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Abstract: The Diverging partial summation formula involving natural numbers
is of great interest in mathematics. In this note we have found an almost complete
form of partial sum n-log-n.
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1. Introduction
Evaluation of exact value of a divergent series for large upper limit value is a time
consuming process. It would linearly depend on the upper limit. In this case having

an almost closed form of partial sum is of great help. Here the goal is to express
result of the sum in terms of the upper limit. For example, we have

n=1 2

Instead of having to add x natural numbers , we can use the RHS of the above
equation and evaluate the sum easily.
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2. The Expansion

The almost closed form expansion of the partial sum Y _; nlnn is given

i | x2lnz xlnm+lnx w2+ln(27r) n 1
n = e
L 2 12 48 7202
1 1 7
+ + 0.0190198444761.

© 5040z*4 1512026 ' 3801628

3. The Proof

Consider the series expansion of RHS of above equation

xT
annn = Inl1+2In2+3n3+---+zlnx

n(1-2-2-3-3-3.----. Tox-x-T-T)
n((123w)(23w)(3x)(mx)(x))

z! z! ! z!
n —_— . —— ¢ —— e e )
o 1 2! (z—1)!

. (L)
H 0”'

r—1

= zln(z!) — ln(H(n!))

n=0
= zln(z!) Zlnn'

= (x+1)In(z!) Zlnn'

1
1

The Stirling’s approximation formula [1] for factorial is

nl=+v2mn -n"-e " - exp (Z G = 1) (2)
m

where by is the kth Bernoulli number.[1] Expanding (2), we get

1 1 1 1 1
n! =n"v2mn - exp <—n + — - + — + > (3)

12n  360n3  1260n® 168027 = 1188n?
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Taking logarithm on both sides of equation (3),we get

In(n!)

—_— In(27n) 1 1 n 1 1 n 1
=(nlnn —n4+—— _
2 12n 360n3  1260n° 168027 = 1188n?
using (4) in (1), we get
x
In(27x) 1 1 1
1 = 1 | _— -
;n R <x nEt T T 12z T 3602° T 126025
1 1
- +
168027 ' 118827 >
i —_— In(27n) L1 11
- ninn —-n - —
ot 2 12n  360n3  1260n°

1 n 1
1680n7 = 1188n9 )
Now, we have the following results.
x
In(27n) xln(2z) 1
Z 92 - 92 + 92 Z In(n)

n=1 n=1

Also,

We also have the results of the following partial sums[6].

i L_ In(z) + v+ ! ! + !
Lo T %0 T 1222 " 12007
xr
1 1 1 1 1
(3 - — =y
7; n3 @) 212 + 223 4t * 1226

1 1 1 5 7
(5 - — e~ 2
Z nd <) 4z4 + 2¢° 1226 + 2446

1 1 1 7 7
) e =
Z n’ ¢ 626 + 2¢7 12828 + 10210
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xT
1 1 1 3 11
= (9) - — ¢~ 2
nzl n? <) 88 * 209 4g10 + 812
where ((k) is Riemann-Zeta function [2]evaluated at k .And ~ is Euler—Mascheroni
constant. Using the above results in equation (5)and simplifying,we get

° 2?lnz  zlnz Inz 2?  In(27) 1
annn:

5 T T T T T s T

n=1

1 1 7
— - 0.0190198444761
504024 1512026 * +

3801628
This completes the proof.

4. Comparison with the Exact Results

The following table gives the value ), nlnn exactly, one computed by our formula
and relative error[3].

Number | Exact By using Relative

(x) Value Formula Error

1 0 6.2949398239781 - 10=° | O(107°)
2 1.3862943611199 1.3861191806913 O(107%)
5 18.2744982337743 18.2744537802143 0(1079)
10 102.0828305519349 102.082818052516 O(1077)
102 20756.741958037946 20756.741957901191 0(10'2
103 3207332.341531321 3207332.3415313107 O(10716)
10* | 435563071.31695175 435563071.31695193 0O(10716)
10° 55065202972.33287 55065202972.332565 0O(10712)
106 6.6577621867387 - 102 | 6.6577621867388 - 102 | O(10~14)
107 7.8090486313828 - 10 | 7.809048631384 - 10 | O(10713)
108 8.9603404640793 - 1016 | 8.9603404640796 - 10'® | O(10714)
10? 1.0111632928834 - 1019 | 1.0111634948835 - 101 | O(10~14)
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