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Abstract: A canal surface is the envelope of a moving sphere with varying radius,
defined by the trajectory C(t) (spine curve) of its center and a radius r(¢) and it is
parametrized through Frenet frame of the spine curve C(t). If the radius function
r(t) = r is a constant, then the canal surface is called a tube or tubular surface
[1]. The focal curve of an immersed smooth curve o : I — E3 in Euclidean
space consists of the centres of its osculating hyperspheres. This curve may be
parametrised in terms of the Frenet frame of o (T, N, B), as Cy, = (v + c1 N + 2 B)
where the coefficients ¢y, co are smooth functions that we call the focal curvatures
of a [6]. In this work, we initially gave characterization of canal and tubular surfaces
around a timelike focal curves in Minkowski 3-Space, afterwards we investigated the
curvatures of tubular surfaces around a timelike focal curves in Minkowski 3-Space.
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1. Preliminaries

Let R® = {(z1,29,23) | 71,272,723 € R} be a 3-dimensional vector space, and let
v = (21,79,23) and y = (y1,y2,y3) be two vectors in R3. The Lorentz scalar
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product of x and y is defined by
<,y >= T1Y1 + T2Y2 — T3Y3,

Ei)’ = (R3, <, >) is called 3-dimensional Lorentzian space, Minkowski 3-Space or 3—
dimensional semi-Euclidean space. A vector x € Ri’ is called

spacelilke if < z,2>>0 oraz =0,
nullif <z,2>=0 and x #0,

timelike if < z,x ><0,

the norm ||z|| of a vector x € R} is |< z,x >|% , two vectors x and y in R} are said
to be orthogonal, if < xz,y >= 0. z is called a unit vector if ||z|| = 1. Similarly, an
arbitrary curve « in E} is locally spacelike, timelike or null (lightlike), if all of its
velocity vectors o/ (s) = T (s) are respectively spacelike, timelike or null, for each
s € I C R. For any z,y € R} Lorentzian vectoral product of = and y is defined by

T Xy = (Tay3 — T3Y2, T3Y1 — T1Y3, T2Y1 — T1Y2) -

The Lorentzian sphere of center m = (my, mg, m3) and radius » € R™ in the space
FE3 is defined by [4]

S%:{a:(al,ag,ag) GE? ]<a—m,a—m>:r2,a1,a2,a3GR}.

Consider a curve o in E$, parameterized by its arclength s. Let T(s) be its

d
tangent vector, i.e., T(s) = o/(s) = a(s)‘ The arclength parameterization of the
curve makes T'(s) a unit vector, i.e.,||T(s)|| = 1, therefore its derivative is orthogonal
T'(s
to T'. The principal normal vector N is defined as N = T /E ;H . The binormal vector
s

B is defined as the cross product B = N x T. The Frenet-Serret equations, express
the rate of change of the moving orthonormal triad {7, N, B} along a base spacelike
curve a(s) with a spacelike normal in Minkowski 3-Space,

T = kN,
N' = —koT + 748, (1)
B =1,N

where the coefficients x, and 7, are curvature and torsion of the «, respectively [6].
The curve’s torsion is a function of the curve’s third derivative as evidenced by

the explicit formulas [4].

lz' A 2" _ det (2, 2", 2™)

(e ol As)?
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2. Characterization of Canal and Tubular Surfaces Around a Timelike
Focal Curve

Our purpose in this section, we will obtain the tubular surface from the canal surface
around a timelike focal curve in Minkowski 3-space. A canal surface is defined as
the envelope of a family of one parameter spheres. Alternatively, a canal surface is
the envelope of a moving sphere with varying radius, defined by the trajectory C(t)
of its center and a radius function r(¢). This moving sphere S(t) touches the canal
surface at a characteristic circle K (t). If the radius function r(¢) = r is a constant,
then the canal surface is called a tube or pipe surface [1].

Definition 2.1. Let (21,79, 23) be semi-Euclidean coordinate system in [E3.
We take a Lorentzian sphere < X —C, X — C >= r?, with origin and radius C, and
r, respectively, where X = (x1,x9,23). Let f(s) = % (HC’a — aH2 — r2> . If we have
the following equations

f=f=1=5"=o, (2)
then we say that the sphere passing trough four consecutive points the curve is called

osculating Lorentzian sphere.
Definition 2.2. For any unit speed curve a = a(s) : I — E$, the focal curve
C\,, may be parameterized using the Frenet frame (7'(s), N(s), B(s)) of a as follows:
Co=a+c1N + B, (3)
where the coeflicients ¢, ¢y are smooth functions that are called focal curvatures of
a.

Lemma 2.3. [5] Let a = a(s) : I — E3 is any unit speed spacelike curve with
a spacelike principal normal , the focal curvatures are

1 1
01:7702:_0177’%&#077—&750 (4)
@ Ta

Definition 2.4. A vertex of a curve in E} is a point at which the curve has at
least 5-point contact with its osculating Lorentzian sphere.

Lemma 2.5. A non-flattening point of any unit speed spacelike curve with a
spacelike principal normal o = «a(s) in E3 is a vertex if and only if

cy+c17a = 0,
at that point .

Proof. The sphere of radius r» with centre at C', is defined by the equation.

£(9) = 5 (ICa—al* =+?) .
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So a point C,, is defined as the centers of the osculating spheres of « having 5-point
contact with a at « (sp) if and only if the function foa has a zero of multiplicity 5
at s = sg, i.e. if and only if the function f(s) has a critical point of multiplicity 5
at sg, i.e.

F(s0) = f'(s0) = f"(s0) = " (50) = fP(s0) = 0.

If the operations is made, we obtain ¢, + ¢;7, = 0. ]

Definition 2.6. A parametrised curve o = a(s) in Ef is said to be good if its
derivatives of order 1,2, are linearly independent at any point.

Theorem 2.7. Let o : I — E3 be a good unit speed spacelike curve with a
spacelike principal normal without its flattening. Write k., and T, for its curvatures
and {T,N, B} for its Frenet frame. For each non-vertex «(s) of a, write e =

ch+ 17 Ty, Te

—————, €n = — and €p = —.
¢ + c17al 7l |7l
{t,n,b} of C,, is well-defined and its vectors are given by

For any non-vertex of o the Frenet frame

t = StB,
n = &genlV, (5)
b = —cienepT.

Proof. Write o (s) for the value of the arc length parameter of C, at Cy, (s). We
assume that the orientations of the parametrised focal curve. C, given by the arc
length parameter s of o and by the arc length parameter o of C, coincide. At a
non-vertex of «, the unit tangent vector of the parametrised focal curve Cy is

dC, dC,do
s = do ds — l@tanl B (6)
Taking the norm of both sides of 6, we obtain
ds 1

do | + e17al’

and ic ,

daztz@ﬁcﬁﬁgzag. 8)

o |ch + c17al
In order to obtain that
n =cten N 9)
and
o — |Ta‘
o +ar

derive equation 8 with respect to o. In the same way, use equation9 to obtain

b = —&¢enepT, Ka = |Tc| |y + e17al -
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Corollary 2.8. If radius of osculating sphere r is constant, co = ¢, = 0. Then
1) ey = €n end in this case

t = EtB,

n = N,

b = —EbT.
‘ |C/2 + 01T|

3) If the C,, is a right-handed curve ey = e, = €, = 1 end in this case

t = B,
n = N, (10)
b = -T.

) Ifa: 1 — ]E‘i’ be a good unit speed spacelike curves with a spacelike principal
normal curve, the focal curve C,, locus of the curvature center for «, is a timelike
curve.

After this we will admit that the {t,n,b} orthonormal frame field forms right
handed system and is {time, space, space} type.

Proposition 2.9. A curve a = a(s) : [ — E‘? is Lorentzian spherical, i.e., it
is contained in a Lorentzian sphere of radius r, if and only if

r?=ct - (11)
This means that the curve is Lorentzian spherical if and only if
ch+c17a =0 (12)

holds, where
(1"2)/ = —2¢9 (0’2 + ClTa) . (13)

The focal curvatures ci, co of a satisfy the following Frenet equations:

L 0 Ko 0 0
C/
L 2\/ = | —Ra 0 —Ta C1 (14)
o+ (r) 0 —7o O ¢
262

where r is the radius of the osculating sphere of a. If the curve « is spherical, i.e.,
lies on a sphere, then the last component of the left hand side vector of equation
only consists of ¢,. We can give the following corollaries.
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Corollary 2.10. [7] Let k. and 7. (resp. ko and 7,) be the curvatures of C,
(resp. of a ). Then
Ke | 7] B 1 B 2 |es
ITal Ko  |h+caTal ‘(rg)/{'

(15)

Lemma 2.11. Ifradius of osculating Lorentzian sphere r is constant, curvature
of the a (s), Kq is constant and r = 1.

Proof. According to 13, if radius of osculating Lorentzian sphere r is constant,
co =0orcy+ci1mo = 0.If ¢y 4174 = 0, the curve is spherical. If o = 0, —0/1% = 0.

1
Namly ¢; = — is constant. O
Ka

Lemma 2.12. Let k. and 7. are curvature and torsion of the the focal curve
Cu(s), respectively. The derivative variations with respect to s of the Frenet frame
{t,n,b} are

t’ 0 vke O t
n|=|vk. 0 vr.| |n|, (16)
b’ 0 —-vr, O b
do , . .
where for a non-vertex of a(s), v = il ’02 + c17q| . If radius of osculating
s
Lorentzian sphere r is constant,
do
V= =0T (17)

We can give about characterization of canal and tubular surfaces around a time-
like focal curves with the following theorem.

Theorem 2.13. Suppose o : [ — E$ is a unit speed spacelike curve with a
spacelike principal normal, nonzero curvature. Then the canal surface around its
timelike focal curve can be parametrized as follows,

K(s,t) = Co(s) 4 eer(s)r'(s)B F r(s)\/1 4 (' (s))* (T(s) cost + N(s)sint). (18)

Proof. Let K denote a patch that parametrizes the envelope of Lorentzian
spheres defining the canal surface. Since the curvatures of o and C, are nonzero,
the Frenet- Serret frame {t,n,b} and {7, N, B} are well-defined, and we can write

K(s,t) — Co(s) = —a(s,t)b 4+ b(s,t)n+ c(s, t)t
or according to 10

K(s,t) — Ca(s) = a(s,t)T + b(s,t)N + c(s,t)B (19)
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because the K (s,t) — C,(s) vector can always be written in terms of {T', N, B} basis
vectors, where a,b and ¢ are differentiable on the interval on which « is defined. We

must have
1K (s,8) = Ca(s)]|* = r*(s) (20)

Equation 20 expresses analytically the geometric fact that K (s, t) lies on a Lorentzian
sphere S%(s) of radius r(s) centered at C,(s). Furthermore, K(s,t) — Cu(s) is a
normal vector to the canal surface; this fact implies that

< K(s,t) —Cu(s), Ks >=0, (21)
< K(s,t) —Cu(s), Ky >=0. (22)

Equations 21 and 22 say that the vectors K, and K; are tangent to S?(s). From 19

and 20 we get
a2+ 02— =12 }

aas + bbs — ccs = 11’ (23)

When we differentiate 19 with respect to s and use the Frenet-Serret formulas, we
obtain
K = (as — bka) T + (aka + bs + 7o) N + (v + b1y, + ¢5) B. (24)

Then 23, 24, 19 and 21 imply that
c=rr, (25)
and from 23 and 24 we get
a? +b* =r? (1 + (7“')2) . (26)

We can write

a = Fr\/1+ (") cost,
b = Fry/1+4 (1)sint.

Thus 19 becomes
K(s,t) = Ca(s) 4+ r(s)r'(s)B F r(s)\/1+ (' (s))* (T'(s) cost + N(s)sint),

where e¢ = F1. With the Frenet-Serret system in hand, we can construct a ”tubular
surface” of radius r = const. about the curve by defining a surface with parameters
s and t;

L(s,t) = Co(s) + r(s)T(s) cost 4+ r(s)N(s)sint. (27)

O]
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3. The Curvatures Of Tubular Surfaces Around a Timelike Focal Curve

For L(s,t) the tubular surface around a timelike curve of a(s) from 27 the coefficients
of the first and second fundamental form are given by

Ly = —rsintT + rcostN, r:i
Ra
Ly = —sintT +costN —r7, (1 +sint) B,
Ly = —rcostl —rsintN,
Lss = —kqcostT + [—kqsint 4+ r7 (1 4 sint)] N
+ [Tacost +r7) (1 +sint)] B
Ly = —costl —sintN + r1, costB,
Ly x Ly = 727, (1 +sint) (costT + sintN)

the surface normal vector

LS X Lt .
U= —"—— =costl +sintN
[[Ls > L |

and

= < Ly Ly >=1—-7r%2(1+sint)?,

= < Lgs, Ly >=,

< Ly, Ly >= 12,

= < U, Lss >= —FKqo — r7gsint (1 +sint),
= <ULg>=—1,

= < U, Ly >=—r

Q@ = o QT >
|

and
|Ls x Ly|* = EG — F? = r*72 (1 + sint)? . (28)
Corollary 3.1. L(s,t) = Cy(s)+7r(s)T(s)cost+r(s)N(s)sint tubular surface
is a timelike surface.

Definition 3.2. [1] Let Q is any surface. If EG — F? # 0, Q is called a regular
surface.

According to definetion and by Eq 28 L (s,t) is a regular tube if and only if
Ta (1 +sint) # 0. Namely
Ta # 0, } (29)

sint # —1.



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 10, No. 2 (2016)

TUBULAR SURFACES AROUND A TIMELIKE FOCAL CURVE... 111

The Gaussian and mean curvature for a regular tube L (s,¢) are computed as

K eg — f? B sint
 EG-F?  r21,(1 +sint)’
(30)
eG —2fF + gFE 171
H= - |- —rK]|.
2(EG — F2) 2[7“ T}

Theorem 3.3. [3] A curve v lying on a surface is an asymptotic curve if and
only if the acceleration vector 'y” is tangent to the surface that is < U, 'y// >=0.

Theorem 3.4. Let L(s,t) be a regular tube around a timelike focal curve of
a(s). In that case, we have the following.
a) The s-parameter curves of L (s,t) are asymptotic curves if and only if
= —Tysint (1 +sint).

2
Ko

b) The t—parameter curves of L (s,t) cannot be asymptotic curves. In that case,
neither the s-parameter curves of L (s,t) nor the t—parameter curves of L (s,t) be
asymptotic curves.

Proof. a) For the s—parameter curves we have
e =< U, Lgs >= —Kq — 7o sint (1 +sint).

From this, we get

2
o

K = —Tasint (1 4 sint).

for s—parameter curves.
b) For the t—parameter curves we have

g=<U Ly >=—r 7é 0,

t—parameter curves cannot be asymptotic

Here, the equation k2 = —7, sint (1 + sint) is satisfied for a circular helix C,(s). In

the case of general helix, we get the curvature of spine curve C,(s) as
Ko = —tan Bsint (1 + sint), (31)
where [ is the angle between tangent line 7" and the fixed direction of the general

helix. —~ = tan 3 is a constant for a general helix. Hence, if we substitute this in
ate

the equation k2 = —7,sint (1 +sint), it gathers that

Ko cot = —sint (1 +sint). (32)
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In this situation, we obtain the curvature as ko, = —tan Ssint (1 + sint) . Because ¢
and (3 are constants, it follows that r, (s) is a constant. Therefore,

To = Ko tan 8 = —tan? Bsint (1 + sint) (33)

is also a constant. We see that the general helix becomes a circular helix and finally
the equation is satisfied for a circular helix. O

Theorem 3.5. [2] A curve v lying on a surface is a geodesic curve if and only
if the acceleration vector ’y// is normal to the surface. This means that ’y// and the
surface normal U are linearly dependent namely U x 4" = 0.

Theorem 3.6. Let L(s,t) be a regular tube around timelike focal curves of
a(s). In that case, we have the following.
a) The t—parameter curves of L (s,t) are geodesic curves.
b) The s—parameter curves of L (s, t) are geodesic curves if and only if the curvatures

of a(s) ,
cos

——s+c
T, =¢ r(1+sint) cER.

Proof. For the s—and t— parameter curves we conclude
UxLy = (costT +sintN) x (—rcostT —rsintN) =0,
U x Ly sint(Ta cost + 7., (1+sint))T

—cost (Tacost + 77, (1 +sint)) N
—cost (—Kqsint + r7y (1 +sint)) B,

a) As immediately seen above, t—parameter curves of L (s,t) are geodesics.
b) Since {7, N, B} is an orthonormal basis and U x Lgs = 0, there are

sint (1o cost + 77, (1 +sint)) = 0,
cost (Tacost + 77, (1 +sint)) = 0,
cost (—kqsint + 17, (1 +sint)) = 0. (34)

By the first two equations we have
Tacost +rrh (1 +sint) = 0. (35)

and by using a simple calculation

cost

-5
ro=e T(L+sint) , ¢ = constant. (36)
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