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Abstract: The particular solution of the second order differential equation:
20" (2) + 2w’ (2) + (22 — pPw(z) = 0

is

= —-1)" Z\2n-+tp
52 = T;—M(;QH S

and is called the Bessel function of the first kind of order p.

In this work, the p-valence of the generalised Bessel function of the first kind
is established. In particular the coeflicient inequalities conditions for starlikeness,
convexity and close to convexity are given.
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1. Introduction

In 2007, Patel and Cho [9] established certaln sufficient condition for close to con-
vexity. Also Neng and Ding [7] established some properties of certain multivalent
functions involving Ruscheweyh derivative. In particular; subordination relation,
inclusion relations, convolution properties and a sharp coefficient estimate were ob-
tained.
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2. Bessel Functions

The function

> —1)" z
Ip(z) = nZ:;) m(g)%”, (1)

which is defined for all z € C' and where p is an unrestricted real or complex number
is called the Bessel function of the first kind of order p. It is obtained from the
second order differential equation, known as Bessel equation (see [1], [12], [10]):

20" (2) + 2w’ (2) + (22 = pHw(z) = 0. (2)
In (2010) Baricz defined the function
= (=" z

Wp,be(2) = (
nz;)n!l“(p—i-n—i- b1y 2

2t 3)

is the generalized Bessel function of the first kind of order p. By the ratio test,
the radius of convergence of the wy(z) is infinity and thus is convergent for all
b,c,p,z € C. The function generalized the Bessel, modified Bessel, Spherical Bessel
and Modified Spherical Bessel functions of the first kind of order p. It is the solution
of the generalized Bessel equation of the first kind, defined as

22w (2) + bzw'(2) + [e2? — p? + (1 = b)plw(z) = 0. (4)

The normalized the function defined in (3) is used to study the univalence of it
in the unit disk using some established results in geometric function theory.

3. Multivalent Function

Let f(z) be a function analytic in the open unit disk U = {z : |z| < 1}, if the
equation f(z) = w has never more than p solution in U and if there exist some w
for which this equation has exactly p-solution then f(z) is said to be p-valent in U.
Thus the p-valent function f(z) = 2P maps U onto U but each image point except
w = 0 has p different preimages. More picturesquely f(z) = zP can be visualized or
viewed as a mapping of U in the z- plane univalently onto a spira-like surface with
p layers(sheets) hovering above U in the w-plane.
By A, we denote the class of functions of the form

f(2) =22+ app2?th, (5)

k=1
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which are analytic and p-valent in U,p € N ~ {1}, z € U.
A function f(z) € A, is said to be p valent starlike of order a(0 < o < p) in U.

RQ{Z]{;S)} >a, zel. (6)

The class of all such functions is denoted by S*(p, ).
And S; () denote the subclass of S*(p, ) consisting of functons f(z) € A, for
which

If

2f'(2)
f(z)

_p’<p_a7 (7)

for0<a<p, pe N~ {1}
A function f(z) € A, is said to be p-valent convex of order a(0 < a < p) in U

2f"(2)
f'(2)
The class of all such functions is denoted by K(p,«). It follows from (6) and (8)
that f(z) € K(p,a) <= L € $*(p,a) [1,3].

Also, by K, (o) we denote the subclass of K (p, «) consisting of functions f(z) €
A, for which

Re{1+ }>a, zeU. (8)

2f"(2)
14+ —-pl<p—a, ze€l. 9
The conditionss (6) and (8) are also equivalent to
2f'(2)
-1ll<l-«a 10
2E - (10)
and
2f"(2)
<l—-a«a, ze€eU, 11
Erey (1)

for 0 < a < 1 respectively.
It is well known that a function f(z) analytic in the unit disk U is said to be
close to convex if there exist a convex function g(z) such that

'(2)
q'(z)

Re{ } >0, (12)

for all z € U, see [3].
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Similarly, for a p-valent function analytic in U the condition holds and is stated
in the lemma below

Lemma 1. (see [2]) A p-valent function of the form (5) is said to be p-valent
close to convex of order o(0 < « < p) if and only if

re{ L8> (13)

2Pl

for all z € U.

4. p-Valent Bessel Function

Now, we consider the function g(z) defined by the transformation

b+1

g(z) =2"T'(p+ )2 "wppe(2), (14)

where I' is the well known Euler gamma function and wy .(z) defined in (3) we
have

o AT+ ) 2,
g(z)zzn'l‘(p+n+ 2 1)(2) '

Taking into consideration

I'(a+n)

= )

=ala+1)..(a+n—-1)

the well known Pochhammer (or Appell) symbol defined in term of the Euler gamma
function for a # 0,—1,—2,... and (a)y = 1.

b+1
Let (K')n _ F(p+n+ P )

, then we have that
T(p+25)

[e.e]
Z n+p
Now, set

wa e, (15)

for all z € C, where

(=" (=D"

bty = n!(K)n

)
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for all n > 0. Normalising (15) we have

P+ Z bp+k‘ p+k7 (16)

for all p € N.

The function defined in (16) above is called the p-valent Bessel function, the
function is analytic and multivalent in the unit disk. The class of the form (16) is
denoted by A, . And it is a subclass of the class of functions defined in (5).

Hence, we prove inequalities conditions for starlikeness, convexity and close to
convexity of order alpha for the class A, .

5. Main Results

Theorem 1. Let g(z) € Ay . Then g(z) is convex of order alpha if

p(p — 1)+pr+k(p+k:)(p+k:—a) <l-oa.
k=1

Proof. Suppose g(z) is convex of order alpha, then we need to show that g(z)
satisfies the conditions (8) and (11).

Now
P .z = p+k z -
9(2) =5+ D by (G
k=1
p—1 PR p+hk—1) 2.,
Zg/l(z) :(T)(Q p— 1+pr+k‘( )(2 )(§)p+k 1’
k=1
‘zg”(z)‘ _’p(pgl)(z)p—1+zoo by w(%)‘
R S L O
I %(p(p 1)(%)17*1 + 2211 prrk(p +k)(p+k— )(%)pq%fl) |
1 o0
SEGY + Y bprlp + RGP
k=1

pp— 1) + 35 bprwllp + K)(p+ &k — 1)
< = .
P =2 k=1 bkl (p + F)

The above is bounded by 1 — «, if
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pp =1+ |bprllp+ ) p+E—1) < (1 —a)p—>_ [bprl(p + ),
k=1 k=1

which is equivalent to

o
plp—1)+ > |bpil(p+ k) p+k—a) <1-—a.
k=1
Theorem 2. Let Ay ;(p,a) be the class of p-valent starlike function of order
alpha, and Ay () the subclass A j(p, ) consisting of function g(z) € Ap such
that

Izggég) —pl<p-—a

Then

D byl +k—a) <p-a,
k=1

holds for 0 <a<p,pe N,zeU.

Proof. We have

‘Zg’(z) . :’p(é)p + 2 fomt bork(p + RGP —p(5)P - 30 pbp+k(%)p+k‘
9(2) (307 + 25 bprr (5P
2t bpinlk
1= 3701 byl

This last expression is bounded above by p — « if:

Z bpxlk < (p— ) (1 — Z |bpx])-
k=1 k=1
Therefore

o0
D bprrlp+k—a) <p-a
k=1
Remark A. The result in Theorem 2 above agrees with Theorem 1 in [4].

Theorem 3. Let k(p, ) be the class of p-valent Bessel convex function of order
alpha, and ky(«) the subclass of k(p, ) consisting of g(z) € Ap, k) such that

1
2q" (2
1+ g’((z)) —pl<p-—a.




International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 9, No. 2 (2015)

MULTIVALENCE OF THE BESSEL FUNCTION 101

Then

D lbpilp+E)p+k—a)<p—a
k=1

holds for all z ¢ U,0 < a<p,pe N.

Proof. We have

2g"(2) | :|g’(Z) + 24" (2) —pg’(Z)|
g'(2) g'(2)
it lbpiklp+R) + (p+R)(p+k—1) = (p+ F)p
P = ey bpskl '

The expression above is bounded by p — «, if

11+

D bkl + R+ +R)p+k—1) = (p+kp < [(p—a)p =D bkl (p+ k).
k=1 k=1

The last is equivalent to

D lbprrl(p+E)(p+ k=) <plp— ).
k=1

Remark B. Theorem 3 is equivalent with Theorem 1 when p = 1.

Theorem 4. Let
z > z
_(Z “\p+k
9(z) = Q)P + gl +bp k()"

be in the class Ay, then g(z) is p-valent close to convex of order a(0 < o < p), if
and only if

Re{ él)(pz—)l} > q,

for all z € U.

Proof. Suppose

9(z) = (G + Dby (5
fe=!
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is in the class A} and

P
flz) = #

then f(z) is convex because

2f"(2) (p-D(E)P!
Re{(1+ = Re{l + ———=—}=p>0.
(04 50 = Ref1 + P2
Now f/(z) = ()P
Therefore ) )
g (z g (z
Re{ }=Re{—>—-=}>0,
f'(z) (3)rt
by the condition of the theorem:.
Conversely: Suppose
9'(2)
Re{ = P>a
(5)p-1
then . ()
J(z
2p_lRe( zp_l) >0,
such that 2+ > 0 this implies that Re(g/p(fl)) > a.

Hence, by Lemma 1 g(z) i p-valent.

Lemma 2. Let the non (constant) function w(z) be analytic in U with w(0) = 0
if lw(z)| attains its maximum value on the circle
|z2| =r < 1 at a point zy € U, then zow'(29) = kw(zp) where k is a real number and
k>1.

In 2010, Fadipe-Joseph and Opoola (see [5]) defined the class functions O, € A4,
satisfing the condition

2f"(2)
f'(2)

for a(0 < o < p) using lemma 2. Furthermore, the result in [4] is extended in the

20+ o) +1

Re{l
el + 1+ (p+a)

1<

)

following theorem.

Theorem 5. Let O, }, be the class of functions g(z) € Ay, then O, satisfies

zg”(z)} 2%+ 2(p + «)

Rell+ = e < 3t ot o)
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Proof. Suppose
z > z k
9(z) = (§)p + kzlbp+k(§)p+

and

Then

(e = S A

By Lemma 2 we have zow'(2) = kw(z), k > 1, w(z) = pe??:0 € R, then

z0(pta)w’(2)
20" (20) T
Re{l + 22 Uy — Ref1 4 — 2071
U ity = Bl o)
(p+g)li%f(z'o) (1;+32p
=1+ Re{-—2" —} <1+ 2
L+ 2 w(z) Pptlptelr
If z € (0,1], we see
zo(pte)w’(z)
20" (20) TS
Re{l + 2L VY — Re{1 4 — 220
¢ f'(z0) J ¢ L+ gjﬁw(z)}
(pta)p 2%+ (ptajp+@+a)p  2°+2(p+o)
2°p + (p +a)p 2°p+(p+ap 22+ (p+a)’

which complete the proof.

Corollary 1. Let p =1, then
2f"(2) 29 + 2+ 2

Re{l .
AP T
Corrollary 2. Let p=1 and o = 0, then
21" (2) 3
Re{l —
e{l+ ) } < 5

The class O), 1 is equivalent to the class of functions f € A satisfing the condition

2f"(2) 3

Re{l + f/(z) } < 5

for all z e U.
This class was remarked in [9] and was considered earlier in [5] and [8].
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6. Conclusion

In this work, the p-valent function of the Generalised Bessel function of the first
kind of order p is established. The function was used to establish some results in
geometric functions theory.
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