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Abstract: This paper studies the combined effect of a transverse magnetic field and
internal heat generation on the flow of an incompressible third-grade fluid through
parallel plates of uniform temperature. Analytical solutions of the dimensionless
nonlinear ordinary differential equations are obtained using regular perturbation
method implemented on a symbolic package-Mathematica. Variations of flow pa-
rameters on the velocity and temperature profiles are presented and discussed.
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1. Introduction

Studies on non-Newtonian fluid flow through parallel plates have been an area of ac-
tive research over the years due to its numerous domestic and industrial applications.
Common examples of these fluids are found as pharmaceutical mixtures, lubricating
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oil, condensed milk, honey and many more. Till date, there is no general constitutive
equation that can adequately describe the complex rheological behaviour of these
fluids Of interest in this paper is the third grade fluid model which has the ability to
describe the shear thinning/thickening of these fluids. The third grade fluid model
has been used extensively in studying the flow behaviour of many non-Newtonian
fluids, some of these works can be found in [1-5].

The present study is motivated by the fact that heat is generated within moving
non-Newtonian fluids during Ohmic heating by passing alternating electric current
through it [6-11] After an exhaustive survey, it is observed that literature lacks
studies on third grade fluid flow through isothermal plates taking the effect of Ohmic
heating and internal heat generation into consideration. Hence, the purpose of this
paper is to investigate all these important effects. Due to nonlinearity of the problem
regular perturbation method [12-13] will be used to obtain analytical solution to the
problem. To confirm the accuracy of the computation, comparison of the limiting
case with previously obtained result in literature is conducted. The rest of the paper
is organized as follows Section 2 presents the formulation and non-dimensionalization
of the problem. In section 3, the method of solution is described while section 4 deals
with the discussion of results based on the physics of the problem. Finally, section
5 concludes the paper.

2. Flow Analysis

Consider the steady flow of an incompressible, electrically conducting third—grade
fluid with internal heat generation through infinite parallel isothermal plates distance
2h apart. The fluid is assumed to be electrically conducting and subjected to a
constant transverse magnetic field of strengthBy. It is further assumed that magnetic
Reynolds number of the fluid is small so that electric field, induced magnetic and
Hall effects may be neglected. Then the fluid governing equations can be written as
[14].

dp &> 2y [ du'\? )
0:—%4‘,&@4-6,83@ d—y, —O'BO’U,/. (1)
While, the balanced energy equation is given by
PT (du'\? du'\?
O:k:w—i- (d_y’> {u—i—?ﬂg (d_y’> }—i—aBgu'?—i—Qo (T —-Ty) . (2)

Additional term in the momentum equation is due to magnetic field while the last
term in the energy equation represents the effect of internal heat generation [15].
The no-slip condition for the fluid velocity at the walls together with the exchange
of heat with the ambient at the walls

W=0=T on y=a, (3)
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and the symmetric condition along the channel centreline is given by

du’ a1’

Introducing the following dimensionless parameters

/ / 2 BZ 2 T T
y:g’ u:£7 7:530; s Ha2:Ue Oa s 0: 07
a U na W Ty —1To
a’® dP ulU? Qoa® (Ty — Tp,)
= - — r = —
,uU dx’ kJ(Tl —To)’ ,uU2 ’

we obtain the dimensionless equations with appropriate boundary conditions as
follows , , )
d“u d*u (du 9 p

and

@+Br50+Br du® 1+2 du)® +BrHa*u®> =0, 0 (0)=0=20(1). (6)
dy? dy g dy - S '

Here: «/is the fluid velocity, T"the fluid temperature, p’the pressure, (3is the ma-
terial coefficient, k the thermal conductivity, Q¢ is the internal heat generation
term,uis the dynamic viscosity, v is the dimensionless third grade material param-
eter, drepresents internal heat generation parameter, Brviscous heating parameter,
0 is the dimensionless temperature, uis the dimensionless velocity, G is the dimen-
sionless pressure gradient, Ha? is the Hartmann number, By the electromagnetic
induction, o.the conductivity of the fluid.

3. Method of Solution

In order to obtain the solution by perturbation method, we assume that 0 < v <<
1, 0< Br << 1, and we can form solutions in the forms

’
k

u (y) - Z ’Ynun (y) ) (7)
n=0

k
0(y)=>_ (Br)"0n(y). (8)
n=0
From equations (5) - (6), we obtain
2
A0 duo uO—Ha2u0:—G; ug (0) =0 =ug (1), 9)

dy?
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d?u d2ug [ dug\ >
1. 1 0 0 2 _n. / — N —
A el + G—dy2 <—dy ) —Ha*uy =0; uv;(0)=0=wu; (1), (10)

2 2 2 2
Lol (o) pedndie_ o,
dy? dy? dy dy dy?

Wb (0) =0 =us(1), (11)

B - 0; 6,(0)=0=06(1), (12)
2 2 2
Brt 62021—1—501—1—(3—;) (1—1—27 <—> >+Ha2u2:0;
10)=0=06:(1), (13)
Br?: a6, 60, =0: 6,(0)=0=0(1 14
T d—y2+ 2—0, 2(0)—0— 2() ( )

By solving equations (9)-(11) subject to boundary conditions, we have

efHay(eHa_eHay_e2Ha+Hay+eHa+2Hay)G
(1+e2Ha) Hg?

o 2; )4H 4367Hay<_6HaG3_2e3HaG3_265HaG3_67HaG3
+estta a

+2€2Ha+Ha(3f2y) G3 +26Ha(372y) G3 _eHa+2Hay G3— 263Ha+2Hay G3 _265Ha+2Hay G3

u(y)=—

_THa+2Hay 3 _ ,Ha(3—4y)+2Hay 3 _ ,2Ha+Ha(3—4y)+2Hay (13
+9 Ha(3—4y)+4Hay 3 +9 o2Ha+Ha(3—4y)+4Hay 3 +9 eHaB3=2y)+4Hay 13
1 9e2Ha+Ha(3~2y)+4Hay 3 _ Ha(3~2y)+6Hay ;3 _ 2Ha+Ha(3~2y)+6Hay ;3
1 9eHa(3~4y)+8Hay (33 | o 2Ha+Ha(3—4y)+8Hay ;3 _ 4 3Ha3 11, 1+ 4e5Ha3 [,
_ yeBHat2Hay 3 o 4 gpSHa2Hay o8 o o geta(B-20)+2Hay 3 fr o
+ 4e2HatHaB=29)+2Hay (3 fro,, _ 4oHaB=4y)+6Hay 3 o0

B 462Ha+Ha(3f4y)+6H“yG3Hay> +0 (72) . (15)

Now using Mathematica, (15) is used to obtain the solution of (12) — (14) and
substituted in (8). The graphical solutions are given in the Figures (3)-(6).
The flow rate Q per unit width of the plates is given by

Q= /u(y) dy. (16)
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And its numerical result is shown as Table 01.
The skin friction Sf at both walls is given by

du du\?®
Sf=——_—2y(=— 17
r=-%-2(%) a7)

y=-—1,1
And the rate of heat transfer Nu is given by
de

Nu= — . (18)

dy y=—1,1

4. Discussion of Results

For us to understand the dynamics of the flow, analytical results are shown graphi-
cally for both temperature and velocity fields. Table 1 shows the effect of Hartmann’s
number on the flow rate. The present result agreed perfectly with that obtained in
[14] when Ha=0. Further increase in Ha is observed to decrease the flow rate within
the channel. Table 2 shows the variation of flow parameters on the skin friction at
both walls. As observed from the Table, an increase in Hartmann’s number increases
the skin friction at the lower wall and decreases it at the upper wall. From the same
Table an increase in the non-Newtonian material parameter is seen to decrease the
skin friction at the lower wall and enhancing skin friction at the upper wall. Just
like the non-Newtonian material parameter, an increase in the Hartmann’s number
decreases the rate of heat transfer at the lower wall but increases the heat transfer
rate at the upper wall as seen in Tables 3 and 4 respectively. However an increase in
internal heat generation parameter enhances the rate of heat transfer at the lower
wall while decreasing it at the upper wall.

Table 1: Variation of Hartmann number with flow rate for G=1

~y Ha=0 Ha=0.1 | Ha=1

0 0.66667 | 0.664011 | 0.476812
0.4 0.89524 | 0.88372 | 0.455781
0.7 1.78667 | 1.75053 | 0.531338
1 3.29524 | 3.21909 | 0.685178

Figure 1 shows the plot of velocity against space for variations in the non-
Newtonian parameter. As observed from the graph that increase in non-Newtonian
parameter reduces the flow velocity. This contributed to fluid viscosity due to in-
crease in frictional force. The effect of magnetic field placed across the channel is
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S.0.

Adesanya, J.A. Falade, S.A. Onitilo

v Ha | Sf(y=-1) Sfy=1)
0.1 1 | -0.780544 0.780544
0.1 2 | -0.487139 0.487139
0.1 3 |-0.333464 0.333464
0.1 1 | -0.761594 0.761594
0.2 1 | -0.846873 0.846873
0.3 1 | -1.00756 1.00756

Table 3: Effect of Hartmann’s number on Nu (y =0.1, Br =0.71, § = 1 =

G)
Ha | Nu(y=-1) Nu(y=1)
0.25 | 0.22757 -0.22757
0.5 | 0.220722 -0.220722
1 0.189288 -0.189288

shown in Figure 2. From the graph maximum flow occurs at minimum value of
the Hartmann number showing that increase in this parameter has reducing effect
on the flow velocity. This is so due to the retarding effects of the Lorentz forces
which are present in the magnetic field applied across the channel. It is observed
in Figure 3 that an increase in magnetic field intensity leads to an increase in fluid
temperature. This is true since heat is generated when fluid passes through a mag-
netic field therefore contributing to an increase in the fluid temperature. Figure 4
describes the influence of internal heat generation on the temperature distribution
within the channel. It is noticed that as internal heat generation increases there
is corresponding increase in the fluid temperature distribution. Accumulation of

Table 4: Effect of non-Newtonian material on Nu (Ha = 1, Br = 0.71,
d=1=G)

g Nu(y =-1) Nu(y=1)
0.1 0.189288 -0.189288
0.3 0.162872 -0.162872
0.5 0.135722 -0.135722
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Table 5: Effect of non-Newtonian material on Nu (Ha = 1, Br = 0.71,

Ha=1=GQ)
) Nu(y =-1) Nu(y=1)
1 0.189288 -0.189288
2 0.218674 -0.218674
3 0.24806 -0.24806

Ha L1, ¢ LIL

| | [ |
01.0 0.5 05 10 4

Figure 1: Variation of velocity with non-Newtonian parameter

excessive heat could lead to self-heating which has undesirable effect on the produc-
tion set-up, safety of lives and the environment. The effect of Brinkman number
on the temperature distribution as presented in Figure 5. As seen from the plot,
minimum temperature occurred at minimum Brinkman number therefore increase in
Brinkman number enhances the flow due to rise in the fluid kinetic energy. Finally,
Figure 6 displays the effect of increase in fluid non-Newtonian material parameter on
the temperature profile. From the graph, the maximum temperature is observed at
the purely Newtonian case and the increase in non-Newtonian behaviour decreases
the temperature. This is due to the rise in the fluid viscosity.
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Figure 2: Variation of velocity with Hartmann number
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Figure 3: Temperature with Hartmann number
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Figure 4: Temperature with internal heat generation parameter
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Figure 5: Temperature with Brinkman number
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Figure 6: Temperature with non-Newtonian parameter

5. Conclusion

This paper presents the combined effects of temperature dependent internal heat
generation and Ohmic heating on the third-grade fluid flow through parallel isother-
mal plates. We present analytical solutions in the form of regular perturbation
method via Wolfram Mathematica for both the velocity and temperature fields.
Generally, the result shows that an increase in the magnetic field intensity weakens
the skin friction at the upper plate and increases the skin friction at the lower plate.
On the other hand, an increase in the non-Newtonian material parameter weakens
the skin friction at the lower plate while enhancing skin friction at the upper plate.
However, an increase in both Hartmann’s number and internal heat generation pa-
rameters decreases the rate of heat transfer from the fluid to the lower plate and at
the upper plate, the rate of heat transfer from the fluid to the wall increases. Finally,
the reverse is the case with internal heat generation. This is because an increase in
this parameter brings about rise in the rate of heat transfer from the fluid to the
lower and at the upper wall the rate decreases with an increase in the internal heat
generation parameter.
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