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flla=Dz+y)+(a—1)f(z—y) + flaz) — (® +a—1)f(x)
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1. Introduction

In 1940, S. M. Ulam[23] posed a classical question in the theory of functional equa-
tions: “when is it true that a mapping, which approximately satisfies a functional
equation, must be somehow close to an exact solution of the equation?”, which is
called a stability problem of the functional equation. In the next year, D. H. Hyers
[6] gave a partial solution of Ulam’s problem for the case of approximate additive
mappings. Subsequently, his result was generalized by T. Aoki [1] for additive map-
pings, and by Th. M. Rassias [22] for linear mappings, to considering the stability
problem with unbounded Cauchy differences. During the last decades, the stability
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problems of functional equations have been extensively investigated by a number of
mathematicians, see [4], [5], [12], [14], [16], [17].

In 1984, A. K. Katsaras [13] defined a fuzzy norm on a linear space to construct
a fuzzy structure on the space. Since then, several types of fuzzy norm have been
introduced in different points of view. In particular, T. Bag and S.K. Samanta [2],
following Cheng and Mordeson [3], gave an idea of a fuzzy norm in such a manner
that the corresponding fuzzy metric is of Kramosil and Michalek type [15]. In 2008,
A. K. Mirmostafaee and M. S. Moslehian obtained stability results for the Cauchy
functional equation [21] and the quadratic functional equation[20] in a fuzzy sense.
Now, for a fixed integer a > 1, we consider the functional equation:

flla=Dz+y)+(a—1)f(z —y) + flax) = (a® +a = 1) f(2)
—(a—=1)f(=2) = f(y) = (@a—=1)f(~y) =0 (1.1)

which is called the quadratic-additive type functional equation. A solution of (1.1) is
called a quadratic-additive mapping.

In this paper, we get a general stability result of the functional equation (1.1)
in the fuzzy normed linear space in the manner of A. K. Mirmostafaee and M. S.
Moslehian [20](see [7]-[11], [18],[19]).

2. Stability of the Functional Equation (1.1)

We use the definition of a fuzzy normed space given in [2] to exhibit a reasonable
fuzzy version of stability for the Cauchy additive and quadratic type functional
equation in the fuzzy normed linear space.

Definition 2.1. ([2]) Let X be areal linear space. A function N : X xR — [0, 1]
is said to be a fuzzy norm on X if the following conditions are true for all x,y € X
and all s,t € R:

Ni) N(z,t) =0 for t <0

N3) x =0 if and only if N(x,t) =1 for all ¢ > 0;

(V1)

(NV2)

(N3) N(cz,t) = N(z,t/|c|) if ¢ # 0;

(N1) Nz +y,s+1) >min{N(z,s), N(y,1)};
(IVs)

N5) N(z,-) is a nondecreasing function on R and limy_,o N(z,t) = 1.

The pair (X, N) is called a fuzzy normed linear space. Let (X, N) be a fuzzy
normed linear space. Let {x,} be a sequence in X. Then {x,} is said to be conver-
gent if there exists # € X such that lim,, oo N(z,—2z,t) = 1 for allt > 0. In this case,
x is called the limit of the sequence {x,} and we denote it by N — lim,,_,o z,, = .
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A sequence {z,} in X is called Cauchy if for each € > 0 and each ¢ > 0 there exists
no such that for all n > ng and all p > 0 we have N(zpqp — 2p,t) > 1 —c. It is
known that every convergent sequence in a fuzzy normed space is Cauchy. If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the
fuzzy normed space is called a fuzzy Banach space.

Let (X, N) be a fuzzy normed space and (Y, N’) a fuzzy Banach space. For a
given mapping f : X — Y, we use the abbreviations

Af (@, y) =f(
Qf(x7y) :f(
(

for all x,y € X, where a is a fixed natural number greater than 1.

Lemma 2.2. If f : X — Y is a mapping such that D,f(z,y) = 0 for all
z,y € X\{0} with f(0) =0, then

Daf(x,y) =0
for all x,y € X.
Proof. By the hypothesis, we get
a—1 1
Dqf(z,0) :mDaf(l"a (1—a)z) - mDaf(—x» (a—1)z)
2a — 3 1
- mDaf(;c, x) + mDaf(—x, —x)=0

for all z € X\{0} if a > 2 and
1
D2f($70) = §D2f(33‘,1‘) =0

for all x € X\{0} if a = 2. It is easy to show that D, f(0,y) =0 for all y € X as we
desired. U

Observe that the equations Af =0, Qf =0, and D, f = 0 represent the Cauchy
functional equation, the quadratic functional equation, and the quadratic-additive
type functional equation, respectively. A solution of Af = 0 is call an additive
mapping and a solution of @ f = 0 is call a quadratic mapping. The following lemma
shows that if f is an even or an odd mapping satisfying the equality D, f(x,y) =0
for all x,y € X, then f is a quadratic mapping or an additive mapping, respectively.
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Lemma 2.3. A mapping f : X — Y satisfyies the inequalty D,f(x,y) = 0
for all x,y € X if and only if there exist a quadratic mapping g : X — Y and an
additive mapping h : X — 'Y such that

f(@) = g(x) + h(z)

for all x € X.
Proof. (Necessity) We decompose f into the even part and the odd part by putting

z)+ f(—x r)— f(—=x
ooy = ST ) S So
for all € X. Notice that f(0) = % = 0. From the equalities

D.g(y,ax) — Dog(x +y,x)  Dag(—z,y — ) n (2a —1)Dog(x, x)

Qgle.y) = ala —1) a a 2a(a — 1)
Dag(z +y,2+y)  Dag(y,y)
2a(a — 1) 2a(a — 1)
-0,
Ah(x, y) :Dah(y7 (a’ B 1):6) — (a ;(i)?aﬁ(fm O) B Dah(x +Y, 0)0 N Dah(;xv y)
N (a — 1)Doh(z,2) + Doh(z + y, 2+ y) — Dah(y,y)
2a(a — 1)

=0

for all z,y € X, we conclude that ¢ is a quadratic mapping and h is an additive
mapping.

(Sufficiency) If g is a quadratic mapping, then
Dag(z,y) = Qg(z,y) + Qg(z,2) =0

for all z,55 € X. Notice that g(nz) = n?g(z) and g(x) = g(—=z) for all z € X and
all n € N. Assume that Dig(x,y) =0 for all ,y € X and an integer k > 2. Then

Dii19(2,y) = Drg(x, x +y) + kQg(z,y) + g((k + 1)z) — g(kz) — (4k + 1)g(z) = 0

for all x,y € X. By induction, we have D,g(z,y) = 0 for all x € X and all integers
a > 2. If h is an additive mapping, then h(nz) = nh(z) and h(z) = h(—z) for all
x € X and all n € N. So h satisfies the equality

Dyh(z,y) = Ah((a—1)z,y)+ (a—1)Ah(z, —y)+h(az)+h(a—1)z)— (2a—1)h(z) = 0
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for all z,y € X and all integers a.>

Now we get the general stability result of the functional equation (1.1) in a fuzzy
space. For given ¢ > 0, the mapping f is called a fuzzy q-almost quadratic-additive
mapping, if

N'(Dof(a,y).t + ) > min{N(z, %), N(y,9)} (2.1)
for all z,y € X\{0} and all s,t € (0, 0).

Theorem 2.4. Let q be a positive real number with q # %, 1. And let f be a

fuzzy q-almost quadratic-additive mapping from a fuzzy normed space (X, N) into a

fuzzy Banach space (Y, N') with f(0) = 0. Then there is a unique quadratic-additive
mapping F': X — Y such that

supy o {N (z, (a — aP)1t'?)} if ¢>1,
N'(F(z) — f(z),t) > ¢ supy {N (x, %t’q)} if 1/2<qg<1,
supy o {N (z, (a — a®)W'?)} if0<g<1/2

(2.2)
for each x € X and t > 0, where p = 1/q.
Proof. We will prove the theorem in three cases, ¢ > 1, % <g<l,and 0 < ¢ < %
Case 1. Let ¢ > 1 and let J,f : X — Y be a mapping defined by

Inf(x) = % (@™ (f(a"2) + f(=a"x)) +a" (f(a"z) — f(~a"x)))

for all z € X. Notice that Jyf(z) = f(z) and

adtl —1 , . a1 4 .
Jif(x) = Jjp1f(z) = WDaf(—aJw, —alz) — mDaf(a]x, ax) (2.3)

for all z € X and j > 0. Together with (N3), (N4) and (2.1), this equation implies
that if n +m > m > 0 then

N’<Jm (@) = T f(a:),mi_li <‘Z’>] tp)

j=m
n+m—1 n+m—1 1 /aP 7
>N (Y W@ - g, 3 1 (2) e
Jj=m j=m
n+m—1 i
) 1 /aP\’
> min | J {N’ (ij<x>—Jj+1f<x>,a(a) t)}
j=m
, . (@ +1)D,f(dz,a’z) (a?T! + 1)aPtP
= min U {mm{N/ <_ 4. q2i+2 L Y N ;
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N ((ajH — )Duf(—diz, —adz) (a/*! — 1)ajptp> }}

4. q2it2 9L g2+
n+m—1 ' 4
> min U {N(a’z,a’t)} = N(z,t) (2.4)
j=m

for all z € X and t > 0. Let ¢ > 0 be given. Since lim;_,o, N(z,t) = 1, there is
to > 0 such that
N(x,to) >1—ec.

We observe that for some ¢ > tg, the series E;io % (%)] tP converges for p = % < 1.

It guarantees that, for an arbitrary given ¢ > 0, there exists ng > 0 such that
n+m—1 1 /aP 7 ~

yool <> <o

, a\ a

j=m
for each m > ng and n > 0. By (N5) and (2.4), we have

N/<Jmf(il?) - Jn—l—mf(x)ﬂ C)

n+m—11 aP j~
>N (Inf@) = Dt 3 1 (5] #
j=m

> N(x,t) > N(z,t9) > 1 —e.

for all z € X. Hence {J,f(x)} is a Cauchy sequence in the fuzzy Banach space
(Y, N"), and so we can define a mapping F': X — Y by

F(z):= N — lim J,f(z).

n—o0

Moreover, if we put m = 0 in (2.4), we have

N'(f(z) = Juf(z),t) > N | =, (2.5)

for all x € X.
Next we will show that F' is the desired quadratic additive mapping. Using (N4),
we have

N'(D F(x,y),t)

> win { N ((F = 1)@= o+ 57 ) N (@ = DF = T =015 ).

t

N ((F — o f)(a), 11) N ((a2 ta—D)(Jnf — F)a), 14> :
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N (0= 020nf = )=o) o (0f = P05 ).

N (@@= 00s = P01y ) N (Ds e 5) | (26)

for all z,y € X and n € N. The first seven terms on the right hand side of (2.6)
tend to 1 as n — oo by the definition of F' and (N2), and the last term holds

N’ (DaJnf(x,y),D > min {N’ (lwx’any) t) N <Daf(‘“"’5’ —a"y) t>,

2.a2n "8 2. q2n "8
N/ Daf(a”:v, any) E N/ Daf(_anx’ _any) E
2. an '8 )’ 2. an "8

for all z,y € X. By (N3) and (2.1), we obtain

Do f(+amz, Lamy) t "t
N/< af( a'x, ta y) ) =N’ (Daf(ianx7iany)va

2. q2n '8 4
2n q 2n q
2 (e (5) ) v (0 (57) )
8 8
) a(2q71)n . a(2q71)n .
>minq N | x, Tt N |y, 534 t
and

n n (¢=1)n (a=1)n
Nl Daf(:l:a x7:l:a y))7 E Zmll’l N x, aitq ,N yv ¢ tq
2.qn 8 234 2%

for all z,y € X and n € N. Since ¢ > 1, together with (N5), we can deduce that the
last term of (2.6) also tends to 1 as n — oco. It follows from (2.6) that

N/(Daf(x7y)7t) =1

for each z,y € X and t > 0. By (N2) and Lemma 2.2, this means that D, f(z,y) =0
for all x,y € X. Next we approximate the difference between f and F' in a fuzzy
sense. For an arbitrary fixed z € X and ¢ > 0, choose 0 < e < 1 and 0 < ¢ < t.
Since F' is the limit of {J,,f(x)}, there is [ € N such that

N (F(z) = Jnof(z),t —t') > 1—¢.
By (2.5), we have
N/(F(l') - f($)7t) > min {N, (F(l’) - Jnf(x)at - t,) ,N, (Jnf(:E) - f(:E),t/)}

>min< 1 —¢,N [ x,
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>min {1 —¢,N (z,(a —a”)%'")} .

Because 0 < € < 1 is arbitrary, we get the inequality (2.2) in this case. Finally, to
prove the uniqueness of F', let F/ : X — Y be another quadratic-additive mapping
satisfying (2.2). Then by (2.3), we get

{ F(2) ~ JoF(x) = Y023 (JiF () = Jia F(x) = 0

. (2.7)
F(2) — JuF'(2) = Y008 (JiF/(2) = Jj1 F'(2)) = 0

for all z € X and all n € N. Together with (N4) and (2.2), this implies that

N'(F(x) - F'(z),t)

Zmin{ N' (JaF (@) = Juf(a), ;) N (Jnf (@) = (@), ;)}

> i v E(F — 1)(ta) ) (U 1),
(

2-n? 8 2. q2n 3

N (W ;) N/<(f—2F./21(2;a”w)’ ;)
N’ <<F2f><fﬂ>82 ]5 (fQF’)(a”fj>t

< 2-an ’8)’ < 2 qn 8)}

>sup N (w, ala= 924 (g — ap)qt'q)
t'<t

for all z € X and all n € N. Observe that, for ¢ = % > 1, the last term of the above
inequality tends to 1 as n — oo by (N5). This implies that N'(F(z) — F'(x),t) =1
and so we get

F(z) = F'(z)

for all z € X by (N2).

Case 2. Let % < qg<1landlet J,f: X =Y beamapping defined by

Iuf@) = (a7 () + f-are) 40 (1 (5) - £ (-5))

for all z € X. Then we have Jyf(z) = f(z) and

1 S 1 4 .
Jif (@) = Jj1fx) = — mDaf(aJx, a’x) — mDaf(—ajx, —ad'z)

CLj xT T aj —x —X
+ ut (v gren) = 0! (g )
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for all z € X and 7 > 0. If n+m > m > 0, then we have

N’<Jmf<w>— st £ (3 () 5 G'))

- { { < D.f(d/z,a’x)  a/PtP )
min - . :
4. q2i+2 7. a2it2 ’

'
< D.f(—a’x,—a'z)  a/PtP >

J

4. q2i+2 79 . q2+2

T ) a’tP
Daf aJ-i-l’ aitl) 9. qG+p )’

, x x altP
N <_4D“f( aj+1’_aj+1> ’ 2.a(j+1)p> }}
! T t
2 min U {N(a] (I']t) N <a]]+1’ a]‘H> }

for all x € X and ¢t > 0. In the similar argument following (2.4) of the previous
case, we can define the limit F(z) := N’ — lim,, o Jf(z) of the Cauchy sequence
{Jnf(z)} in the Banach fuzzy space Y. Moreover, putting m = 0 in the above
inequality, we have

N'(f(z) = Jnf(z),t) 2 N | z, (2.8)

(51 (& () + & (5)))'

for each x € X and t > 0. To prove that F' is a quadratic additive mapping, we
have enough to show that the last term of (2.6) in Case 1 tends to 1 as n — co. By
(N3) and (2.1), we get

N’ <Da<]nf($7y)7 ;)

> min{N’ (lWa:,a”y) t) N’ (Daf(—an$,—a”y t)
; '8)7 2. )

2. q2n

(" r oyt a y\ t
N <2Daf(an’an>’8>’N( f()g)}

> min {N(:c, a2~ g =3049) N (y, 29— 1n9—3414),

N(z,a'=0727399) N (y, a(lq)nQSqtq)}
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for each x,y € X and t > 0. Observe that all the terms on the right hand side of
the above inequality tend to 1 as n — oo, since % < q < 1. Hence, together with the
similar argument after (2.6), we can say that D, f(x,y) = 0 for all z,y € X. Recall,
in Case 1, the inequality (2.2) follows from (2.5). By the same reasoning, we get
(2.2) from (2.8) in this case. Now to prove the uniqueness of F', let F’ be another
quadratic additive mapping satisfying (2.2). Then, together with (N4), (2.2), and
(2.7), we have

N’(F( ) — F'(z),t)
N'(JnF(2) = Jo F'(2), )
Zmin{ <JnF x);>N< (@), ;>}
zmin{ <F fa2:x?é <(f l”(’ﬂ::}gé)7
(F = f)(=a"z) )( "x) t

 ((f — F')(—a"x) t
’N( 2-a?" ’8)’

)
)0 (5 (- (2)) 5)
) 8) v (3 (-m(3)) 5) )

> min { up N ( (qul)"2*2q(a2 —a)"9(a® — aP)(aP — a)qt'q) ,
<t

sup N (w, a'mDm2724 (g2 — q)79(a® — aP)(aP — a)qt’q) }

<t
for all x € X and n € N. Since lim,, aZa—n — lim, o0 al=9" = ~ in this case,
both terms on the right hand side of the above inequality tend to 1 as n — oo by
(N5). This implies that N'(F(z) — F'(x), t) =1 and so F(z) = F'(z) for all x € X
by (N2). Case 3. Finally, we take 0 < ¢ < % and define J,f : X — Y by

i) =5 (o (1 (55) =1 (=35)) + (1 (5) - £ (=)

for all z € X. Then we have Jyf(z) = f(z) and

a?l + ot T a¥ —ql —-r —x
Jif(@) = Jj+1f(x) =——Daf <a3+1’ag+1) + = Daf <aj+1’aj+1>

which implies that if n +m > m > 0 then

N,<Jmf($) _ Jn+mf(w)an§:_l (ﬁ)g 5:’)

Jj=m
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ntm-—1 2j 2j o i)
. . ;[ a +a’ x (a™ + a?)t
> min | | {mm{N ( 1 D f< J+1’a3+1> SRR

2j _ g 2] _ qJ\¢P
, [ a a x x (a a’)t
N < 4 Daf (_aj+1’_aj+1)’ 2. qU+bp )}}

for all z € X and ¢ > 0. Similar to the previous cases, it leads us to define the
mapping F : X — Y by F(z) :== N’ — lim, o J,, f(2). Putting m = 0 in the above
inequality, we have

(2.9)

for all x € X and ¢ > 0. Notice that

N (DaJnf(a:, y), ;)
. / a’" Ty / a®" —r Y l
me{N (zDaf(w’w)’zS) N (zDaf ()s)
a™ Yy / a" ) l
N( af(an))78> N< af(a“’a”)’S)}

> min {N (a:, a(l_Qq)”Q_?’qtq) N (y, a(1_2Q)”2_3qtq> ,

N (;C?a(lfq)anSqtq) N <y7 a(lfq)nszqtq> }

for each z,y € X and ¢ > 0. Since 0 < ¢ < %, oth terms on the right hand side
tend to 1 as n — oo, which implies that the last term of (2.6) tends to 1 as n — oo.
Therefore, we can say that D,f = 0. Moreover, using the similar argument after
(2.6) in Case 1, we get the inequality (2.2) from (2.9) in this case. To prove the
uniqueness of I, let ' : X — Y be another quadratic additive function satisfying
(2.2). Then by (2.7), we get
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)8 (2 (- (2).4))

> sup N (3:, a1—2an9=2q(qp a2)qt'q>
<t

for all z € X and all n € N. Observe that, for 0 < g < %, the last term tends to 1
as n — oo by (N5). This implies that N'(F(x) — F'(x),t) = 1 and F(x) = F'(x) for
all z € X by (N2). O

Remark 2.5. Consider a mapping f : X — Y satisfying (2.1) for all z,y €

X\{0} and a real number ¢ < 0. Take any ¢t > 0. If we choose a real number s with
0 < 2s < t, then we have

N'(Dof(2,y),t) > N'(Daof(z,y),2s) > min{N(z,s?), N(y,s?)}
for all z,y € X\{0}. Since ¢ < 0, we have lim,_,y+ s? = oo. This implies that

i N ,q:l' N’q:]_
g N ot) = Jig, Vi)

and so
N'(Dyf(x,y),t) =1

for all z,y € X\{0} and ¢ > 0. By (N2), it allows us to get D, f(z,y) = 0 for all
z,y € X. In other words, f is itself a quadratic additive mapping if f is a fuzzy
g-almost quadratic-additive mapping for the case ¢ < 0.

Corollary 2.6. Let f be an even mapping satisfying all of the conditions of
Theorem 2.4 with f(0) = 0. Then there is a unique quadratic mapping F': X —Y
such that

N'(F(z) — f(x),t) > ilgzN (2, (Ja® — a?|t')") (2.10)

for all x € X and t > 0, where p = 1/q.

Proof. Let J, f be defined as in Theorem 2.4. Since f is an even mapping, we obtain

fla"a)+f(—a"z)

. | fem iy if ¢ > %,
10 ={ @t g+ s i 020
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for all x € X. Notice that Jyf(z) = f(z) and

—Dy f(aiz,aix)

—Daf(a?x,07x) g1
Jif(x) = Jjpf(x) = o 20772 i L
J J ;Daf (W,W) 1f 0<q<%

for all z € X and j € NU {0}. From these, using the similar method in Theorem
2.4, we obtain the quadratic-additive mapping F satisfying (2.10). Notice that F is
also even, F(0) = 0, and D,F(x,y) = 0 for all z,y € X. This means that F' is a
quadratic mapping. O

Corollary 2.7. Let f be an odd mapping satisfying all of the conditions of
Theorem 2.4. Then there is a unique additive mapping F : X — Y such that

N'(F(z) — f(z),t) > sup N (z, (ja — a?|t')?) (2.11)

t'<t

for all x € X and t > 0, where p = 1/q.
Proof. Let J, f be defined as in Theorem 2.4. Since f is an odd mapping, we obtain

e fa"e)—f(—a"s) gL,
n - 1 . .
%(f(ain)_f(aﬁ)) if 0<g<1

for all € X. Notice that Jof(z) = f(z) and

oD, f(dlx,alx) if ¢>1,

J. T _J €T) = 2-q7 1 .
if (@) = Jjf(z) {‘;]Daf(afiuaj%) if 0<g<1

for all x € X and j € NU{0}. From these, using the similar method in Theorem
2.4, we obtain the quadratic-additive mapping F' satisfying (2.11). Notice that F’
is also odd and D, F(z,y) = 0 for all z,y € X. This means that F' is an additive
mapping. Il

We can use Theorem 2.4 to get a classical result in the framework of normed
spaces. Let (X, || -||) be a normed linear space. Then we can define a fuzzy norm
Nx on X by following
0, t< |
1, t> |z

Ny (z,t) = {

where x € X and t € R, see [20]. Suppose that f : X — Y is a mapping into a
Banach space (Y, ||| - |||) such that

Do f ()l < [l )P + llyl”
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for all x,y € X, where p > 0 and p # 1,2. Let Ny be a fuzzy norm on Y. Then we
get
0, s+t <|||Daf(z,y)lll
Ny (Dyf(x,y),s+1t) =
v(Daf(z,y),5+1) {1, s+t > ||[Daf(z,y)|ll

for all z,y € X and s,t € R. Consider the case Ny (D,f(z,y),s +t) = 0. This
implies that
1zll” + [lylI” = [ Daf (2, y)ll| = s+

and so either ||z||? > s or ||y||P > ¢ in this case. Hence, for ¢ = %, we have
min{Nx (z,s?), Nx(y,t?)} =0
for all x,y € X and s,t > 0. Therefore, in every case, the inequality
Ny (Dqf(z,y),s +1t) > min{Nx (z, %), Nx(y,t)}
holds. It means that f is a fuzzy ¢-almost quadratic additive mapping, and by

Theorem 2.2, we get the following stability result.

Corollary 2.8. Let (X, | -||) be a normed linear space and let (Y, ||| - |||) be a
Banach space. If

Do f (2 )l < [l )P + llyl”

for all x,y € X, where p > 0 and p # 1,2, then there is a unique quadratic-additive
mapping F': X — Y such that

1Ed]

b if 0<p<l,
(12—(1 x .
I1F(x) = f@)lll < oy if 1<p<2,
if p>2

([
aP—a?

for all x € X.
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