiction to the definition of As.
But, since (7) with (1 — Ag)(g1, ..., gn) + As(d1, 92, -, gn) has a unique coexistence
state and the Frechet derivative is invertible, Theorem 4.1 concluded that A; can
not be as defined. Therefore, for each (¢1,...,gn5) € T, (7) with (g1,...,gn) has
a unique coexistence state (up,...,uy). Furthermore, by the assumption, for each
(91,-..,9n) € T, the Frechet derivative of (7) with (g1, ...,gn) at the unique solution
(uq,...,un) is invertible. Hence, Theorem 4.1 concluded that there is an open neigh-
borhood Vi, . 4.) of (91,...,gn) in (C%)N such that if (g1, ..., gn) € Vigi,...gn)» then
(7) with (g1, ..., gn) has a unique coexistence state. Let W = U, o over Vigr,..on)-

Then W is an open set in (C3)" such that I' C W and for each (gi,...,gn) € W,
(7) with (g1, ..., gn) has a unique coexistence state.

6. Application

Within the academia of mathematical biology, extensive academic work has been
devoted to investigation of the simple competition model, commonly known as the
Lotka-Volterra competition model. This system describes the competitive interac-
tion of two species residing in the same environment in the following manner:

ut(z,t) = Au(z, t) + u(z, t)(a — bu(x,t) — cv(x,t))
in Qx R,
vi(@,t) = Av(z, t) + v(z, t)(d — fo(z,t) — eu(z, t)) (8)
u(z,t)]ae = v(z,t)|ae = 0,
where 2 is a bounded domain in R™. Here, u(z,t) and v(z,t) designate the pop-
ulation densities for the two competing species. The positive constant coefficients
in this system represent growth rates (a and d), self-limitation rates (b and f) and

competition rates (¢ and e). Furthermore, we assume that both species are not
residing on the boundary of €.
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The mathematical community has already established several results for the
existence, uniqueness and stability of the positive steady state solution to (8) (see
[1], [2], [3], [4]). The positive steady state solution is simply the positive solution
to the time-independent system

Au(z) + u(z)(a — bu(x) — cv(x)) =
Av(x) +v(z)(d — fo(z) —eu(z)) =
u(z)|aq = v(z)]sn = 0.

(9)

One of the important initial results for the time-independent Lotka-Volterra model
was obtained by Cosner and Lazer. In 1984, they published the following sufficient
conditions for the existence and uniqueness of a positive steady state solution to (9):

Theorem 6.1. (see [4]) Suppose:
(A) a > A\ + %,d > A1 + 4, where Ay is the smallest eigenvalue of —A with

homogeneous boundary conditions,

2
(B) 4bf > %supxeg

wq(x)

] + 2ce + % Supxeg[m}, where wyy(z) for

[ wa (2)
wy_ae (2) a-cd

M > 0 is the unique positive solution to the logistic equation as mentioned in the
next section.

Then (2) has a unique positive solution.

Cosner and Lazer’s theorem implies that if the self-reproduction and self-limitation
rates are relatively large, and the competition rates are relatively small, then there
is a unique positive steady state solution to (9). In other words, the two species will
coexist indefinitely at unique population densities.

In 1989, Cantrell and Cosner extended these results by proving that the repro-
duction and self-limitation rates may vary within bounds without losing the unique-
ness result, given certain conditions. Biologically, Cantrell and Cosner’s theorem
suggests that two species can relax ecologically and maintain a coexistence state.
Their primary result is given below:

Theorem 6.2. (see [3]) Ifa=d > A\,b=f =1, and 0 < ¢,e < 1, then there
is a neighborhood V' of (a, a) such that if (ag,dy) € V', then (9) with (a,d) = (ag, do)
has a unique positive solution.

In Theorem 6.2, the condition 0 < ¢, e < 1 biologically implies that the competi-
tion rates of both species must be relatively small. This condition plays an important
role in the proof of Cantrell and Cosner’s theorem by implying the invertibility of
the Frechet derivative (linearization) of (9) at a fixed reproduction rate (a,a).
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