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Abstract: In this paper we show how the action of the symmetrizing endomor-
phism operators Lk

e1e2
to the series

∑+∞
j=0 ajz

j allows the obtention of an alternative
approach for the determination of Fibonacci numbers and Tchebychev polynomials
of the first and second kind.

AMS Subject Classification: 05E05, 11B39
Key Words: generating functions, symmetric functions, divided differences

1. Introduction

By studying the Fibonacci sequence Fn = 1√
5
(Φn

1 − Φn
2 ) , we note its close con-

nection with the equation x2 − x − 1 = 0, whose roots are the golden numbers Φ1

=1+
√
5

2 and Φ2 = 1−
√
5

2 . It is also noticed that the eigenvalues of the symmetric
matrix

M =

(

1 1
1 0

)

, (1.1)

represent the two golden numbers Φ1 and Φ2 of Fibonacci sequence [2]. Consequently,
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we obtain the following Vieta’s formulas

σ1 = λ1 + λ2 = 1 and σ2 = λ1λ2 = −1, (1.2)

where σ1, σ2 are called elementary symmetric functions of real roots λ1, λ2, respec-
tively. So, the eigenvectors of matrix M are multiples of

v1 =

(

λ1

1

)

and v2 =

(

λ2

1

)

. (1.3)

If we assume that |λ1| > |λ2|, then for any positive integer n, we have

Mn =

(

Fn+1 Fn

Fn Fn−1

)

. (1.4)

The rest of the paper is organized as follows. In Section 2, we present preliminary
notions on symetric functions and divided differences. In Section 3, the proposed
theorem is detailed and demontrated. Applications of the proposed theorem on
Fibonacci numbers and Tchebychev polynomials of the first and Second kind are
given in Section 4. Finally, conclusion is given in Section 5.

2. Preliminaries and Notations

In this section, we recall some basic definitions and theorems that are needed in the
sequel.

Definition 1. [1] Given two sets of indeterminate A and B (called alphabets),
we define Sj(A−B) as follows

ΠbǫB(1− zb)

ΠaǫA(1− za)
=

∞
∑

j=0

Sj(A−B)zj , (2.1)

with Sj(A−B) = 0 for j < 0.

Remark 2. By taking A = Φ in (2.1), we obtain

ΠbǫB(1− zb) =
∞
∑

j=0

Sj(−B)zj . (2.2)

Proposition 3. [1] Considering successively the case of A = Φ, B = Φ, we can
derive the following factorizationIn

te
rn

a
ti
o
n
a
l
E
le
ct
ro

n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
cs

–
IE

J
P
A
M

,
V
o
lu
m
e
9
,
N
o
.
3
(2
0
1
5
)



SYMMETRIZING OPERATIONS ON... 193

∞
∑

j=0

Sj(A−B)zj =
∞
∑

j=0

Sj(A)z
j

∞
∑

j=0

Sj(−B)zj . (2.3)

Thus,

Sn(A−B) =
n
∑

k=0

Sn−k(A)Sk(−B). (2.4)

The summation is in fact limited to a finite number of nonzero terms. In par-
ticular, we have [3]

ΠbǫB(x− b) = Sn(x−B) = xnS0(−B) + xn−1S1(−B) + xn−2S2(−B) + · · · , (2.5)

where Sj(−B) are the coefficients of polynomials Sn(x−B) for 0 < j < n. We note
that Sj(−B) = 0 for j > n.

For B = {b, b, b...} (we note B = nb), we have

Sn(x− nb) = (x− b)n. (2.6)

Thus, the special case of B = {1, 1, 1, ..., 1} gives the two binomial coefficients

Sj(−n) = (−1)j
(

n

j

)

and Sj(n) =

(

n+ j − 1

j

)

. (2.7)

By combining (2.4) and (2.7), we obtain the following expression

Sj(A− jx) = Sj(A)−

(

j

1

)

x1Sj−1(A) + · · · ±

(

j

j

)

xj . (2.8)

Lemma 4. [1] Given two alphabets A = {x} and B = {b1, b2, ...}, we have

Sj+k(x−B) = xkSj(x−B) for all k ≥ 0.

Definition 5. [1] Given a function g(x1, x2, ...), the divided difference operator
is defined by the following formula:

g(x1, ..., xi, xi+1, ...) → ∂xixi+1
(g) =

g − gσ

xi − xi+1
,

where gσ is the image of g by the transposition (xi, xi+1), i.e.,

gσ = g(x1, ..., xi+1,xi, xi+2...).

Definition 6. Let f and g be two polynomials, the implementation of xi and
xi+1 is given by the Leibniz formula:

∂i(fg) = ∂i(g)f
σ + ∂i(f)g.

In the particular case of f = fσ, we have
{

∂i(f) = 0,
∂i(fg) = ∂i(g)f.In
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The divided difference operator ∂xy commutes with symmetric functions at x,

y and is compatible with the function Sn [1, 4].

3. The Main Results

Proposition 7. [3] Let E be an alphabet such that E = {e1, e2} . The operator
Lk
e1e2

is defined as follows

Lk
e1e2

f(e1) = Sk−1(e1 + e2)f(e1) + ek2∂e1e2f(e1), for all k ∈ N.

Theorem 8. Given an alphabet E = {e1, e2}, and two series
∑∞

j=0 ajz
j ,

∑∞
j=0 bjz

j such that (
∑∞

j=0 ajz
j)(
∑∞

j=0 bjz
j) = 1, we have

∞
∑

j=0

ajSk+j−1(e1 + e2)z
j

=

k−1
∑

j=0
bje

j
1e

j
2Sk−j−1(e1 + e2)z

j − ek1e
k
2z

k+1
∞
∑

j=0
bj+k+1Sj(e1 + e2)z

j

∞
∑

j=0
bje

j
1z

j
∞
∑

j=0
bje

j
2z

j

. (3.1)

Proof. Let
∞
∑

j=0
ajz

j and
∞
∑

j=0
bjz

j be two sequences such that
∞
∑

j=0
ajz

j = 1
∞∑

j=0

bjzj
,

the left hand side of the formula (3.1) can be written as

Lk
e1e2

f (e1) = Lk
e1e2





∞
∑

j=0

aje
j
1z

j



 =
∞
∑

j=0

ajSk+j−1(e1 + e2)z
j ,

while the right hand side can be expressed as :

Sk−1(e1 + e2)f (e1) + ek2∂e1e2f(e1)

=
Sk−1(e1 + e2)

∞
∑

j=0
bje

j
1z

j

+ ek2∂e1e2
1

∞
∑

j=0
bje

j
1z

j

=
Sk−1(e1 + e2)

∞
∑

j=0
bje

j
1z

j

−

∞
∑

j=0
bjSj−1(e1 + e2)z

j

∞
∑

j=0
bje

j
1z

j
∞
∑

j=0
bje

j
2z

j
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=

∞
∑

j=0
bj

[

e
j
2Sk−1(e1 + e2)− ek2Sj−1(e1 + e2)

]

zj

∞
∑

j=0
bje

j
1z

j
∞
∑

j=0
bje

j
2z

j

=

k−1
∑

j=0
bj

[

e
j
2Sk−1(e1 + e2)− ek2Sj−1(e1 + e2)

]

zj

∞
∑

j=0
bje

j
1z

j
∞
∑

j=0
bje

j
2z

j

+

∞
∑

j=k+1

bj

[

e
j
2Sk−1(e1 + e2)− ek2Sj−1(e1 + e2)

]

zj

∞
∑

j=0
bje

j
1z

j
∞
∑

j=0
bje

j
2z

j

=

k−1
∑

j=0
bje

j
1e

j
2Sk−j−1(e1 + e2)z

j − ek1e
k
2z

k+1
∞
∑

j=0
bj+k+1Sj(e1 + e2)z

j

(

∞
∑

j=0
bje

j
1z

j

)(

∞
∑

j=0
bje

j
2z

j

) .

The two quantities are equal; proof completed.

4. Applications to the Generating Functions

4.1. The Case
∑∞

j=0 z
j = 1

1−z

Corollary 9. Given an alphabet E = {e1, e2} , we have

∞
∑

j=0

Sk+j−1(e1 + e2)z
j =

Sk−1(e1 + e2)− e1e2Sk−2(e1 + e2)z

(1− ze1) (1− ze2)
, for all k ∈ N.

In the case k = 1 Corollary 8 can be written as follows:

∞
∑

j=0

Sj(e1 + e2)z
j =

1

(1− ze1) (1− ze2)
. (4.1)

Replacing e2 by (−e2) in (4.1), we obtain

∞
∑

j=0

Sj(e1 + [−e2])z
j =

1

(1− ze1) (1 + ze2)
. (4.2)
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196 A. Boussayoud, M. Kerada, R. Sahali

Choosing e1 and e2 such that

{

e1e2 = 1
e1 − e2 = 1

and substituting in (4.2) we end up with

∞
∑

j=0

Sj(e1 + [−e2])z
j =

1

1− z − z2
,

which represents a generating function for Fibonacci numbers [5], such that Fj =
Sj(e1 + [−e2]).

On the other hand, when replacing e1 by 2e1 and e2 by (−2e2) in (4.2), and
under the condition 4e1e2 = −1, we obtain for x = e1 − e2

∞
∑

j=0

Sj(2e1 + [−2e2])z
j =

1

1− 2xz + z2
, (4.3)

which represents a generating function for Tchebychev polynomials of the second
kind [5], such that Uj(x) = Sj(2e1 + [−2e2]).

Moreover, from (4.3), we deduce that

∞
∑

j=0

[Sj(2e1 + [−2e2])− xSj−1(2e1 + [−2e2])] z
j =

1− xz

1− 2xz + z2
,

which represents a generating function for Tchebychev polynomials of the first kind
, such that

Tj(x) = [Sj(2e1 + [−2e2])− xSj−1(2e1 + [−2e2])] .

In the case k = 2 Corollary 8 can be written as follows:

∞
∑

j=0

Sj+1(e1 + e2)z
j =

e1 + e2 − e1e2z

(1− ze1) (1− ze2)
. (4.4)

Replacing e2 by (−e2) in (4.4), we obtain

∞
∑

j=0

Sj+1(e1 + [−e2])z
j =

e1 − e2 + e1e2z

(1− ze1) (1 + ze2)
. (4.5)

Choosing e1 and e2 such that

{

e1e2 = 1
e1 − e2 = 1In
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and substituting in (4.5) we end up with

∞
∑

j=0

Sj+1(e1 + [−e2])z
j =

1 + z

1− z − z2
,

which represents a new generating function, such that Sj+1(e1 + [−e2]) = (1+ z)Fj .

On the other hand, when replacing e1 by 2e1 and e2 by (−2e2) in (4.4), and
under the condition 4e1e2 = −1, we obtain for x = e1 − e2

∞
∑

j=0

Sj+1(2e1 + [−2e2])z
j =

2x− z

1− 2xz + z2
,

which represents a new generating function, such that Sj+1(2e1 + [−2e2]) = (2x −
z)Uj(x).

4.2. The Case
∑∞

j=0(−1)jzj = 1
1+z

Corollary 10. Given an alphabet E = {e1, e2} , we have

∞
∑

j=0

(−1)jSk+j−1(e1 + e2)z
j =

Sk−1(e1 + e2) + e1e2Sk−2(e1 + e2)z

(1 + ze1) (1 + ze2)
, for all k ∈ N.

In the case k = 1 Corollary 9 can be written as follows:

∞
∑

j=0

(−1)jSj(e1 + e2)z
j =

1

(1 + ze1) (1 + ze2)
. (4.6)

Replacing e2 by (−e2) in (4.6), we obtain

∞
∑

j=0

(−1)jSj(e1 + [−e2])z
j =

1

(1 + ze1) (1− ze2)
. (4.7)

Choosing e1 and e2 such that

{

e1e2 = 1
e1 − e2 = 1

and substituting in (4.7) we end up with

∞
∑

j=0

(−1)jFjz
j =

1

1 + z − z2
,

which represents a new generating function, such that Fj = Sj(e1 + [−e2]).In
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On the other hand, when replacing e1 by 2e1 and e2 by (−2e2) in (4.7), and
under the condition 4e1e2 = −1, we obtain for x = e1 − e2

∞
∑

j=0

(−1)jUj(x)z
j =

1

1 + 2xz + z2
, (4.8)

which represents a new generating function, such that Uj(x) = Sj(2e1 + [−2e2]).

Moreover, from (4.8), we deduce that

∞
∑

j=0

(−1)jTj(x)z
j =

1− xz

1 + 2xz + z2
,

which represents a new generating function, such that

Tj(x) = [Sj(2e1 + [−2e2])− xSj−1(2e1 + [−2e2])] .

In the case k = 2 Corollary 9 can be written as follows:

∞
∑

j=0

(−1)jSj+1(e1 + e2)z
j =

e1 + e2 + e1e2z

(1 + ze1) (1 + ze2)
. (4.9)

Replacing e2 by (−e2) in (4.9), we obtain

∞
∑

j=0

(−1)jSj+1(e1 + [−e2])z
j =

e1 − e2 − e1e2z

(1 + ze1) (1− ze2)
. (4.10)

Choosing e1 and e2 such that
{

e1e2 = 1
e1 − e2 = 1

and substituting in (4.5) we end up with

∞
∑

j=0

(−1)jSj+1(e1 + [−e2])z
j =

1− z

1 + z − z2
,

which represents a new generating function.
On the other hand, when replacing e1 by 2e1 and e2 by (−2e2) in (4.9), and

under the condition 4e1e2 = −1, we obtain for x = e1 − e2

∞
∑

j=0

(−1)jSj+1(2e1 + [−2e2])z
j =

2x+ z

1 + 2xz + z2
,

which represents a new generating function.
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5. Conclusion

In this paper, a new theorem has been proposed in order to determine the generating
functions. The proposed theorem is based on the symmetric fonctions.The obtained
results agree with the results obtained in some previous works.
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[1] A. Abderrezza, Généralisation d’identités de Carlitz, Howard et Lehmer, Ae-
quationes Math. 49, 36-46 (1995).

[2] A. Boussayoud , M. Kerada, Symmetric and Generating Functions, Int. Elec-
tron. J. Pure Appl. Math. 7, 195-203 (2014).

[3] A. Boussayoud, M. Kerada, A. Abderrezzak, A Generalization of Some Orthog-
onal Polynomials, Springer Proc. Math. Stat. 41, 229-235 (2013).

[4] A. Lascoux, Addition of ±1: Application to Arithmetic. Sémin Lothar Comb.
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