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Abstract: In this paper, we calculate the generating functions by using the con-
cepts of symmetric functions. Although the methods cited in previous works are in
principle constructive, we are concerned here only with the question of manipulating
combinatorial objects, known as symmetric op- erators. The proposed generalized
symmetric functions can be used to find explicit formulas of the Fibonacci numbers,
and of the Tchebychev polynomials of first and second kinds.
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1. Introduction

By studying the Fibonacci sequence (F,, yo = F,, 11 + F,, with Fy = F} = 1), we
note its close connection with the equation z? = x + 1, whose roots are the golden
numbers ®; and ®,. It is also noticed that the eigenvalues of the symmetric matrix

M:(i é) (1.1)

represent the two golden numbers ®; and @5 of Fibonacci sequence [3]. Consequently,
we obtain the following Vieta’s formulas

o1 =AM+ A =1and g9 = A\ Ay = —1, (1.2)

where o1, 09 are called elementary symmetric functions of real roots A1, Ao, respec-
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tively. So, the eigenvectors of matrix M are multiples of

v1:<)\11>andv2:<)\12>. (1.3)

If we assume that |[\1| > |\2|, then for any positive integer n, we have [3]

M- < Sp (A1 +A2)  02Sn-1 (A1 + A2) ) ’

14
Sn—1 (M +X2) 02552 (A1 + A2) (14)

n+1 n+1
)‘1 _)‘2

where S, (A + A\g) = S v vl

In this paper, we are interested in the use of symmetric functions to generate
the well-knwon Fibonacci numbers and Tchebychev polynomiales of first and second
kinds. In this framework, some necessary preliminaries and definitions are given in
Section 2. In Section 3, we propose a new theorem which allows the determination
of the generating functions. The proposed theorem is based on symmetric functions
and a new proposition on the symmetric operators. In Section 4, some applica-
tions are given for the generating functions of Fibonacci numbers and Tchebychev
polynomials.

2. Preliminariesr
2.1. Definition of Symmetric Functions in Several Variables

Consider an equation of degree n of the form

($—)\1)($—)\2)---($—)\n) :0, (2.1)
with A1, Ao, ..., A\, being real roots. If we expand the left hand side, we obtain
" — oz o — g™ - 4 (—=1)"0, = 0, (2.2)
where o1, 09,...,0, are homogeneous and symmetrical polynomials in Ai, Ao, ...,
An. To be more accurate, these polynomials can be denoted as o;(A1, A2,..., An)
with ¢ =1,2,...,n, or simply as O'i(n).

(n)

The general formula of the polynomials o, are given by [8]

o™ = 3 PUCSVENP (2.3)

mi+ma+-+mp=1i

with mq,mo,...,m, =0 or 1.
i(n) can be considered as the sum of all distinct products that

(n)ZOforz'>n.

i

The polynomials o

can be formed by monomial polynomials C?. It is noticed that o
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2.2. Symmetric Functions

Let A and B be two alphabets, we denote by S, (A — B) the coefficients of the
rational sequence of poles A and zeros B as follows [2]

o0 bHB (1—b2)
HZ_OSH(A —B)2" = m (2.4)
- acA

Equation (2.4) can be rewritten in the following form

> Su(A-B)2" = (Z Sn(A)z”> X (Z Sn(—B)z"> : (2.5)
n=0 n=0 n=0

with

n

Su(A=B)=>_ S, j(—-B)S;(A). (2.6)
=0

The polynomial whose roots are B is written as
n
Sp(x — B) = Z Sn—;j(—B)z", with card(B) = n. (2.7)
j=0

On the other hand, if A has cardinality equal to 1, i.e., A = {z}, then equality (2.4)
can be rewritten as follows [1]

. I (1-02) -
ZSn(x—B)z" = be('a—ixz) =14+ 8, 1(x—B)""' + hz", (2.8)
n=0

where S, 1(x — B) = 2*S,,(x — B) for all & > 0.
The summation is actually limited to a finite number of terms since S_g(-) =0
for all £ > 0. In particular, we have

[ @—0) = Su(z = B) = So(~B)a" + Si(~B)a" ~' + Sap(—=B)a" 2 +---, (2.9)
beB

where Si(—B) are the coefficients of the polynomials S,,(x — B) for 0 < k < n. This
coefficients are zero for k > n.
For example, if all b € B are equal, i.e., B = nb, then we have

Sp(x —nb) = (x — b)". (2.10)
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By choosing b =1, i.e., B=< 1,1,...1 » , we obtain
——

n

”+k_1>. (2.11)

Sp(—n) = (—1) <Z> and Sk(n) = < i

By combining (2.6) and (2.11), we obtain the following expression

n

Sp(A—nz) = S, (A)— <1>Sn1(A)x+ (Z) Sp_o(A)z2—- -4 (—1)" <Z> 2", (2.12)
For any pair (z,y) we can associate the divided difference 0,, defined by [§]

dzy(f) = f(ﬂ:,?/,z,...x):!?);(y,x,z,...).

(2.13)

3. Results

In this section, we provide some definitions and a new propostion which will be
useful for the next theorem.

Definition 1. The inverse of the sequence Z;’OZO Sn(A)z" is the sequence
fo;o Sp(—A)z", that is

= 1
> Sn(A) = . (3.1)
n=0 > Sp(—A)zn
n=0
Definition 2. The symmetric operator 7y, is defined by [5]
n " f(x) —y"f(y)
Ty f(2) = . (3:2)

rT=Yy

Proposition 3. Given an alphabet Ey = {e1,e3}, then for any positive integer

k, the operator w¥ . satisfied the following formula

ﬂ];legf(el) = f(el)Skfl(el + 62) + egae1e2f(el)' (3'3)
Proof. From (3.2) we have

et f(er) — esf(ea)

€1 — €2

i fler) — e5f(er) + b fler) — €5 f(er)

€1 — €2

7T§162f(61) =
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fler) [ef —ef] +e5 [f (e1) — f(e2)]

€1 — €2

Using the formulas (1.4) and (2.13) we obtain
e eaf(e1) = f(e1)Sk_1(e1 + €2) + €50e,e, f (e1).
This completes the proof of proposition 3. O
Theorem 4. Given two alphabets Ey = {e1,e2} and As = {aj,as}, then

1 — ajasejenz?

(éo Sn(—Az)e?z"> (éo Sul— Az)egzn>

(3.4)

Proof. Let f(e1) = >.,2 €l Sn(A2)z", then the left hand side of formula (3.4)
can be written as

Teres f(€1) = Tepey (Z Sn(AQ)e?Zn>

n =0

€1 Z S (Ag)elz — €9 Z S (AQ)

_ n=0 n=0
€1 — €9
o0 n+1 n+1
= an(Ag) (61 © ) Zn
€1 — €9
n=0
= ) Sn(A2)Sn(F2)2",
n=0

and the right hand side of this formula can be written as

1
<n§205n(—A2)engn>
e (nfj S (—Ag)enzn > — e (n Sn(—A2)6?2">
(e1 — e2) ( > S elz"> ezz">

e1(1— alegz)(l —agegz) —eg(l — alelz )(1—ajerz)

e (35 st ) (5, Su-ovg=)

Teyes

(118

lMg I
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el (1 —eg(ay +az)z + alage%zQ) —e9 (1 —e1(ay +az)z + (ZIQQG%ZQ)

(@) (£ su-aneper) (£ su-neg)
n =0 n =0
1 — ajageqeyz?

<n§20 sn(—Az)engn> (éo Sn(—AQ)egz"> |

This completes the proof of Theorem 4. O

4. Applications to the Generating Functions

In this section, we attempt to give results for some well-known generating functions.
In fact, we will use Theorem 3.4 to derive Fibonacci numbers and Tchebychev poly-
nomials of second kind. Moreover, the generating functions for some special cases
of Fibonacci numbers and Tchebychev polynomials are given.

Case 1: For a; =1 and ag = 0, one can apply Theorem 4 to arrive at [3]

> 1
s, —eg]) 2" = . 4.0
nZ% (e1 + [—eal) (I —e12)(1 —e22) (4.0)
In (4.0) replace ey by (—e3), and choose e1, es such that: e; — ey =1, ejea =1 to
obtain
i Sn(er + [—ea])s" = —— with B = Sn(e1 + [~ea]),  (4.1)
oward 1—2z—2% ’

where F}, are Fibonacci numbers.

Also, if we replace e; by (2e1), e2 by (—2e3) with the condition 4ejes = —1, then
there follows that

1

D Sa2er +[-2ea])e" = g S

n=0

with Uy, (e — e2)

= Sn(2e1 + [—2e2]). (4.2)
where U, are the Tchebychev polynomials of second kind.

By using the previous formula (4.2), we can deduce that
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> [Sn(2e1 + [~2e2]) — (e1 — €2)Sn—1(2e1 + [—2¢3])] 2"
n=0
1—(e1 —e9)z
T 1 2(65 i eg)z)—i- 22 (43)

Then the Tchebychev polynomials of first kind can be derived directly as
follows [3]

Tn(el — 62) = [Sn(261 + [—262]) — (61 — 62)Sn,1(261 + [—262])] . (44)

Case 2: For a; =1, as = x, and e; = 1, e = y, in an application of Theorem 3.4
yields the following result [4]

[e.e]

Slita+-+a[l+y++y" 2"
n=0
1— 2
- Tz . (4.5)
[(1=2)(1 —22)(1 —yz)(1 —zyz)]
Case 3: By replacing e; by (—e2) and ag by (—as2), we obtain
> Sular + [—aa])Su(er + [—ea])z"
n=0
_ 1 — e1eqaqa922 (4.6)

(1 —are12) (14 ager12) (1 4 areaz) (1 — ageaz)’
This case consists of three related parts.

Firstly, by making the following restrictions: a; —as = 1, ajas = 1, and ey —eg = 1,
erea = 1 in (4.6) we gives

- n 1-— Z2 - 2.n
nzosn(al+[—a2])sn(el+[—62])z S P s nZOFnz . (47)

This corresponds to the square of Fibonacci numbers [7] given by
Fg = Sn(a1 + [—a2))Sn(e1 + [—ea]). (4.8)

Secondly, by making the following restrictions:e; —es = 1, e1e2 = 1, ajag = —1,
and by replacing (a; — ag) by 2(a; — az) in (4.6), we get the identity of Foata
[7], involving the product of Fibonacci numbers with Tchebychev polynomial
of second kind as follows
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1+ 22
1—2(a1 —ag) 2+ (3 —4(a; — a2)?)22 + 2 (a1 — ag) 23 + 24

= Z FnUn(al - a2)zn' (49)
n=0

In the last case, choose a; and e; such that ejeo = —1, ajas = —1, and by
replace (a1 — ag) by 2(a; — az), and (e; — ez) by 2(e; — e2) in (4.6), to obtain
the identity of Foata [7], involving the square of Tchebychev polynomials of
second kind given by

Z Un(e1—ex)Upn(ay —ag)2" = (1—2%) <1—4(€1 —eg)(a;—az)z+ (4(a1 —az)?
n=0

+4(e; — e9)* —2)2% —4(ey — ez)(ay — az)z® + z4>71. (4.10)

Notice that, under the same restrictions and by using (4.2) and (4.4), and the

fact that n "
(2(11) - (—2&2)

2a1 + 2as

Sn_1(2a1 + [—20,2]) = (4.11)

we obtain the identity of Foata [6], involving the product of Tchebychev poly-
nomials of second kind with Tchebychev polynomials of first kind:

Z Upn(e1—e2)Ty (a1 —ag)z" = <1—2(61 —e9)(a1—az)z+(2(ay —ag)Q—l)ZQ)
n=0

(1 — 4er — en)(a1 — an)Z + (4(a1 — a2)? + 4(er — es)? — 2)22

—4(e; — ea)(a1 — ag)2® + z4> , (4.12)

and also the identity of Foata [7], involving the square of Tchebychev polyno-
mials of first kind:

ZTn(el —ex)Ty (a1 —ag)z" = (1 —3(e1 —e2)(a; —ag)z
n=0

+ (2(a1 —az)? + 2(e1 — e2)? — 1)2% — (e1 — e2) (a1 — a2)z3>
<1 —4(e; —eg) (a1 —ag) Z+(4(a; —az)? +4(e; —ez)? —2)22 —4(e; —ep) (a1 —ap)2®

+z4> . (4.13)
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5. Conclusion

In this paper, a new theorem has been proposed in order to determine the generating
functions. The proposed theorem is based on the symmetric fonctions.The obtained
results agree with the results obtained in some previous works.
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