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1. Introduction, Definitions and Preliminaries

We let A to denote the class of functions analytic in U and having the power series
expansion

f(z)=z+ Z anz" (1)
n=2

in the unit disc U = {z: |z| <1}. Let S be the class of functions f (z) € A and
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univalent in U.
In 1976, Noonan and Thomas [17] stated the ¢"* Hankel determinant of f for
g>landn>1as

Qn an4+1 -0 Qn4g-1
Gn41 an42 - Gn4q
H,(n)= ) . . .
an+q—1 OGn4q " An42g—2

This determinant has been considered by sevarl authors in the literature [17]. For
example, Noor [18] determined the rate of growth of H, (n) as n — oo for functions in
U with bounded boundary. Later, Ehrenborg [3] considered the Hankel determinant
of exponential polynomials. The Hankel transform of an integer sequence and some
its properties were discussed by thoroughly by Hayman in [9].

Also, Hankel determinant was studied by various authors including Hayman [9]
and Pommerenke [19]. Easily, one can observe that the Fekete-Szego functional is
H, (1). Fekete-Szego then further generalized the estimate !ag — ,ua%‘ where p is
real and f € U. Ali [1] found sharp bounds on the first four coefficients and sharp
estimate for the Fekete-Szego functional. For our discussion in this paper, the Hankel
determinant for the case ¢ = 2 and n = 2 are being considered

as as
az a4

Hy(2) =

Janteng, Halim and Darus [10] have determined the functional |a2a4 - a§| and found
a sharp bound for the functions f in the subclass RT of U, consisting of functions
whose derivative has a positive real part studied by Mac Gregor [16]. In their work,
they have shown that if f € RT then |agay —a3| < %. The same authors[10]
also obtained the second Hankel determinant and sharp bounds for the familiar
subclasses namely, starlike and convex denoted by ST and CV of U and have shown
that |a2a4 - a§| < 1 and |a2a4 — a§| < % respectively. R.M. El-Ashwah and D.K.
Thomas[4] defined the following classes:

x 22f'(2)
S = z AIRB —_— %4 U ,
¢ {f()e {f(z)+f(2)}>0 € }

] 22f'(2)
S - z .A : Re R —— 72’ U .
sc {f( )G {f(z)—f(—z)} >0,z € }

Functions in the classes S} are called starlike functions with respect to conjugate
points and S%. are called starlike functions with respect to symmetric conjugate
points.

Again Janteng et al. [10] introduced the following classes:
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2(zf'(2))
K.=< f(z) € A: Re &)), >0,2€U,,
(1) + 7))
2(zf'(2))
Kse =< f(2) € A: Re (2(2)) >0,z€U

(1) -702)

Functions in the classes K. are called convex functions with respect to conjugate
points and K. are called convex functions with respect to symmetric conjugate
points.

Obviously the functions in these classes are univalent. Various subclasses of
analytic functions with respect to conjugate poins and with respect to symmetric
conjugate points were widely investigated by various authors including Dahar[11],
Selvaraj [22], Ravichandran [20] Tang and Deng [8]. Motivated by the above men-
tioned results obtained by different authors in this direction, we seek upper bound

(

of the function ‘a2a4 — ag‘ for functions belonging to the classes S (a), S:ca), Kc(a)
and K. s(?)

S: @ denotes the subclass of functions f (2) € A and satisfying the condition

e 2@
7+ ><f(z)+ﬁ)]>o, @

Re

The following observations are obvious:

1. 55U = Rr.

2. SZ(O) = S}, the class of starlike functions with respect to conjugate points
introduced by Gagandeep Singh [6].

S denotes the subclass of functions f(2) € A and satisfying the condition

Re |af'(z)+(1—a) (ﬁf_’(i)] >0, (3)

2) = f(=%2)

The following observations are obvious:

1. 55N = Rr.

2. S;‘éo) = S7., the class of starlike functions with respect to symmetric conjugate

points introduced by Gagandeep Singh [6].
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Kc(a) denotes the subclass of functions f (z) € A and satisfying the condition

2(zf'(2))
Re faf'(e)+ (1 —a) | —ELET sy (@
(1) + 7))
The following observations are obvious:
1. KV = RT.
2. K(go) = K., the class of convex functions with respect to conjugate points

introduced by Gagandeep Singh [6].

K9 denotes the subclass of functions f (2) € A and satisfying the condition

Re |af'(z) + (1 —a)

The following observations are obvious:

1. KU = Ry

2. K 5(8) = K., the class of convex functions with respect to symmetric conjugate
points introduced by Gagandeep Singh [6].

2. Preliminary Results
Let P be the family of all functions p analytic in U for which Re (p(z)) > 0 and
p(z)=14prz+p2?+--- Vzel. (6)

Lemma 2.1. (see [19]) We have |py| <2 (k=1,2,3,...).
Lemma 2.2. Ifp € P, then
2py = pi + (4 —p}) =,
tps =p}+2p1 (A=) 2 —pr (A=) @ +2 (4= p}) (1= o) 2,
for some z and z satistying |x| < 1 and p; € [0, 2].
This result was proved by Libera and Zlotkiewiez [14, 15].
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3. Main Results

Theorem 3.1. If f(z) € SZ(O‘), then

(7)

‘a2a4 — ag‘ < o oz)2'

Proof. Since S; (@) denotes the subclass of functions f(z) € A and satisfying the
condition, so from (3)

/ 221'(2)
Re |af'(z —a) | ——— 0. 8

fo)+0 >(f(z)+f(g)>]> ®)
Db
a2_1—i—a
G — P2 i (1—04)17%
"T2va 24a)(1+a)? (9)
g (1-a)pip n (1—a)(1—40)p?
T340 1+a)2+a)B+a)  (1+a)P2+a)B+a)

asayg — a%

(1+a)® (240a)” pips
1|+ [30-0) (1+0)’ 2+a) - 2(1-a) (1+a)’ (3+a) | pps
C(a) | +[(1-a)1-4a) (2+a) - (1-a)? (3+a)} pil
— (14+a)" (3+0) p}

where
C(a) = (14+a)* 2+a)? (3+a)

Using Lemma 2.1 and Lemma 2.2 in (10).

= 4C1(a)
( [(1 +a)® (2+a)? +2a(1-a) (1+a)? — 4(1—a)

|a2a4 — a%

(32 + 5a+1) — (14+a)* (3+a)] P+ [2 (1+a)? (24a)?

+2a(1—a) (1+a)2 -2 (1+a)4 (3—}—(1)] p% (4 — p%) T
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— [(1+a)3 (2+a)2p% + (1+a)4 (3+a) (4 — p%)} (4—p%) x2
+2 (1+a)3 (2+a)2p1 (4—p%) (1—\36[2) z‘ .
Assume that p; = p and p € [0, 2], using triangular inequality and |z| < 1, we have
|a2a4 - a§|

1

=0

[ [(1+a)3 (2+a)% + 20 (1—a) (1+a)? —4(1—a)

(302 +5a+1) — (1+a)* (3+a)] Pt +2(1+a)?
[(1+0) (2+0)* + a (1-0a) = (1+0) (3+a)| p* (4~ p?)
+(1+a)® [(2+a)2p2 +(14a) (3+a) (4—p2)] (4—p?) 22

+2(1+0)® (2+a)?p (4—p?) (1—|x|2>].

|a2a4 — a§|

<

1C (o) | [(1+0)* 2+0)” +2a (1-a) (1+0)* = 4(1-0)

(302 +5a +1) — (1+a)* (3+a)] p
+2(140a)’ (2+a)’p (4—p%) + 2 (1+a)’
(140) (2+0)” + a (1-a) = (1+a) (3+a)| p? (4-p?) 6
+(14+0)° |(2+0)*p* = 2(2+0)’ p+ (1+0a) (3+a) (4-p?)
(4-p%) 7).

Therefore

‘a2a4 — a%‘ <

F
4C (@) (¥)
where 6 = |z| <1 and

F(6) = [(1+a)3 (2+a)® + 20 (1-a) (1+a)® —4(1—-a)
(30 +5a+1) — (1+a)* (3—1—04)] pt+2(1+a)’
(2+0)’p (4=p%) + 2 (14a)’

[(1+a) 2+a)’ +a(l-a) - (1+a)? (3+a)] p? (4—p?) §



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 9, No. 2 (2015)

HANKEL DETERMINANT FOR ANALYTIC FUNCTIONS... o1

+ (1) [(2+0)? 52 = 2(2+0)p+ (1+0a) (3+0) (4—p?)

(4—p2) 5.
is an increasing function. Therefore Max F(d)= F(1).
Consequently
2
|a2a4—a3| < 1C (Q)G(p), (11)
where G (p) = F (1).
So
G (p) = A(a)p' — 4B (a)p* + 16 (1+a)" (3+a),
where
A(a) =2 (7a®~Ta? +5a+1) ,
and
B(a) = (a5+9a4+2a3+11a2+20z) ,
Now
G’ (p) = 44 (a)p’ — 8B (o) p.
and

G" (p) = 124 (o) p* — 8B (a) .

G’ (p) = 0 gives
1p[A(0)p? — 2B ()] =0

G” (p) is negative at

_\/a5+9a4+2a3+11a2+2a_ )
Ta3—Ta?+5a+1 -

So MaxG (p) = G (p').Hence from (11), we obtain (3.1).

The result is sharp for py = p/, po = pf — 2 and p3 = p; (pf — 3).
For a = 1 and a = 0 respectively, we obtain the following results:

Corollary 3.2. If f(z) € RT,then

4

3

Remark 3.3. For the choice of @ = 1, The result coincide with those of

A.Janteng, S.A.Halim and M.Darus [12].
Corollary 3.4. If f(z) € S¥,then

‘a2a4 — ag‘ <

‘a2a4 — ag‘ <1.
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Remark 3.5. For the choice of @ = 0, The result coincide with those of
Gagandeep Singh [6].

Theorem 3.6. If f € S;kc(a), then

4
‘a2a4 — (Zg‘ S m (12)
The result is sharp for py = p/, po = pf — 2 and p3 = p; (pf — 3).
For o = 1 and a = 0 respectively, we obtain the following results:
Corollary 3.7. If f(2) € RT,then
4
‘a2a4 — ag‘ < 9
Corollary 3.8. If f(z) € S%.,then
‘a2a4 — ag‘ <1.
Theorem 3.9. If f € Kc(a), then
4
2
asay — as| < ————. 13
‘24 3‘_9(2—(1)2 (13)
The result is sharp for py = p/, po = pf — 2 and p3 = py (pf — 3).
For o = 1 and a = 0 respectively, we obtain the following results:
Corollary 3.10. If f(z) € RT, then
4
‘a2a4 — ag‘ < 9
Corollary 3.11. If f(z) € K., then
1
‘a2a4 — ag‘ < §
Theorem 3.12. If f € Kgg), then
‘a2a4 — ag‘ < % (14)
9(2—a)

The result is sharp for p; = p/, po = pi — 2 and p3 = p1 (p] — 3).
For o = 1 and « = 0 respectively,we obtain the following results:

Corollary 3.13. If f(z) € RT,then

o

‘a2a4 — ag‘ < §
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1]

[11]

[12]

Corollary 3.14. If f (z) € K., then

[

‘a2a4 — ag‘ < 9

References

R. M. Ali, Coefficients of the inverse of strongly starlike functions, Bull. Malays.
Math. Sci. Soc. (second series) 25 (1) (2003), 63-71.

R. N. Das and P. Singh, On a subclasses of schlicht mappings, Indian J. Pure
Appl. math., 8 (1977), 864-872.

R. Ehrenborg, The Hankel Determinant of exponential polynomials, Amer.
Math. Monthly, 107 (6) (2000), 557-560.

R. M. El-Ashwah and D. K. Thomas, Some subclasses of close-to-convex func-
tions,J. Ramanujan Math. Soc., 2 (1987),86-100.

M. Fekete and G. Szego, Eine Bemerkung iiber ungerade schlichte Funktionen,
J. London Math. Soc., 8 (1933), 85-89.

Gagandeep Singh, Hankel determinant for new Subclasses of functions with
respect to symmetric points, Int. J. Modern Math. Soc., 5 (2) (2013), 67-76.

Gagandeep Singh, Hankel determinant for analytic functions with respect to
other points, Engg. Math. Letters, 2(2013), No.2, 115-123.

Huo Tang and Guan-Tie Deng, New Subclasses of analytic functions with re-
spect to symmetric and conjugate points, Journal of complex analysis (2013),
Article ID 578036, 9 pages.

W. K. Hayman, Multivalent functions, Cambridge Tracts in Math. and
Math.Phys. No.48, Cambridge University Press, Cambridge, 1958.

A. Janteng and S. A. Halim and M. Darus, Functions close-to-convex and quasi
convex with respect to other points, Int. J. Pure Appl. Math., 30 (2) (2006),
225-236.

A. Janteng and S. A. Fitri Mad Dahar, A subclass of starlike functions with
respect to conjugate points, Int. Math. Forum, 4 (28) (2009), 1373-1377.

A. Janteng and S. A. Halim and M. Darus, Hankel determinant for starlike and
convex functionsstarlike and convex with respect to other symmetric points, J.
Quality Measurement and Anal., 2 (1) (2006), 37-43.



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 9, No. 2 (2015)

54

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

C. Selvaraj, T.R.K. Kumar

A. Janteng, S. A. Halim and M. Darus, Hankel determinant for starlike and
convex functions, Int. J. Math. Anal., (Ruse) 4 (2007), no. 13-16, 619-625.

R. J. Libera and E. J. Zlotkiewicz, Early Coefficients of the inverse of a regular
convex function, Proc. Amer. Math. Soc., 85 (1982), 225-230.

R. J. Libera and E. J. Zlotkiewicz, Coefficient bounds for the inverse of a
function with derivative in P, Proc. Amer. Math. Soc., 87 (1983), 251-257.

T. H. Mac Gregor, Functions whose derivative has a positive real part, Trans.
Amer. Math. Soc., 104 (3) (1962), 532-537.

J. W. Noonan and D. K. Thomas, On the second Hankel determinant of a really
mean p-valent functions, Trans. Amer. Math. Soc., 223 (2)(1976), 337-346.

K. I. Noor, Hankel determinant problem for the class of functions with boundd
boundary rotation, Rev. Roum. Math. Pures Et. Appl., 28 (8)(1983), 731-739.

Ch. Pommerenke, Univalent functions, Vandenhoeck and Ruprecht, Gottingen

(1975).

V.Ravichandran, Starlike and convex functions with respect to conjugate
points,Acta Math.Acad.Paedagog.Nyhari 20 (1) (2004), 31-37.

K.Sakaguchi, On a certain univalent mapping, J.Math.Soc.Japan, 11 (1959),
72-80.

C.Selvaraj and N.Vasanthi, Subclasses of analytic functions with respect to
symmetric and conjugate points, Tamkang J.Math., 42 (1) (2011), 87-94.



