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Abstract: In this paper, we investigate the parametric curves continuous on the
left hand side. Assumed that their corresponding parameters belong to their own
domains which are generally different for the non-coinciding curves. Furthermore,
the points of discontinuity ( if the exist) are jump points and specific to each curve.
The upper estimate of Hausdorff distance between two such curves is found. A
uniform distance between the curves in the common part of their domains is included
in the obtained estimate. The findings are useful in research related to orbital
Hausdorff continuous dependence and stability of solutions of differential equations
with variable impulsive moments.
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1. Introduction

Finding the estimates of Hausdorff distance from above between parametric curves
is an important task. For the convenience, hereafter we shall assume that the pa-
rameters of these curves render an account on the time. The qualitative research
related to the orbital Hausdorff continuous dependence and stability of solutions of
impulsive differential equations may start after finding the above-mentioned esti-
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mates. It is known that the trajectories of these equations are piecewise continuous
curves on the left hand side in their respective domains. At these points, we have
jump discontinuity first type. In the case where differential equations have vari-
able impulsive moments their not coinciding solutions have different sets of points
of discontinuity. Therefore, we study and evaluate the Hausdorff distance between
parametric curves which are piecewise continuous on the left hand sides and which
possess specific (their own) points of jump discontinuity.

The usage of Hausdorff metrics in investigating various issues of fundamental
and qualitative theory of differential equations (with and without impulses) can be
seen in the papers [1]-[7], [9] and [7], [10].

2. Preliminary Results

The following notations are used. The points a, b from n-dimensional Euclidian
space are set to be a = (a1, a2, . . . , an), b = (b1, b2, ..., bn) ∈ Rn.

Then the dot product, Euclidean distance and Euclidean norm are traditionally
introduced as :

– 〈a, b〉 = a1b1 + a2b2 + · · ·+ anbn - dot (scalar) product of a and b;

– ρ(a, b) =
√

(a1 − b1)2 + (a2 − b2)2 + · · ·+ (an − bn)2 - distance between points
a and b;

– ‖a‖ = 〈a, b〉
1

2 =
√

a21 + a22 + · · ·+ a2n - norm of a.

The next equality is satisfied

‖a− b‖ = ρ(a, b).

Let the nonempty sets A,B ∈ Rn. Then the Euclidean and Hausdorff distance
between them are denoted respectively by:

ρE(A,B) = inf
{

inf{ρ(a, b), a ∈ A}, b ∈ B
}

,

and

ρH(A,B) = max
{

sup
{

inf{ρ(a, b), a ∈ A}, b ∈ B
}

,

sup
{

inf{ρ(a, b), b ∈ B} , a ∈ A
}

}

.

If at least one of the sets A and B is empty, for convenience, we shall assume that:

ρE(A,B) = 0 and ρH(A,B) = 0.In
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Further, by ∂A and A we will denote the contour and closure of the set A, respec-
tively. The diameter of this set is denoted by

diam(A) = sup{ρ(a′, a′′) : a′, a′′ ∈ A}.

Let r =const> 0. Then the set

Br(A) =
⋃

a∈A

{x ∈ Rn : ρ(x, a) ≤ r}

is named r−neighborhood of A.

Remark 1. For any two nonempty sets A,B ⊂ Rn, the next inequality is valid

ρE(A,B) ≤ ρH(A,B).

Remark 2. Let ⊘ 6= A1 ⊂ A2 ⊂ Rn and ⊘ 6= B1 ⊂ B2 ⊂ Rn. Then the next
inequality is fulfilled:

ρE(A1, B1) ≥ ρE(A2, B2).

We note that such inequality is not valid for the Hausdorff distance.

Remark 3. The following properties of the Hausdorff distance between the
sets are valid in Rn ( see [8]).

Let the sets A,B,C ⊂ Rn and a constant λ ∈ R+. Then:

1. ρH(A,B) ≥ 0;

2. ρH(A,B) = 0 ⇐⇒ A = B;

3. ρH(A,B) = ρH(B,A);

4. ρH(λA, λB) = λρH(B,A);

5. ρH(A ∪C,B ∪ C) = ρH(A,B);

6. ρH(A,B) ≤ ρH(A,C) + ρH(C,B);

7. ρH(A,B) = ρH(A,B);

8. If the sets A and B are bounded, then ρH(A,B) < ∞;

9. If the sets A is bounded and ρH(A,B) < ∞, then the set B is also bounded;

10. ρH(A,B) = inf{r ∈ R+ : A ⊂ Br(B), B ⊂ Br(A)}.

We will recall, that property 10 is often used as a definition of Hausdorff distance
between the sets.
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3. Main Results

Theorem 1. Let the sets A,B ⊂ Rn be bounded.

Then

|diam(A)− diam(B)| ≤ 2ρH(A,B).

Proof. Let ε be a positive number. We have

(∃a′, a′′ ∈ A) : ρ(a′, a′′) < diam(A) − ε.

Using the notation r = ρH(A,B), then the property 10 of Remark 3 yields that
B ⊂ Br, (A). Therefore,

(∃b ′, b ′′ ∈ B) : ρ(a′, b ′) < r = ρH(A,B), ρ(a′′, b ′′) < r = ρH(A,B).

Then

diam(A) − ε < ρ(a′, a′′)

< ρ(a′, b ′) + ρ(b ′′, a′′) + ρ(b ′, b ′′)

< 2ρH(A,B) + diam(B) ,

whence

diam(A) − diam(B) < 2ρH(A,B) + ε ⇐⇒ diam(A) − diam(B) < 2ρH(A,B).

Similarly, we find that

diam(B)− diam(A) < 2ρH(A,B).

So, the theorem is proved.

Theorem 2. Assume that:

1. The sets A1, A2, B1, B2 ⊂ Rn are bounded.

2. It is satisfied A = A1 ∪A2 and B = B1 ∪B2.

Then

ρH(A,B) = ρH(A1 ∪A2, B1 ∪B2) � max{ρH(A1, B1), ρH(A2, B2)}.

We will prove the theorem in two different ways.In
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Proof. Taking into account property 7 of the previous Remark and first condition
of the Theorem, without loss of generality, we may suppose that the sets A1, A2,
B1, B2 are compact. This implies that

ρH(A,B) = max
{

sup
{

inf{ρ(a, b), a ∈ A} , b ∈ B
}

,

sup
{

inf{ρ(a, b), b ∈ B} , a ∈ A
}

}

,

= max
{

max
{

min{ρ(a, b), a ∈ A} , b ∈ B
}

,

max
{

min{ρ(a, b), b ∈ B} , a ∈ A
}

}

.

For definiteness

ρH(A,B) = max
{

min{ρ(a, b), a ∈ A} , b ∈ B
}

= ρ(aH , bH),

where aH ∈ A and bH ∈ B.
The following four cases are possible:

Case 1. aH ∈ A1 and bH ∈ B1. Assume that it is fulfilled

ρH(A1, B1) < ρH(A,B).

Then

ρ(aH , bH) = ρH(A,B)

< ρH(A1, B1)

≥ max
{

min{ρ(a1, b1), a1 ∈ A1} , b1 ∈ B1}

≥ min{ρ(a1, b1), a1 ∈ A1} , b1 ∈ B1

}

.

The above inequality shows that

(∀b1 ∈ B1)(∃a1 = a1(b1) ∈ A1) : ρ(a1(b1), b1) < ρ(aH , bH).

In particular ( if b1 = bH ) we conclude that

(∃a1 = a1(bH) ∈ A1) :

ρ(a1(bH), bH) < ρ(aH , bH) = min{ρ(a, bH), a ∈ A} ≤ min{ρ(a1, bH), a1 ∈ A1}.

This contradiction shows that the assumption is not valid, i.e. the following inequal-
ity is fulfilled

ρH(A1, B1) ≥ ρH(A,B),

which proves the theorem in this case.In
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Case 2. aH ∈ A2 and bH ∈ B2. The reasoning are similar to the previous case.

Case 3. aH ∈ A1 and bH ∈ B2. We have

ρH(A,B) =ρ(aH , bH)

=min{ρ(a, bH), a ∈ A}

≤min{ρ(a2, bH), a2 ∈ A2}

≤max {min {ρ(a2, b2), a2 ∈ A2} , b2 ∈ B2} ρH(A2, B2) ,

hence, the theorem has been proved in this case.

Case 4. aH ∈ A2 and bH ∈ B1. It is satisfied

ρH(A,B) = min{ρ(a, bH), a ∈ A}

≤ min{ρ(a1, bH), a1 ∈ A1}

≤ max
{

min{ρ(a1, b1), a1 ∈ A1}, b1 ∈ B1

}

≤ ρH(A1, B1).

Proof. The property 10 in Remark 3 is used as a definition of the Hausdorff
distance between two sets.

Denote
r = max{ρH(A1, B1), ρH(A2, B2)}

The following inclusions are valid:

B1 ⊂ Br(A1), B2 ⊂ Br(A2).

The last two inclusions imply

B ⊂ B1 ∪B2 ⊂ Br(A1) ∪Br(A2) = Br(A1 ∪A2) = Br(A). (1)

Similarly, we obtain
A ⊂ Br(B). (2)

By (1) and (2), we find that ρH(A,B) ≤ r.
Then the theorem can be taken for granted.

The following Theorem is trivial generalization of the previous one.

Theorem 3. Assume that:

1. The sets A1, A2, . . . , Ak, B1, B2, . . . , Bk ⊂ Rn are bounded.

2. We set A =
k
⋃

i=1
Ai and B =

k
⋃

i=1
Bi.

Then

ρH(A,B) ≤ max{ρH(A1, B1), ρH(A2, B2), . . . , ρH(Ak, Bk)}.In
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HAUSDORFF METRICS AND PARAMETRIC CURVES 59

As a consequence of Theorem 2 we get the estimate.

Theorem 4. Assume that:

3. The sets A1, A2, B1, B2, ⊂ Rn are bounded.

4. The following equalities are valid A = A1 ∪A2 and B = B1 ∪B2.

Then

ρH(A,B) ≤ min{max{ρH(A1, B1), ρH(A2, B2)} ,

max{ρH(A1, B2), ρH(A2, B1)}}.

Proof. The following estimates are obtained from Theorem 2:

ρH(A,B) = ρH(A1 ∪A2, B1 ∪B2) ≤ max{ρH(A1, B1), ρH(A2, B2)},

ρH(A,B) = ρH(A1 ∪A2, B1 ∪B2) ≤ max{ρH(A1, B2), ρH(A2, B1)},

from which we get the statement of the theorem.

The following theorem is a consequence of Theorem 3. Denote by Pk the set of
all permutations of the first k natural numbers.

Theorem 5. Assume that:

3. The sets A1, A2, . . . ,Ak, B1, B2, . . . , Bk ⊂ Rn are bounded.

4. We have A =
k
⋃

i=1
Ai and B =

k
⋃

i=1
Bi.

Then

ρH(A,B) ≤ min
{

max{ρH(A1, Bi1) , ρH(A2, Bi2) , . . . ,

ρH(Ak, Bik)} , (i1, i2, . . . , ik) ∈ Pk

}

.

4. The Hausdorff Distance between the Continuous Curves

Let the functions g, g∗ : R+ → Rn and constants T0, T1, T
∗
0 , T

∗
1 ∈ R+.

We introduce the parametric curves:

γ[T0, T1] =

{

g(t) , T0 ≤ t ≤ T1 , T0 ≤ T1,

Ø , T0 > T1,In
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and

γ∗[T ∗
0 , T

∗
1 ] =

{

g∗(t) , T ∗
0 ≤ t ≤ T ∗

1 , T ∗
0 ≤ T ∗

1 ,

Ø , T ∗
0 > T ∗

1 .

The next curves:

γ(T0, T1] , γ[T0, T1) , γ(T0, T1) , γ
∗(T ∗

0 , T
∗
1 ] , γ

∗[T ∗
0 , T

∗
1 ) , γ

∗(T ∗
0 , T

∗
1 )

are introduced analogously, that are defined in the half-open and open intervals,
respectively.

Remark 4. Let 0 ≤ T0 ≤ T1 and 0 ≤ T ∗
0 ≤ T ∗

1 . The following definitional
equalities are valid for the Euclidean, Hausdorff and uniform distances between the
curves γ∗[T ∗

0 , T
∗
1 ] and γ[T0, T1], respectively:

ρE(γ
∗[T ∗

0 , T
∗
1 ], γ[T0, T1]) = inf

{

inf{ρ(g∗(t∗), g(t)), T ∗
0 ≤ t∗ ≤ T ∗

1 }, T0 ≤ t ≤ T1

}

,

ρH(γ∗[T ∗
0 , T

∗
1 ], γ[T0, T1]) = max

{

sup
{

inf{ρ(g∗(t∗), g(t)) , T ∗
0 ≤ t∗ ≤ T ∗

1 } , T0 ≤ t ≤ T1

}

,

sup
{

inf{ρ(g∗(t∗), g(t)) , T0 ≤ t ≤ T1} , T ∗
0 ≤ t∗ ≤ T ∗

1

}

}

,

ρR(γ
∗[T0, T1], γ[T0, T1]) = sup{ρ(g∗(t)), g(t)) , T0 ≤ t ≤ T1}.

As seen from the above remark, uniform distance between the curves is defined
only when they have a common domain.

Analogously to the three equalities the above relating to the Euclidean, Hausdorff
and uniform distances are valid for the curves defined in the half-open or open
intervals.

We will use the following symbols in the following two theorems:

Tmin
0 = min{T ∗

0 , T0}, Tmax
0 = max{T ∗

0 , T0},

Tmin
1 = min{T ∗

1 , T1}, Tmax
1 = max{T ∗

1 , T1}.

Theorem 6. Assume that:

1. The function g, g∗ ∈ C[R+,Rn].

2. The inequality Tmax
0 ≤ Tmin

1 is valid.

The following estimate is valid

ρE(γ
∗[T ∗

0 , T
∗
1 ], γ[T0, T1]) ≤ min{‖g∗(t), g(t)‖, Tmax

0 ≤ t ≤ Tmin
1 }.In
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Proof. The statement of this theorem follows by Remark 2 and Remark 4.

We have

ρE(γ
∗[T ∗

0 , T
∗
1 ], γ[T0, T1]) ≤ ρE(γ

∗[Tmax
0 , Tmin

1 ], γ[Tmax
0 , Tmin

1 ])

= inf
{

inf{ρ(g∗(t∗), g(t)) , Tmax
0 ≤ t∗ ≤ Tmin

1 } , Tmax
0 ≤ t ≤ Tmin

1

}

≤ inf{ρ(g∗(t), g(t)) , Tmax
0 ≤ t ≤ Tmin

1 }

= min{ρ(g∗(t), g(t)) , Tmax
0 ≤ t ≤ Tmin

1 }.

The theorem is proved.

Theorem 7. Assume that:

1. The function g, g∗ : R+ → Rn are continuous on the left hand side in their

domain.

2. The inequality Tmax
0 ≤ Tmin

1 is valid.

Then the next estimate is valid:

ρH

(

γ∗(T ∗
0 , T

∗
1 ], γ(T0, T1]

)

≤ max
{

ρR(γ
∗(Tmax

0 , Tmin
1 ], γ(Tmax

0 , Tmin
1 ]),

ρH(g(T0 + 0), γ∗(T ∗
0 , T

∗
0 ]) , ρH(g∗(T ∗

0 + 0), γ∗(T0, T
∗
0 ]),

ρH(g(T1), γ
∗(T1, T

∗
1 ]) , ρH(g∗(T ∗

1 ), γ(T
∗
1 , T1])

}

.

Proof. We will prove this assertion under the additional assumption that the
following inequalities are valid:

T ∗
0 ≤ T0 and T ∗

1 ≤ T1 .

The other three cases are treated similarly. In this case we have
T0 ≤ t < T ∗

0 = ∅ and T1 ≤ t < T ∗
1 = ∅.

Therefore

ρH(g∗(T ∗
0 + 0), γ[T0, T

∗
0 ]) = ρH(g∗(T ∗

0 + 0),∅) = 0

and

ρH(g(T1), γ
∗[T1, T

∗
1 ]) = ρH(g(T1),∅) = 0 .

Using Remark 4 and the equalities above, we obtain:

ρH(γ∗(T ∗
0 , T

∗
1 ], γ(T0, T1])

=max
{

sup
{

inf{ρ(g∗(t∗), g(t)) , T ∗
0 < t∗ ≤ T ∗

1 } , T0 < t ≤ T1

}

,

sup
{

inf{ρ(g∗(t∗), g(t)) , T0 < t ≤ T1} , T ∗
0 < t∗ ≤ T ∗

1

}

}
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=max
{

sup
{

inf{ρ(g∗(t∗), g(t)) , T ∗
0 < t∗ ≤ T ∗

1 } , T0 < t ≤ T ∗
1

}

,

sup
{

inf{ρ(g∗(t∗), g(t)) , T ∗
0 < t∗ ≤ T ∗

1 } , T ∗
1 < t ≤ T1

}

,

sup
{

inf{ρ(g∗(t∗), g(t)) , T0 < t ≤ T1} , T ∗
0 < t∗ ≤ T0

}

,

sup
{

inf{ρ(g∗(t∗), g(t)) , T0 < t ≤ T1} , T0 < t∗ ≤ T ∗
1

}

}

,

≤max
{

sup
{

ρ(g∗(t), g(t)) , T0 < t ≤ T ∗
1

}

,

sup
{

ρ(g∗(T ∗
1 ), g(t)) , T ∗

1 < t ≤ T1

}

,

sup
{

ρ(g∗(t∗), g(T0 + 0)) , T ∗
0 < t∗ ≤ T0

}

,

sup
{

ρ(g∗(t∗), g(t∗)) , T0 < t∗ ≤ T ∗
1

}

}

,

≤max
{

sup
{

ρ(g∗(t), g(t)) , Tmax
0 < t ≤ Tmin

1

}

,

sup
{

ρ(g∗(T ∗
1 ), g(t)) , T ∗

1 < t ≤ T1

}

,

sup
{

ρ(g∗(t∗), g(T0 + 0)) , T ∗
0 < t∗ ≤ T0

}

}

,

=max
{

ρR(γ
∗(Tmax

0 , Tmin
1 ], γ(Tmax

0 , Tmin
1 ]),

ρH(g∗(T ∗
1 ), γ(T

∗
1 , T1]) , ρH(g(T0 + 0), γ∗(T ∗

0 , T0])
}

≤max
{

ρR(γ
∗(Tmax

0 , Tmin
1 ], γ(Tmax

0 , Tmin
1 ]) ,

ρH(g(T0 + 0), γ∗(T ∗
0 , T0]) , ρH(g∗(T ∗

0 + 0), γ(T0, T
∗
0 ]) ,

ρH(g(T1), γ
∗(T1, T

∗
1 ]) , ρH(g∗(T ∗

1 ), γ(T
∗
1 , T1])

}

.

The theorem is proved.

Let the parametric intervals of the curves γ∗(T ∗
0 , T

∗
1 ] and γ(T0, T1] coincide i.e.

T ∗
0 = T0 and T ∗

1 = T1. Then, as a consequence of the previous theorem, we get the
following estimate of the Hausdorff distance between them.

Theorem 8. Assume that the functions g, g∗ : R∗ → Rn and continuous on

the left-hand side in R+.

Then

ρH(γ∗(T0, T1], γ(T0, T1]) ≤ ρR(γ
∗(T0, T1], γ(T0, T1]).

As a consequence of Theorem 7, property 7 of Remark 2 we will formulate the
following theorem, relating to the Hausdorff distance between the continuous curves.

Theorem 9. Assume that:

1. The function g, g∗ ∈ C
{

R+,Rn
}

.

2. The inequality Tmax
0 ≤ Tmin

1 is satisfied.In
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Then the following estimate is valid:

ρH(γ∗[T ∗
0 , T

∗
1 ], γ[T0, T1]) ≤ max

{

ρR(γ
∗[Tmax

0 , Tmin
1 ], γ[Tmax

0 , Tmin
1 ]) ,

ρH(g(T0), γ
∗[T ∗

0 , T0]) , ρH(g∗(T ∗
0 ), γ[T0, T

∗
0 ]), ρH(g(T1), γ

∗[T1, T
∗
1 ]) ,

ρH(g∗(T ∗
1 ), γ[T

∗
1 , T1])

}

.

Theorem 10. Assume that the functions g, g∗ ∈ C
{

R+,Rn
}

.

Then

ρH(γ∗[T0, T1], γ[T0, T1]) ≤ ρR(γ
∗[T0, T1], γ[T0, T1]).

Remark 5. Let the inequalities T0 < T1 and T ∗
0 < T ∗

1 be valid. Consider the
linear transformation τ : [T0, T1] → [T ∗

0 , T
∗
1 ], defined by means of the linear function

t∗ = τ(t) =
(T ∗

1 − T ∗
0 )t+ T ∗

0 T1 − T ∗
1 T0

T1 − T0
. (3)

We have
[T ∗

0 , T
∗
1 ] = τ([T0, T1]); T ∗

0 = τ(T0); T ∗
1 = τ(T1).

Furthermore, for the curve γ∗[T ∗
0 , T

∗
1 ], is fulfilled

γ∗[T ∗
0 , T

∗
1 ] = {g∗(t∗) ; T ∗

0 ≤ t∗ ≤ T ∗
1 } = {g∗(τ(t)) ; T0 ≤ t∗ ≤ T1}

= {g∗∗(t) ; T0 ≤ t ≤ T1} = γ∗∗[T0, T1]. (4)

The following statement is valid.

Theorem 11. Assume that the functions g, g∗ : R+ → Rn are left-continuous

on R+.

Then

ρH(γ∗(T ∗
0 , T

∗
1 ], γ(T0, T1]) = ρH(γ∗∗(T0, T1], γ(T0, T1]) ≤ ρR(γ

∗∗(T0, T1], γ(T0, T1]) ,

where

γ∗∗(T0, T1) =
{

g∗
((T ∗

1 − T ∗
0 )t+ T ∗

0 T1 − T ∗
1 T0

T1 − T0

)

; T0 < t ≤ T1

}

.

Remark 6. Using the theorem above, we can formulate the following algorithm
for finding the estimate of Hausdorff distance between two continuous on the left-
hand side parametric curves (e.g. curves γ∗(T ∗

0 , T
∗
1 ] and γ(T0, T1]) :

1. Find the linear function τ(t) defined by (3);

2. Change the parameter of the curve γ∗(T ∗
0 , T

∗
1 ] using the transformation (3)

and obtain the curve γ∗∗[T ∗
0 , T

∗
1 ]( see the equality (4));In
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3. Find the uniform distance between γ∗∗(T0, T1] and γ(T0, T1], which is an upper
limit of the Hausdorff distance between the output curves.

Unfortunately, the estimates of Theorem 7 and Theorem 11 are not comparable
to the set of continuous on the left-hand side parametric curves. There are some
examples in which the estimate of Theorem 11 is more precise than the estimate of
Theorem th11, as well as examples where the opposite is satisfied.

As a consequence of Theorem 2 and Theorem 7 we obtain the following estimate.

Theorem 12. Assume that:

1. The functions g, g∗ : R+ → Rn are left-continuous on R+.

2. There exists a number k ∈ N, such that the following inequalities are valid:

0 < t∗0 < t∗1 < · · · < t∗k; 0 < t0 < t1 < · · · < tk;

0 < tmax
0 < tmin

1 ≤ tmax
1 < tmin

2 ≤ tmax
2 < · · · < tmin

k ≤ tmax
k ,

where:

tmin
0 = min{t∗0, t0}, tmax

0 = max{t∗0, t0},

. . . ,

tmin
k = min{t∗k, tk}, tmax

k = max{t∗k, tk}.

Then the next inequality is fulfilled:

ρH(γ∗(t∗0, t
∗
k], γ(t0, tk]) ≤ max

{

ρR(γ
∗(Tmax

i−1 , Tmin
i ], γ(Tmax

i−1 , Tmin
i ]),

ρH(g(Ti−1 + 0), γ∗(T ∗
i−1, Ti−1]) , ρH(g∗(T ∗

i−1 + 0), γ(Ti−1, T
∗
i−1]),

ρH(g(Ti), γ
∗(Ti, T

∗
i ]) , ρH(g∗(T ∗

i ), γ(T
∗
i , Ti]) , i = 1, 2, . . . , k

}

.
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