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Abstract: In this paper we show how the action of the symmetrizing endomor-
phism operators L¥ . to the series Z;“:Og ajz’ allows the obtention of an alternative
approach for the determination of Fibonacci numbers and Tchebychev polynomials

of the first and second kind.
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1. Introduction

By studying the Fibonacci sequence F,, = % (®} — ®%), we note its close con-

2

nection with the equation * — x — 1 = 0, whose roots are the golden numbers @,

:H—Q‘/5 and ¢y = 1_—2‘/5 It is also noticed that the eigenvalues of the symmetric

M:(} é>, (1.1)

represent the two golden numbers @1 and ®9 of Fibonacci sequence [2]. Consequently,
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we obtain the following Vieta’s formulas
o1 =M+X=1and o9 = A\ \g = (12)

where o1, 09 are called elementary symmetric functions of real roots A1, A, respec-
tively. So, the eigenvectors of matrix M are multiples of

vlz()\f)andvg:()\f). (1.3)

If we assume that |[\1| > |\2|, then for any positive integer n, we have

F, F,
n __ n+1 n
(B Y m

The rest of the paper is organized as follows. In Section 2, we present preliminary
notions on symetric functions and divided differences. In Section 3, the proposed
theorem is detailed and demontrated. Applications of the proposed theorem on
Fibonacci numbers and Tchebychev polynomials of the first and Second kind are
given in Section 4. Finally, conclusion is given in Section 5.

2. Preliminaries and Notations

In this section, we recall some basic definitions and theorems that are needed in the
sequel.

Definition 1. [1] Given two sets of indeterminate A and B (called alphabets),
we define Sj(A — B) as follows

o0

M ZSJA B)z (2.1)

Mgea(1 — za)
j=

with S;(A— B) =0 for j <0.
Remark 2. By taking A = ® in (2.1), we obtain

Myep(1— 2b) = > S;j(—B)27. (2.2)
j=0

Proposition 3. [1] Considering successively the case of A = ®, B = ®, we can
derive the following factorization
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> Si(A=B)2 =" Sj(A)2 Y S;(-B)A. (2.3)
j=0 j=0 j=0

Thus,
Su(A=B) = Sp_1(A)Sk(-B). (2.4)
k=0

The summation is in fact limited to a finite number of nonzero terms. In par-
ticular, we have [3]

Myep(z —b) = Sp(z — B) = 2"So(—B) + 2" 181 (=B) + 2" 2S5(—=B) +---, (2.5)

where S;(—B) are the coefficients of polynomials S,,(z — B) for 0 < j < n. We note
that Sj(—B) =0 for j > n.
For B = {b,b,b...} (we note B = nb), we have

Sp(x —nb) = (x — b)". (2.6)
Thus, the special case of B = {1,1,1,...,1} gives the two binomial coefficients
Si(=n) = (~1)/ <Z> and S;(n) = (” +jf - 1). (2.7)
By combining (2.4) and (2.7), we obtain the following expression
Si(A = ju) = S;(A) — G)xlsj_l(A) bt (j) j, (2.8)

Lemma 4. [I] Given two alphabets A = {z} and B = {b1, bs, ...}, we have
Sisk(x — B) = 2*S;(x — B) for all k > 0.

Definition 5. [1] Given a function g(x1, x9, ...), the divided difference operator
is defined by the following formula:
9-9°
g(a:h ey Ly Ti41, ) — a$i$i+1 (g) =
Tj — Ti41
where g7 is the image of g by the transposition (z;, z;+1), i.e.,
gJ = g($1, ceey .CL‘H_L.%L', $,;+2...>.

Definition 6. Let f and g be two polynomials, the implementation of x; and
Zi+1 is given by the Leibniz formula:

0i(fg) = 9i(9) 7 + 0i(f)g-

In the particular case of f = f?, we have

{ 9i(f) =0,
0i(fg) = 9i(g9)f-
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The divided difference operator d,, commutes with symmetric functions at z,
y and is compatible with the function S, [1, 4].

3. The Main Results

Proposition 7. [3] Let E be an alphabet such that E' = {e1, ea} . The operator

LY ., is defined as follows

LY e, f(e1) = Sp-1(e1 + €2) f(e1) + €50e,e, f(e1), for all k € N.
Theorem 8. Given an alphabet E = {e1, ez}, and two series Y ;2 a2,

>0 bjz7 such that (3720 ajzj)(Z;-’iO bjz7) =1, we have

0 .
Z ajSkJrj,l(el + 62)2’]

Jj=0
ST |k k k] o j
> bjeresSp—j-1(e1 +e2)2? —efesz 3 bjpy1Sjler + e2)?!
J=0 Jj=0
= % — . (3.1)
od g od g
> bjerzl Y bjenzd
Jj=0 J=0
Proof. Let ) ajz’ and ) b;jz’ be two sequences such that ) a2/ = < ,
7=0 =0 =0 2 bjz?
j=0

the left hand side of the formula (3.1) can be written as
nglezf (e1) = ngleQ Zaje{z] = Z a;jSktj—1(e1 +e2)2?,
§=0 §=0
while the right hand side can be expressed as :

Sk—1(e1 +e2)f (e1) + €50c e, f(e1)

Sk—1(e1 + ez 1

= # + €50y
> bjelzd > bjelzd
7=0 7=0

b '5;1(61 + €2)Zj
Sp—1(e1+e2) o

00 ey -
2. bjers
J=0

. o .
o) 57 ) a7
bje 2 E Ob]ezzﬂ
J:

<
Il

11z L0792
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Z bj [B%Sk_l(el + 62) — 6155]'_1(61 + 62)] 2
7=0

> bje1zd Y bjedzd
J=0 J=0
k—1

> b [eésk—l(el +ez) — 58 i(er + 62)] 2
j=0

Y. bje1zl Y bjenzd
Jj=0 J=0

> b [ejésk—l(el +eg) —e5Sj (e + 62)] =
j=k+1

> bje1zd > bjelzd
J=0 J=0

k—1 . e .
S bjelebSk—j—1(er +e2)2d — ek ZF ST by 1S (er + eg)2

j=0 7=0
> bjel 2 > bjedzi
§=0 j=0
The two quantities are equal; proof completed. O

4. Applications to the Generating Functions

4.1. The Case ) >* 00 = 12
Corollary 9. Given an alphabet E = {e1,es}, we have

Sk 1(e1 + e2) — ereaSk_2(e1 + e2)z

S ‘ for all k € N.
JZO ktj-i(en+ e2)? (1 —ze1) (1 — ze) poora
In the case k = 1 Corollary 8 can be written as follows:
= 1
ZS] 61 +€2 . (4.1)

= (1 —ze1) (1 — ze9)

Replacing ez by (—e2) in (4.1), we obtain

;SJ e1 + [—e2])?! = 02 (15 703)" (4.2)
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Choosing e; and e such that

6162:1
61*62:1

and substituting in (4.2) we end up with

2 Silertlmes =
J=0

which represents a generating function for Fibonacci numbers [5], such that F; =

Sj(er +[—e2)).
On the other hand, when replacing e; by 2e; and ez by (—2e2) in (4.2), and
under the condition 4e1es = —1, we obtain for x = e; — €9
JEOS] 261 + 262])2‘7 = m, (43)

which represents a generating function for Tchebychev polynomials of the second
kind [5], such that U;(z) = S;(2e1 + [—2e2]).

Moreover, from (4.3), we deduce that

o0
; 1 -2z
D [S(2e1 + [~2ea)) — @S;-1(2e1 + [~2e2))] 27 = 1902+ 22
7=0
which represents a generating function for Tchebychev polynomials of the first kind
, such that

Tj(x) = [Sj(2e1 + [—2e2]) — 5;-1(2e1 + [2e2])] -

In the case k = 2 Corollary 8 can be written as follows:

is (e1+ ¢ j el + ey —ejesz (4.4)
= ji(er +e2) (1—2’61)(1—262)' '

Replacing ez by (—e2) in (4.4), we obtain

€1 — ey + e1e2z
(1 —zey) (14 zea)

> Siialer + [—ea))2!
7=0

Choosing e; and ey such that

6162:1
e1—ey =1
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and substituting in (4.5) we end up with

o0
; 1+2
S = —
> Sjsiler +[—ea))z Tl
7=0
which represents a new generating function, such that Sji(eq + [—e2]) = (14 2)Fj.
On the other hand, when replacing e; by 2e; and ey by (—2e2) in (4.4), and

under the condition 4ej1es = —1, we obtain for x = e; — eo
2c— z
J—
E Sjt1(2e1 + [2e2])2? = T —t

7=0

which represents a new generating function, such that S;1(2e1 + [—2e2]) = (22 —
2)Uj().

4.2. The Case Z;’io(—l)j»’«’j = 1_1FZ

Corollary 10. Given an alphabet E = {e1,e2} , we have

o0
Sk_l(el + 62) + elegsk_g(el + 62)2
1)/ I = for all k € N.
; Y Sirj-a(er +e2)2 = (1+ ze1) (1 + ze2) ora
In the case k = 1 Corollary 9 can be written as follows:
> 1
1)/ I = . 4.6
]Z; Siler+ez)z (1+ zep) (1 + zeg) (4.6)
Replacing ez by (—e2) in (4.6), we obtain
= 1
—1); —e9])2’ = . 4.7
]go( ) ](el + [ 62])2 (1 4 Z@l) (1 _ 262) ( )

Choosing e; and ey such that

6162:1
e1—ey =1

and substituting in (4.7) we end up with

> 1
E: ]FZJ ’

14+2—22
J=0

which represents a new generating function, such that F; = Sj(e1 + [—ea]).
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On the other hand, when replacing e; by 2e; and ez by (—2e2) in (4.7), and
under the condition 4eje9 = —1, we obtain for x = e; — eo

1

“1VU.; J =
(=1)U;(@)z 1+ 2xz + 22’

M

<
Il
o

(4.8)

which represents a new generating function, such that U;(z) = S;(2e1 + [—2e2]).

Moreover, from (4.8), we deduce that

1—2xz

— 1T, J—
(=1 T;(x)z 1+ 2xz + 22’

M

<
Il
o

which represents a new generating function, such that
Tj(z) = [Sj(2e1 + [—2e2]) — 2Sj_1(2e1 + [—2e2])] .

In the case k = 2 Corollary 9 can be written as follows:

> €1+ ez +erjenz
1)78 . 4.9
]go( ) J+1<61 +62) (1+Z€1) (1+Z€2) ( )
Replacing ez by (—e2) in (4.9), we obtain
> ; ; €1 — €y — €1€92
1V S, _ J = . 4.1
jz_;( ) Sjt1(er + [—ea])z A+ 2e1) (0 = 2¢2) (4.10)

Choosing e; and ey such that

€169 = 1
€1 — €y = 1
and substituting in (4.5) we end up with

o0

Z(_l)j5j+1 (61 —+ [_62])Zj —

J=0

1—=2
142z — 22’

which represents a new generating function.
On the other hand, when replacing e; by 2e; and ey by (—2e2) in (4.9), and

under the condition 4e1es = —1, we obtain for x = e; — eo
o0
20+ z
JS (2 ) j_ _&rres
;) j+1(2e1 + [2e2])2’ = T o 1 2

which represents a new generating function.
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5. Conclusion

In this paper, a new theorem has been proposed in order to determine the generating
functions. The proposed theorem is based on the symmetric fonctions.The obtained
results agree with the results obtained in some previous works.
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