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Abstract: In this paper, a numerical method is developed for solving a linear
fourth order boundary value problem (4VBP) by using the hyperbolic uniform spline
of order 4 (lower order). Experimental results demonstrate that our method is more
effective for the problems where the exact solution is hyperbolic.
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1. Introduction

Much attention have been given to solve the fourth-order boundary value problems,
which have application in various branches of applied sciences. These problems
are generally arise in the mathematical modeling of viscoelastic flows [5]. A spline
has been widely applied for the numerical solutions of some ordinary and partial
differential equations in the numerical analysis. Many authors have used numerical
and approximate methods to solve third and fourth-order BVPs. Some of the details
about the numerical methods can be found in references [1, 10]. In a series of paper
by Caglar et al. [3, 4] BVPs of order two, third, fourth and fifth were solved using
third, fourth and sixth-degree splines. Lamnii et al. [7, 8] discussed a boundary-
value problems based on spline interpolation and quasi-interpolation with second
order convergence. The numerical analysis literature contains little on the solution
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of boundary value problems by using the hyperbolic B-splines, generally we find the
splines used in the above mentioned papers are all non hyperbolic B-splines with
higher degrees, which effect the computational efficiency in pratical application.
This motivates us to use hyperbolic B-splines of order 4 (lower order) to solve these
problems. In this paper we study a method based on the hyperbolic B-splines of
order 4 for constructing numerical solutions to fourth-order boundary value problems
(4BVPs) of the form:

WO) + f(0)y®(6) + 9(8)y(6) = p(6), (1)

with boundary conditions:

y(a) = ao, y'(a) = ay, y(b) = bo, y'(b) = by, (2)

where f(0), g(0) and p(f) are given continuous functions defined in the bounded
interval [a,b], a;(i = 0,1), and b;(i = 0,1) are real constants. The rest of paper is
organized as follows. In Section 2, we give a explicit representation of B-splines of
order 4. The interpolation hyperbolic B-splines is developed in Section 3. Solution
is explicited in Section 4. Numerical examples are presented in Section 5 and 6.

2. Hyperbolic B-Splines of Order 4

In this section, we briefly give a explicit representation of B-splines of order 4 and
we give the interesting properties of UAH B-splines of order 4, for more details see
[2, 9]. To do this, we need the following notations. Suppose k one intergre such that
kE>1. Letmk—42k+3and hy = b 4. Put

Gk—a—i—th—l mk—4 (3)
97k7:1k 3 9]7;;7,]C 2 — 9]7;;7,]C 1 — Hmk :ba

the set of knots that subdivide the interval I = [a,b] uniformly. The hyperbolic
B-splines space of order 4 is defined as follows

Ve = {s € C*(I) : Siok ok, ] € I'y} where I'y = {1, 0, cosh(#),sinh(6)}.
The dimension of Vj, is my and the fourth-order hyperbolic B-splines are given by:
fori=0,1,....my — 7,

—0 + 0¥ + sinh(0 — 6F), 0F <0 < 6F ;

0— Hf+2 +2(0—6F ) cosh(hk)—{—

QSlnh(H —0) +sinh(0F,, —0), 6F, <0 <0F,;
)—

vig(0) = Cpq —0+ QHQ 2(6%_, — 0) cosh(hy,
sinh(0F,, — 6) — 2smh(0k —0), 6F,<0< 6?Z+3,
0 — OF, , + sinh(6F,, — 0), af+3 <O <08
0, otherwise.
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where C} = with the respective left and right hand side boundary

.
4hsinh("k)2
hyperbolic B-splines are

—hg+0—a+sinh(hy—60+a) k k
-3,k )
0, otherwise.
Vo) =
€7afsinh(hk)+sinh(hkf€+a)+
hy—sinh(hy)
a—60—20sinh(hy)+2asinh(hy)+2sinh(hy)—2sinh(hy—60+a)+sinh(0—a) Qk <@ < 9k
2hy, cosh(hy)—2sinh(hy) ’ 0> 1
0—2hj,—a+sinh(2h —6+a) k k
2hy, cosh(hy)—2 sinh(hy) 07 <60 <05
0, otherwise.

( 6—a—sinh(f—a)

—2hg+2hy, cosh(hy) +
0—a+2(0—a) cosh(hy)—2sinh(hg)+2 sinh(hx—60+a)—sinh(6—a) ok < 0 < ok
2hy, cosh(hg)—2sinh(hy) ’ 0= 1
1+ hy—sinh(hg) th—9+a—sinh(2hk—0+a)+
—2hg+2hy, cosh(hy,) 2hy. cosh(hy)—2sinh(hy)
V*l,k(e) = 2(hy —0+a) cosh(hy)—sinh(hy)+sinh(hg —6+a)+sinh(2h;, —0+a) ok < 9 < gk
PPy , U1 =0 <0
4hy, sinh(=2)
—3hr+60—a+sinh(3h,—0+a) k k
: h(k 5 ) 05 <0 < 05
4hy, sinh(=%)
0, otherwise.
Ving—6,k(0) =
b—0—3hy, +sinh(3hy, —b+0) ok <0< gk
<40
dhy sinh( "k )2 ' mE—6 = mE=5
hkfsmh(hk) _ b*2hk7€+sll’lh(2hk7b+9)+
2hy —2hy, cosh(hy) 2hy cosh(hy)—2sinh(hg)
2(b—2hy, —0) cosh(hy)+sinh(hy)+sinh(—b4-60+hy)+sinh(2h, +6—b) gk <9 <pk
4hy Sinh(hk)2 ? mEp—>5 — myp—4

hy (b—0) cosh(2hy,)+2hy cosh(*2k —b+-0) sinh( "k ) 2Ry, sinh(hy)
2hy, (—14-cosh(hy))(hy cosh(hy )—sinh(hg )
—bsinh(hy)+6 sinh(hy)—hy sinh(2hy)+sinh(hy) sinh(b—0)—hy, sinh(hg+b—0) ok <0< ok
2hy (—1+4-cosh(hy))(hy cosh(hy)—sinh(hy)) o Ym—4 = mg—3

0, otherwise.
Ving—5,k(0) =
b—0—2hy +sinh(2hy —b+0) i i
2y cosh(hy)—2sinh(hy) Omy—5 <0 <0, 4
— sinh(hg ) (b—0—2h;+2(hi+0) cosh(hy )+sinh(—60+Db)) +
2(hy —sinh(hg))(hy cosh(hy)—sinh(hg))
hi (b+0)+bsinh(2hy ) —h (2 sinh(—b+0+hy,)+sinh(2h; +0—b) ok <0 < oF
2(hy,—sinh(hy))(hy cosh(hy)—sinh(hg)) ’ mp—4 = mp—3
0, otherwise.
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hi+0—b+sinh(—hy—0+b) k .
Vmp—4 k(@) = - hkjsinh(hk]; ) emk*‘l <0< Hmk*?)
C 0, otherwise.

The hyperbolic B-splines of order 4 possess all the desirable properties of classical
polynomial B-splines, see [9]. In this paper, we limit ourselves to list some of them

e v;(0) is supported on the interval [0F, 65 ,];
e Positivity : v;x(0) >0, V0 € [6F,0F,];

mk74
e Partition of unity: Z vir(0) =1.
i=—3

Table 1: The values of 1/,~7k(9),ylf7k(9) and V;:k(H) at the knots.

k k k k k
Hi h 9i+}1(h ) | R h(/?zj)r2 h(hy) h 0i+?ﬁ(h ) 9i+4 cloe
—hy+sinh(hy , cosh(hy ) —sinh(hy —hy+sinh(hy
Vivk(e) 0 inh( 2 inh( 2 inh( 2 0 0
4hy, sinh(=%) 2hy, sinh(=) 4hy sinh(=%)
7 1 —1
1 —1 1
v, (6 0 — — 0 0
Z’k( ) 2tanh(h7k) tanh(th) 2tanh(h7k)

3. Hyperbolic B-Splines Interpolation

In this section, we will construct an approximate of y*) (9;“) by using Taylor series

expansion.
According to Schoenberg-Whitney theorem (see [6]), for a given function y(0)
my—4
sufficiently smooth there exists a unique hyperbolic spline s(f) = Z wivi k() € Vi
i=—3
satisfying the interpolation conditions:
s0F) = y(@), =01, my—3; (4)
s'(a) = yla), s'(b)=y(b). (5)

For j=0,1,--+ ,my — 3, let mj:s'(é?f) and for 7 =0,1,--- ,my — 3, let

Pj—1— 2052+ pj—3
M; =Y L (6)
2hy, tanh( ")

By using the Taylor series expansion we have:

/ / 1
mj = s (0) =y (0) = 355 Ry ™ (0F) + O(hY); (7)
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" 1 1
_ k 2, (4) (pk 4, (6)(pk 6.
Mj =y (07)+ Ehky( )(‘9]') + 360hky( )(ej) + O(hg); (8)

Now we can applied M; to construct y® (9;“) and y®) (9;“) for j =1,2,--- ,my — 4,
as follows, where the errors obtained by Taylor series expansion.

M — M 1
ol el 0) (9;?) + ~h2y® (9;?) + O(h}); (9)
2hy 4
M1 —2M; 4+ M, 1
SISy (08) 4 <hity©) (68 + O(h); (10)
k
By Table 1 and this equations, we get: where vy, = s Cgffé?/fg;jzih(hk))

Table 2: The approximation values of y(@f), y/(Hf) and y" (9;“)

y(0) y (07) y (07)
Approximate value 5(9;?) m; M;
. . | (=hitsinh(he)) (pi—1+vn, pj—2FH—3) Hj—1—[tj—3 Hj—1—2p5—2+pi—3
Representation in p; Ay sioh(7)? o S
Error order O(h}) O(h}) O(h3)

Table 3: The approximation values of y(?’)(@f), and y*¥ (Hf)

3)(pk 1) (pk
y( )(‘9]') y( )(‘9]')
: Mj 1 —Mj M1 —2M;+ M1
Approximate value o B
Representation in —Hj—a 2P —3 =201 TR | pi—a = -3 O 2 — AL —1 TR
J 4h? tanh (%) 2h3 tanh(2k)
Error order O(h3) O(h)

4. Hyperbolic B-Splines Solutions of 4 BVP with f(6) =0

mk74 mk74
Let s(0) = Z pivi k(6) be the approximate of (11) and s(6) = Z fivi k(0) be
i=—3 i=—3
the approximate spline of s(6). Discretize (11) at 9}“ for j =1,2,--- ,my — 4, and
using f(@f) =0forj=1,2,--- ,my —4 we get :

Now, by using Table 2 and 3, the equation (11) becomes
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fj—a — 43 + 642 —

Apj—1+ py )
+9;C(—hy+sinh(h L dUp Lo i
Qh%tanh(%‘“) 95 Cr(—uk (hi)) (pj—1+vn, pj—24p1—3)

where g; = g(@f) and p; = p(@f). Consequently

2

(Mj—4—4uj—3+6uj—2—4Mj—1+uj)+gjmfhk) (—ha+sinh(hg)) (1j—1+0n, pj—2+4;-3)

h h
= 2p;h} tanh(;k) + O(2h] tanh(;k)). (13)
By dropping O(2h} tanh(h—;)) from (13), we yield a linear system with my — 4 linear
equations in my unknowns u;, j = —3,—2,--- ,my — 4. So four more equations are

needed.
On the other hand, by using the fourth boundary conditions (2), we get

H—3 = Qo; H—3 = ao;
Thus, 14
{ p—1 — p—3 = 2a1hg. { p—1 = ag + 2a1hy. (14)

By using a similar technique, we get:

fomy—4 = bo; Thus { Hmy—4 = bo 15
{ Homg—4 — Pmy—6 = 201y " Hmy—6 = bo — 2b1hy (15)

Take (13), we get my, —4 linear equations with p;, i = —2,0,1,--- ,mg —8,my —
7,my, — 5, as unknowns since f_3, f—1, fm,—6 and f,, —4 have been yielded from
(14)and (15).

Let

C= [:u—% o5 1y s Bmyg—85 Hmy,—T75 Nmk—S]T7

C= [ﬁ*% ﬁo’ ﬁla o ’ﬁmkf& ﬁmkfﬁ ﬁmkffi]T,

D = [do,d1,+ ,dm,—5]T, E = [eg, €1, ,em,—5|7 and using equations (13), (14),
(15), we get

h? .
h? . ~

where A and B are the following (my — 4) x (mj — 4) matrix:
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-4 -4 1
1 6 -4 1
0 -4 6 -4 1

1 -4 —4
1 1
Uh,, 1
1wy, 1
B . 7
1 Uh,, 1
1 Uhk
1 1
and where G and D are the following matrix
g1
92
G= 93
gmk74

h .
203 tanh(%)p; — m(bh—k)(;hk + sinh(hg))vn, g1pi—1 — p—3 — 61
2h3 tanh(% )y — sk (—hi + sinh(hg))gap—1 + 4pt1
2h3, tanh(%)pg — H—1
2h3 tanh(% )py

2h3 tanh(%)p,,, 7
th t%nh(hz_k)pmk—ﬁ — KBmy—6
th tanh(}g—")pmk_5 - #&6}%) (=hy + sinh(hk)) gy —5my—6 + 4htm,—6

hZ .
203 tanh (% )pin, 1 — ganery (—hie + SIB(AL) )0k, G —atmy—6 — Ottmy—6 — fm,—a

and e; = O(2h] tanh(%)),i =0,1,--- ,mg — 5.
After solving the linear system (17), ;, i = —2,0,1,--- ,;my — 8, my — 7,my —

5, /j—3 = H-3, /j—l = H-1, /jmk—G = Hmy—6, and /j’mk—ﬁl = Hmy—4 will be used
mg—4

together to get the approximation spline solution s(6) = Z fivi 1 (6).
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Lemma 1. The matrix A is inversible.

Proof. Tt suffises to prove that for all D = [dg,d1,- -+ ,dm,—5]7 € R™ % such
mk78
that A D = 0, we have D = 0. Indeed, If we put z(f) = Z djt3vj(0) +
j=—3
my—4
Z 0 v 5(0), then 2(4)(921?) =0, foralli=4,5--- ,my — 7.
j=mr—7

On the other hand, using the fact that z is hyperbolic spline function of C?, we
deduce that z(0) = o+ (60 + v cosh(f) + §sinh(6) in [0%, 0F]. From 24 (6%) = 0 and
24 (E) = 0, we have,

7 cosh(0%) + § sinh(0%) = 0;
7 cosh(0F) + §sinh(05) = 0;

we deduce v = 0 and § = 0. Consequently, 2(Y(0) = 0 and 2 (#) = 0 in all the
interval [0%,05]. In a same way, we have in all the other subintervals of [0, 6%

mk—7]’
2M(0) =0, 22 (0) =0 and 2’ () = 8. Consequently, we have

o = .
2\9(02) =0 5 = dg
(65) thus 2
) dy 7y —
2(2) (91]211@*7) =0 . 7J2r 2 = dmk_G
’ dg—d.
z (Héllc) =p d%hlz; =B
Z/ Hk _ ar—ds __ /3
( 5‘) B thus 2hk.
/ . dm 7. —dm, —
Consequently
ds = dy + hi.8

dg = ds + hi3

dmy—6 = dmy—7 + i3

we have also
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( —4dg —4dy +doy =0

do + 6dy —4dy +d3 =0

—4dy +6dy —4ds +dy =0

dy — 4do + 6d3 — 4dy +ds = 0

. (18)

dmk—9 - 4dmk—8 + 6dmk—7 - 4dmk—6 — O

dmkfg - 4dmk77 + 6dmk76 + dmk75 = 0

dmk—'? - 4dmk—6 - 4dmk—5 =0
thus 8 = 0, finally we have dy = dy = d2 = ... = d;,—5 = 0 which in turn gives
D=0. [l

5. Numerical Results for f(0) =0

To test our method, we considered three examples of fourth-order boundary value

problems (4BVPs) of the form ((2),(11)) with £(#)=0.

{ yW —y = —(8 + 8x) exp(x), x € [0,1];
y(0) =y(1) =0, ¥'(0) =1, y'(1) = —exp(1).
The exact solution is y(x) = z(1 — x) exp(x).
{ y@W —y = 4((1 — 2z) sinh(x) — 3cosh(z)), x € [0, 1];
y(0) =y(1) =0, ¥'(0) =1, ¢'(1) = — cosh(1).
The exact solution is y(x) = (1 — x) cosh(z).
{ y¥ —y = —4cosh(z), x € [0,1];
y(0) =y(1) =0, y'(0) = 1, y'(1) = —sinh(1).

The exact solution is y(x) = (1 — x) sinh(x).

(19)

(21)

In Table 4 we summarize the results of the problems 19, 20 and 21 for different

values of k.
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Table 4: Maximum absolute error for Problems (19), (20) and (21).

Ek | Error of problem (19) | Error of problem (20) | Error of problem (21)
3 6.826¢-002 4.271e-002 3.559¢e-002
4 3.290e-002 2.076e-002 1.719e-002
) 1.581e-002 1.001e-002 8.239¢e-003
6 7.415e-003 4.690e-003 3.825e-003
7 3.254e-003 2.039¢-003 1.634e-003
8 1.183e-003 7.172e-004 5.434e-004
9 1.499e-004 5.661e-005 1.139e-006

6. Hyperbolic B-Splines Solutions of 4 BVP of the Form ((1),(2)) and
Numerical Results

Discretize (1) at 9;‘? for j =1,2,--- ,myp — 4,we get :

In a same way, we have

h2 (Sinh(hk) — hk)
A 2FA k B =D+ E:
( |+ h2F Ay + () G )C 1+ E; (23)
h2 (sinh(hk) — hk) ~
2 k _
<A1 + h2F Ay + Sinh(hy) GB) C =D, (24)

where A; and Ay are the following (my — 4) x (my — 4) matrix:

-4 -4 1
1 6 —4 1
0 -4 6 -4 1

A ,




International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 7, No. 2 (2014)

SOLVING LINEAR FOURTH ORDER BOUNDARY VALUE...

Az

and where F', G, B and D; are the following matrix

fi
P
F= f3
g1
g2
G = g3
1 1
Up,
1
B =
1

and

Dy =

fmk74
9Imy,—4
1
vp, 1
Uh,, 1
1 oy,
1 1

95
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2h3 tanh( L)p1 + 2hkf1u 11— m( hy 4 sinh(hg))vp, g1p—1 — p—3 — 6p—1
2h3 tanh(% )py — b3 fop—1 — s hk)( hi + sinh(hg))g2p—1 + 4p—1
2h3 tanh( 2k )53 — 1
2h3 tanh(—2&)p4

2h3tanh( )Py —7
2h3 tanh( 5 )pmk 6 — Hmy—6
h
2k} tanh (£ )pum, —5 — h2 fm, — 5umk -6 ~ =mh hk)( hy + sinh(hg))gm,, —5 tny, —6 + 4hmy, —6
2h3 tanh( 5y, —a + 203 frny, —afimy, —6

h2
—simntiyy (The +sinh(Re)) v, Gmy, —aptmy —6 = iy —a — fim, —6

After solving the linear system (24), ;, i = —2,0,1,--- ,my — 8, my — 7, my, —
5, fl—3 = f—3, -1 = [—1, fmp—6 = Mmy—6, a0d [y, —4 = fm,—a Will be used to-

my—4
gether to get the approximation spline solution s(0) = Z Rivi K (6)
i=—3

We considered three examples of fourth-order boundary value problems (4BVPs)
of the form ((1),(2)).

{ y @ +y@ —y = — (22 + 11z + 8) exp(z), x € [0,1]; (25)
y(0) =y(1) =0, ¥(0) = 1, y'(1) = —exp(1).
The exact solution is y(x) = z(1 — x) exp(z).
{ y@W + 9@ —y =6(1 — 2z)sinh(z) — (22 — z + 14) cosh(x)), z € [0,1]; (26)
y(0) =y(1) =0, ¥'(0) =1, /(1) = — cosh(1).
The exact solution is y(x) = (1 — x) cosh(z).
{ yW 442 —y = —6cosh(z) + (1 — x)sinh(z), z € [0,1]; (27)
y(0) =y(1) =0, y'(0) = 1, y'(1) = —sinh(1).

The exact solution is y(x) = (1 — x) sinh(x).

In Table 5 we summarize the results of the problems 25, 26 and 27 for different
values of k.

7. Conclusion

Experimental results demonstrate that our method is more effective for the problems
where the exact solution is hyperbolic (see Tables 4 and 5). The proposed method
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Table 5: Maximum absolute error for Problems (25), (26) and (27).

k | Error of problem (25) | Error of problem (26) | Error of problem (27)
3 6.971e-002 4.416e-002 3.585e-002
4 3.347e-002 2.121e-002 1.726e-002
5) 1.602e-002 1.014e-002 8.243e-003
6 7.482e-003 4.712e-003 3.802e-003
7 3.255e-003 2.025e-003 1.600e-003
8 1.154e-003 6.891e-004 5.046e-004
9 1.061e-004 2.240e-005 4.244e-005

97

can be extended to solve higher (i.e., more than 5th) order boundary value problems
by using the hyperbolic (tension) B-splines of order more than 5, 6, - - -.
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