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Abstract: The balance equations for Extended Thermodynamics with an arbitrary
number of moments is here considered and a particular method is followed to obtain
from them a finite number of equations; this method is based on the suggestions
coming from the non relativistic limit of the corresponding relativistic model. The
closure of this reduced set of equations is obtained by imposing the entropy principle
and the Galilean relativity principle. To this end some tensorial properties are
necessary and have already used in literature without proving them. This gap is
here filled, by proving them also in the general case of the above mentioned closure
method. Also other interesting consequences are outlined.
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1. Introduction
The balance equations for moments in Extended Thermodynamics have the form

where F""i» are the moments, G*1» are their fluxes and Q™" "» their production
terms.
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Now the infinite hierarchy of moments and of their corresponding balance equa-
tions has to be dropped. Initially in literature this requirement was realized letting
the index n to go from 0 up to a fixed number N and leaving the moments of order
greater than N and, sometimes, also some of their components (see [1]-[7] for exam-
ple). But in [8]-[10] it was proved that the non relativistic limit of the relativistic
model suggests another way to obtain a finite number of equations: It depends on
two arbitrary numbers N and M such that M < N and M + N is an odd number;
after that,

e The highest order for the moments to be considered is N + M + 1 (this fact
agrees with the corresponding kinetic approach where the highest order for
moments to be considered is an even number, and this is motivated by inte-
grability reasons as it can be seen in eq. (29) of [11] ).

e The moments for n = N +1,---, N+ M + 1 intervene only through their

i iNg Ml —nltlel Nl N
p) 7.

multiple traces, in particular F

In other words, the balance equations to be considered are

QF N 4 G GRI i = QUin forn =0 .-, N (2)
atF;El..-zR + akGl;éLl---zR — ZPIE..-’LR fOI'R — 0 cee M,
where
FS...Z‘R _ Fil---iRllll---lN+12v1+1 7RlN+12v1+1 R

Kiv-iglili--Ingmon  plNemer g
P) 2

Ghiin = @

Qil"'iR _ Qll---lRllll---lN+12v1+1 _RlN+é4+1 R
R

Here Fi1in | F}g"'iR, Qirin Qg"'iR are symmetric tensors, while G¥1 and
Glgl”'m are symmetric only in the case of ideal gases; in the most general case
they are symmetric only with respect to the indexes 41 ---4, and 41 ---ig. Other
considerations [12], [13], lead to think that M and N are two subsequent numbers;
this aspect does not affect the present results, so that we prefer to maintain their
generality. Moreover, we have

e Q=0,Q =0, Q" =0 so that eqs. (2); for n = 0, n = 1, and the trace
of that for n = 2, are the conservation laws of mass, momentum and energy,
respectively.

e F¥ = G¥ 5o that the flux in the conservation law of mass (i.e., eq. (2); with
n = 0) is the independent variable in the conservation law of momentum (i.e.,
eq. (2); forn=1).
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The eqgs. (2) become closed when the expressions of the fluxes and of the production
terms are introduced; restriction on the generality of these expressions is obtained
by imposing the entropy principle and the Galilean relativity principle. To this end,
some tensorial properties are necessary. In the particular case without egs. (2)a,
these properties are simpler and can be found in ref. [14]. When also eqgs. (2)s are
considered (and this is necessary, for physical grounds) they have already been used
(see refs. [15]-[16] ), but without proving them. This gap is filled in the present
paper; in fact, in sect. 2 they are exposed and proved.

In sect. 3 these properties are applied to the moments and their fluxes as appear-
ing in egs. (2), so obtaining the consequences of the Galilean relativity principle.

In sect.4 they are applied in connection with the entropy principle and attention
is focused on a particular partial differential equation which comes out from the
above mentioned consequence, but only in the particular case of ideal gases. This
equation can be found in literature [17]-[18] (eq. (1.4) and its solution exposed in
sect. 2, up to eq. (2.2) ) for particular cases of M and N; here we obtain its exact so-
lution, without using Taylor’ s expansions, in the general case. Finally, in sect. 5, we
compare the present results with a particular decomposition of moments and fluxes
into velocity dependent parts and non convective quantities; this decomposition is
present in literature [14],[17] so that we cannot omit to consider it.

2. Some Useful Tensorial Properties

The first tensorial function, which we consider, is defined by

ivin oy — [T (1, sis,ist1 .., in) ;
So(w) = < s ) o 0 u u withs <n, (3)
which depends on the vectorial variable ; moreover, 5; is the Kronecker symbol
and round brackets enclosing some indexes denote symmetrization with respect to
these indexes. The following properties hold, whose proof is shifted at the end of
this section

Property 1. For every couple of integer numbers (r,s) with r < [5], s < n, we
have

S |
i1t —2pl1ly Uy _ n—2r q r 2\r—p—q
S =2 (8—(1—21))2 T —p—g" @
(p.q)ESr
5. . . . (i1 ls—q—2p ) Gs—q—2p+1 in—2r)
Uy u]q5Jq+1Jq+2 e 5jq+2p71]q+2p Jgtop+1 '5]'5) wETITET )

where S, is the set of the couples (p,q) of integer numbers p and q such that p > 0,
q>0,p+q<r,s—n+2r<qg+2p<s.
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Property 2. For every s < N + M + 1 — R, we have

i1-iRlilil Ng v INtM

e +M+1_ pIN+M+1 g

J1Js
N+M+1 _ p\
(5 - R)!

— Z i 24
s—q—2p plq! (%—R—p—q)!

(p.a)eS
QN NEMEL B gy g
(u ) 2 s U5
. . . . . (il i37q72p is—q—2p+1 iR)
o u]q6]q+lﬂq+2 o 5Jq-0-2p—1.7q+2p Jat2pr1 6js) u U, (5)

where S is the set of the couples (p,q) of integer numbers p and q such that p > 0,
q>0,p+g< LR s R<g+2p<s.

Property 3. For every N4+1<s< N+ M + 1 — R, we have

iighililngven plnemer o,
S p) p)
J1Js
il...iR . . PR . .
(jl---jN+M+1_S5]N+M+275]N+M+37s 5]3—1]5) ’ (6)
with

i1iR
J1 "IN+ M+1—s

N+M+1
-y ( R ) 90 (T2 Ryt gy
(rDes s—q—2p plq! (%—R—p—q)!

5. , st

Uy - ujqéjq+qu+2 T 00 Ny Mt 2p—25J g+ N+ M+2p—2541%5 0 N M 42p—2542

Cglsmam isoqopi1 L giR) (7)
INtM+1-5) ’

where S is the set of the couples (p,q) of integer numbers p and q such that p > 0,
q>0,ptg< ML R s R<qg+2<s.

Property 4. We have
S )_{ o(k . if s<p (8)
s — 1 . — b))
E : i1 Jig 6j1 ...5].5 if s=p.
Property 5. We have

N+M+1-R

E ki-kr Y ELIN M A 1—n (o S . -
le AN+ MA1— n(_u)X(jl...jNJrMJrliS(u)6]N+M+2—sJN+M+3—s 5_]5—1]3) -

ok 5’“1%5 Y

(9)

{0 if N+1<s<N+M+1-R

y if s=N+M+1-R.

JR+1JR+2 JN+M—RIN+M+1—-R

(J1
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Before introducing the other properties, the following Lemma is necessary

Lemma. For every symmetric tensor ¢;,...;, we have

=0 ifandonlyif ¢;...,=0." (10)

¢(z‘1---z‘p6ip+1ip+2 U 5ip+2k—1ip+2k)
We can now continue with the other properties.

Property 6. We have

N+M+1-R o
ki---k — W UINFMA1—n (= __
Z Xill'"iNiM+17n(_U)le"'jNiMil—s (u) - (11)
n=s
0 if N+1<s<N+M+1—-R
Y MR if s=N+M+1-R”
(J1 JR)

Property 7. The following identity holds

211,” in+1 len 6?n+1 fOI' s = 1 .. n
i SJ,I"'JSU, +S(J1"'Jsfl Js) ’ ’
S-l___ ‘n+1 — Sl1---2nuln+1 fOI' s = 0 (12)
J1Js . . i
Siitn gt for s=n+1.

(J1-dn Jn+1)

Property 8. We have

] ] Y ) 1IN+ M+2—R
5ZR+1ZR+2 5ZM+N7RZM+N+1—RSj1---jS - (13)
; ; Y . 11 INYMA+1-R,) N M42— R
5ZR+1ZR+2 5ZM+N7RZM+N+1—R [Sjl---js u +
11N+ M+1—R (CN+M+2—R
S 0,
T (J1+ds—1 Js)
for s=1,---, N+ M+1—R
= ) ) Y ) 11 IN+M+1—Rq !N+ M+2—R
52R+12R+2 52M+N—R2M+N+1—RS u
for s=0
Py ) S ] 11N+ M+1—-R ¢IN+M+2—R
'R+1'R+2 PMAN—RUMMAN+1-R™ (j1 Ny M41-R IN+M+2—R+1)’
for s=N+M-+2—-R.

Property 9. The following identity holds

") Sil---iN+M+2—R _ (14)

5iR+1iR+2 ’ IM+N—RIM+N+1—R*j1-js

4

i1
(;1"'?N+M+1735jN+M+2—SjN+M+3—s T 5js—1js)u2N+M+A27R+
i1 IN+M+2—R
+ (}1...?N+M+2_S5jN+M+3fst+M+4fs T 5jsf2jsfl(sjs)+ "
= for s=N+1,--- , N+ M+1-—R
PN 7. S . IN+Mt2-R
(J1 JR JR+1JR+2 IN+M—-RIN+M+1-R”jNyaf42-R)
for r s=N+M+2—-R.
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Property 10. The following identity is satisfied

) Slen _ { nS(l1ln—15zn)] for s — 0,---,n—1
0

—_— 0, . J1Js
oul e for s=

Let us now define the tensor

i1 s ) ) ) 11 IN+M+1-R
le---js - 52R+12R+2 e 51M+N—R1M+N+17st1---js for s <N. (16)
It follows

Property 11. We have

O i ;G y
%Yjﬁ..jf = {(N +M+1- 2ll%)<5jR5le+1 + RoI( 15

fors =0,---,N.

A Yi2~~~iR)jRjR+1
RIR+1| Lj1-gs )

0 iiig [(N +M+1- 2R)5jR5J(-2+1 + Roi(in 5jRjR+1:| X;f:::;f)JR]R+1’
jol---js' = fors=R+1,--- , M,
0 fors = R,

(17)

where it is understood that, for R = 0, only the contribute of the first term in
square brackets has to be considered; moreover, the contraction with 5?; , has to be
executed and also the subsequent simmetrization, without taking into account the
fact that, before of these passages, there is apparently a negative number of indexes
of the type i... More precisely, we have

19} A
w}/}y..js = (N + M + 1)}/]]1]3 fors = O’ - ’N_
i R (N+M+1)X]]:1---js fors=1,---, M.
ow L0 fors =0.

Property 12. For every s < N + M + 2 — R, we have

iippthil - INe M1 pINeMyr g
2 2 p)

S < R+1 >2q (M — R

s—q—2p plq! (%—R—p—q)!

JiJs

(p,q)€S*
- (u?)

] ] (i1 ls—q—2p G5 q_2p+1 iR4+1)
R R N, G SRRTET s uime) | (18)

N+M+1
2

“R=p—=q o s 8
Ujy Wi Oy 1dgva
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where S* is the set of the couples (p, q) of integer numbers p and q such that p > 0,
q>0,ptq< ML R s—R-1<q+2p<s.

Property 13. For every N +2<s< N+ M + 2 — R, we have

iippilili iy e g
3 3

J1-Js
il...iR+1 . . PR . .
(jl...jN+M+37S5]N+M+4—5]N+M+5—s 6]371]5) , (19)
with
iRt
J1 " JN+M+3—s
N+M+1
e (A Y R e,
s—q—2p lgl (MEMAL R 0 o)l
i plq! (A5 p—q)
S . . G
Uy - u]q5Jq+1Jq+2 T 5Jq+N+M+2+2p—2sjq+N+M+2p—2s+35jq+N+M+2p723+4

N uis—q—2p+1...uiR+1)’ (20)
IN+M+3—s)

where S* is the same set defined in eq. (18).

Property 14. For every N +2 < s < N+ M + 2 — R we have

i1ipg
Zjl"'jN+M+37s
i1ig 5. ‘ iRt1 4 iR iR+1
(1 N+ M41—s IN+M+2-sIN+M+3—5) + (J1INtMy2—s IN+M4+3—s)
= for s=N+2,--- N+ M+1-R
; 7
L REEY Pl for s=N+M+2—R.
(J1 JR+1)

(21)

Property 15. For every enumerable family K71"Js of symmetric tensors, with
0<s<n+1, we have

n+1 ] ] n n
W lndl pofieds g i Z 01in [rf1ds Z i1 in prj1ejsing 1
ZSJr--Js K u S]l"']sK S]l"']SK ' (22)
s=0 s=0 S=0
Property 16. For every R > 1, we have
i1vig—1ll __ gd1ip—1 ¢
J1iN - (]'1---j1\4—15]1‘/”1‘/“r1 o 5jN*1jN) ’ (23)

with

11 TR—1
JiiM—1
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_ Z < R—-1 ) 00 (% — R)! (u2)N+12V[+17R7p7q

A\ANN—-—qg—2p plg! (AEAMEL R ph—g)!
(p9)€S ( 2 )
5. A A (i1
Uy~ u]q5]q+1]q+2 e 5]q+2p7N+M72]q+2p7N+M715jq+2p_N+M
L §IN=a=2p N _g_2pt1 g iR-1)
JM—1) )

where S is the set of the couples (p,q) of integer numbers p and q such that p >
T, g2 0, p+g< M R N-R+1<q+2p < N.

Property 17. For every R > 2, we have

i1igp—1ll _ d1-vig—1
X]l]S - n(]'l---js_géjsfljs) ? (24)

= Z R-1 24 (N+g/[+1 _R)'
. N+M+1-5-qg—2p plg! (AL — R —p—g)!

(u?)

N+M41
e R

Uio oo Us O eei S . st
(J1 JqOda+17q+2 Jq+2p+25—N—M—4Jq+2p+25—N-M-3%j 1 0p 05 N_pr—2
e 5’,1\’“;”1*3*4*2?uiN+M+2—s—q—2p voytR-1)
Js—2 ’

where S* is the set of the couples (p, q) of integer numbers p and q such that p > 0,
q>0,p+q< i R N+M+2-S-R<q+2p<N+M+1-85.

Property 18. A consequence of the last property is

i1 IR—1 ¢l TR—1
JiJr—1 5(j1 o '51'371) ’ (25)
Property 19. For s =1, --- , N the following identity holds
ki1-igp—1 _  ky-i1ir—1ll i1ig—1ll ¢k
[ R R (T AR (26)
Property 20. The following identities hold
Ykil'“iR—l — ukuil L. u’iR_l (’LL2)W7R Yl'l"'iR—lll
— it (2) TR (97
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Property 21. For S=R+ 1, ---, M we have
D G 5
Grjs  Yds+iis+2 " 0Nt M-SsINtM41-5)
. Si'l"'i‘R—lllll"'lN-fg/I-fl 7RlN+é4+17R
J1 " IN+M+1-S
irig—ililiiye v plNemer g
2 2 k
+ S(jl"'jN+M—S IN4+M+1-8) (28)
Property 22. The following identity holds
kiy-ip—1 _ i1ir—1 ok k_t1iR—1
Xj1~~~jM = T(j1"~jM715]'M) +u Ny vjing—o Qiv—1inm) - (29)
Property 23. For S=R+1, ---, M — 1 we have that
ki1-ip—1 __ _d1-iR—1 ¢k k, i1 iR—1
jiwds = Mgrgs %) T U MGrge o Ods1ds) - (30)
Property 24. For S= R+ 1, ---, M + 1 we have that
ivipll _ yrin
jrdser = X(jregsr dsisa) (31)
Property 25. We have
S S kir-irplili-INev+1 I NEM41
kv i1iR 1R kE —-R -R
u Y F Y Gige %0 = Sieda ’ ’
for s=1,---, N, (32)
XRS5 s +Yhir gk
(G1-+gar CIM+1TM 42 ININ+1) (j1in"IN+1)
_ S]T?il"A'iRllll"'lNJpé/IJpl_RlN+J2\/I+1_R
J1IN+1

Property 26. The following identity holds

ub xR + X gk = ZE for s = R+ 1,-, M (33)

(j1-+js—1°dsis+1) (J1+ds Js+1) J1Js+1

We report now the proofs of these properties. A reader not interested in the
details may overcome them and go on in the next section.

Proof of Property 1. Let us prove it with the iterative procedure with respect
to the integer r. The property holds for » = 0 because, in this case, it is nothing
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more than eq. (3). Let us suppose that it holds up to the index r and prove that
it holds also with = + 1 instead of r. Let us contract eq. (4) with &, , i, .,
by explicitating in the first passage the symmetrization in (4) with respect to the
indexes %y, _9,_1ip_op, that is

i1rip—2plilyclely n — 2r q r! 2\r—p—q
i ar—1in—2r 551 s =iy op qin_or D s—q—2p )2 m(“ ) :
(p,q)ESr o :
s—q—2p in—2r (i1 is—q—2p—1 i i )
B e YUY 3 ) LS . 5. : R s—q—2p ...y n—2r—1
[ n —2r “ Yiq%ig41dg+2 Jq+2p—17q+2p “dqyopt1 dqtr2pt2 Js) “ “ +
n—2r —s4+q+2p s s
+ n — 2r U1 Yiq%g+1dgte T %dgtep—1dg+2p”
G gt ma—2p s g2pt1 L yin—2r—1) yin—2r | — (34)
Jq+2p+1 Js)
= ; ( n —2r q 7! uz)"‘fpfq s—q—2ps—q—2p—1‘
n—2r—1%n—2r s—q—2p 1g! —p—q)! —2 —2r—1
(p,a)ESr plat(r—p—a " " " "
ip—2p ip—2r—1 (i ls—q—2p—2 g g_9n_ iy —2pr—2)
. PP ) . a8 . s.m . \ LS. s—q—2p—1 ... 4'n—2r—2
(i1 Yiq%iq41dg+2 Jq+2p—1Jq+2p “Jg42p+1 Jq+2p+2 Jq+2p+3 Js) “ “ +
+2$—q—2pn—2r—s+q+2pu. e S ) LS ) fn—2r  g(iy L gtsma—2p—1
n — 2r n—2r—1 (1 Ja"Jq+17q+2 Jg+2p—1J9g+2p “dgt2p+1 dqt+2p+2 is)
cults—a—2p ... uin727‘72)uin727‘71} (see the motivation in the following note *) +
n72'rfs+q+2pn72rfs+q+2p71u. Y ) s ) 6@1 ”'isquzp'
n—2r n—2r—1 (1 9q%dq+17q+2 Jg+2p—19q+2p %igtap i1 is)
. uls—a—2p+1 ...uin727‘72)uin727‘71uin727‘] —
_ Z < n—2r >2q r! (uz)rfpfq[S*Q*2P87q72p71'
s—q—2p 1q' (r —p — q)! — — —
(p.@)eSy plg!(r—p—q)! n — 2r n—2r—1
T R ) (i1 gtea2p=2 i go2p1 | yin—2r—2)
U1 g %gt1gr2 T Sigteptiigrep 2 %igopts T %) “ “ +
+287q72pn72r78+q+2pu, Ceews S . R . 5(_11 ...iS*q*2p*1.
n — 2r n—2r—1 (1 Jq+1"Iq+27q+3 Jq+2pJIq+2p+1 "dg42p+2 Js)
L uts—a—2p . ..uin727‘—2)} +
+n72T7S+q+2p"72rfs+q+2p71u. R ) S ) PG Cgts—a—2p
n —2r n—2r—1 (1 Ja"Jq+17q+2 Jq+2p—1J9g+2p “igt2pt1 is)
Cuts—a—2p+1 .. .uin—zr—z)uﬂ .

Note *: In this passage we have taken into account that, by exchanging the in-
dexes i,_o, and 7,,_o,_1, we obtain the same result thanks to the contraction with

5in727‘71in72r :
Now,

e For the first one of these terms, we can omit the values with ¢ + 2p = s and
with g+ 2p = s—1; this is equivalent to replace Z(p,q)ESr with Z(p,q)es: where
S¥ is the set of the couples (p, q) of integer numbers p and ¢ such that p > 0,
q>0,ptq<r,s—n+2r<q+2p<s-—2.
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After that, we substitute

n—2r ls—q—2ps—q—2p—1
s—q—2p ) pl n-—2r n—2r—1

with
( n—2r—2 > p+1
s—q—2p—2 ) (p+ 1)
Finally, we change index according to p = P — 1 and note that Z(pﬂ)es*
becomes Z( P.g) ; it is true that in this case we enclose the new term with

EST+1’
P = 0 but this is zero, thanks to the factor p + 1.

e For the second term in (34), we can omit the values with ¢ 4+ 2p = s and with
g+ 2p = s+ 2r — n; this is equivalent to replace Z(pg)e& with Z(p,q)ES,’i*
where S)* is the set of the couples (p, ¢) of integer numbers p and ¢ such that
p>0,¢g>0,p+qg<r,s—n+2r+1<qg+2p<s—1.

After that, we substitute

< n—2r )1S—q—2pn—2r—s+q+2p

s—q—2p a n—2r n—2r—1

with

( n—2r—2 ) g+1
s—q—2p—1) (¢g+ 1)

Finally, we change index according to ¢ = @ — 1 and note that } ., g

becomes > ; it is true that in this case we enclose the new term with
(sz).EST-Q—l

@ = 0 but this is zero, thanks to the factor ¢ + 1.

e For the third term in (34), we can omit the values with ¢ +2p = —n +2r + s
and with ¢4+ 2p = —n + 2r + s+ 1; this is equivalent to replace Z(p,q)esr with
Z(p,q)ES,’f** where S;** is the set of the couples (p, ¢) of integer numbers p and
gsuchthat p>0,¢>0,p+q¢<r,s—n+2r+2<qg+2p<s.

. —2 _op_ oy _
After that, we substitute < e ) L n—2rostqipn-2r-stqilp-l

5§—q— 2]9 (r—p—q)! n—2r n—2r—1
with
—2r—2 —p— .
( Z_ q?“_ o ) %. Finally, we note that Z(p,q)es,i‘** can be expressed

as Z(p Q€S 11} it is true that in this case we enclose the new term with p+¢ =
r 4+ 1 but this is zero, thanks to the factor r + 1 —p — q.

With the above described three changes, the expression (34) becomes

)
—q— 1q! (r — —q)!
(p,9)€Sr+1 pq p 9
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(il is* -2 'sf — 'nf T—
UGy Uiy O ars  Ojson1iasan PPSIPREE 5]'5) 92 g ls—q—2p+1 . . . gin—2r—2)
s—Q —2 Qr—p—Q+1)!
(b.Q)ESr 11 Q-2 ) pRr=p=Q+Y
(il isz72 bs—O— in—2r—
UGy Wi Ojovjors  Ooran1i0ran ovaper O P is—Q-2p+1 . .. g in—2r—2) 4

s—q—2p ' (r+1—-p—gq)!
(P,@)ESr+1 ( )

5. . . . (i1 ls—q—2p  is_q_2p+1 in—2r—2)
u(]l “ee u]q 5]q+1]q+2 “ee 5]q+2p71]q+2p jq+2p+1 “ e 5]8) u s—q '3 e U n r

and this is composed by three terms similar one to the other; the sum is exactly eq.
(4) with 741 instead of 7, because (p) + (¢) + (r+1—p—gq) = r+ 1. This completes
our proof.

Proof of Property 2. It is just eq. (4) withn = N4+M+1—Rand r = % —R.
The condition s < N+ M + 1 — R is a consequence of that for which (4) holds, that
is s < n. The other condition r < [§] is surely satisfied.

Proof of Property 3. It is just another way to write the Property 2, that is eq.
(5). The condition s < N+ M + 1 — R already appears in (5). The other condition
s > N +1 is important because has the consequence 2s — (N+M+1) > N+1— M;
but N +1— M > 0, so that we are assured that in eq. (6) there is not a negative
number of symbols d... Also in eq. (7) there is not a negative number of symbols
J..; in fact, from the definition of the set S reported after eq. (7), it follows s — R <
g+2p=(q+p)+p< % — R + p where the property p+q < % — R has
been used; it follows p > s — %, or2p>2s—(N+M+1).

Proof of Property 4. Thanks to eq. (3), we have
k1---k n
Z Slll 'lnp S;i ;s( ) =

P
Z ( p > St ghngknn L yke) ()P ( n > SUL L gisqist L. L g in)
n 11 in S J1 Js

n=s

Now we eliminate in the second factor the symmetrization with respect to iy - - - iy;
this is possible thanks to the contraction with the first factor which is symmetric
with respect to these indexes. So our expression becomes

p
SO —

n=s

u |
_ p: -n (k ks ks oy
_<Z(p—n)!5!(n_8)!(_1)p >5j11,..5jsu 1 ke) —

n=s
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p—s
_ Z(pf)(—l)n <§>(—1)pSéf“--éf:u’%ﬂ---u’%), (35)

n=0
where in the last passage we have changed index according to n = s + 7. Now,
if s < p, we have > 3770 < p;s ) (—=1)7 = [(=1) + 1]P=* = 0 (for the Newtonian

Binomial Rule) so that the expression (35) is zero. Instead of this, if s = p, the

expression (35) is 5. 6%) and this completes the proof of (8).
J1 Jp

Proof of Property 5. Let us write eq. (8) in the case s > N + 1, with p =
N + M + 1 — R; after that, we contract it with 0y, k.0 - and
use eq. (6). In this way we obtain

5kN+M—RkN+M+1—R

N+M+1-R
E ' ki-kpr i1-in , , o
le AN MA41— n( )Sjl Js ( )6ZN+M+2—nZN+M+3—n e 52n—lln

0 if s<N+M+1-R
- ¢f11.....f15+M+17R if s=N+M+1-—R, (36)
where
wfll:j}&MH_R B 5(‘]61 o 5;?11\’V:11\\4/1-t1171}:)5k1%+1k1%+2 o 5kN+M_RkN+M+1—R
5611 h 55]]\7\7:1‘]\;:11 ;:)(SkR“kR“ o 5kN+M—RkN+M+1—R
6611 ‘ 5kR6]R+1]R+2 T 5jN+M—RjN+M+1—R) .

Now, for the left hand side of eq. (36) we apply again eq. (6) so obtaining eq. (9).
.6

iprok—1ipt2k) 0is a

Proof of the Lemma. It is obvious that ¢, ..;,
consequence of ¢;,...;, = 0.

Let us prove the vice versa trough the iterative procedure with respect to k. It
surely holds when k£ = 0. Let us suppose that it holds up to a given value of k and
prove it for the case with k + 1 instead of k. Let us write (10); with k£ 4 1 instead

of k and contract it with 6ZP+2’€+”P+2’€+2 we obtain

1p+1ip+2 o

— b S Y . Up+2k+1lp+2k+2 —
- ¢(l1"'lp51p+llp+2 52p+2k+1lp+2k+2)5

B p+2k+2 (2k + 2)¢(i1”'i1’6i1’+1i?+2 o 6ip+2k+1)ip+2k+2+

. o N ‘ Ipt2k+1iptakt2 —
+p¢lp+2k+2(zl"'Zp—15zplp+1 6lp+2k2p+2k+1)] 0

1
C (p+2k+2)(p+2k+1)

+p(p o 1)¢”(i1“'ip—26ip—1zp] 6%-0-1%-0-2 o 6ip+2k71ip+2k) .

[(2k 4 2)(2k + 3 + 2p)P(iy..i, +
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For the iterative hypothesis applied to the tensor in square brackets instead of ¢, ...;,,,
it follows that

(2k +2)(2k + 3 + 2p)biy iy, + P(P — Duiy-wip-0i,1i) =0 (37)

Obviously, if p =0 or p = 1, from (37) we deduce ¢;,...;, = 0; let us prove now that
this result holds also for p > 2. To this end, let us distinguish two cases.

e If p is even, let us contract eq. (37) with §1% ... §%»-1% 5o obtaining
0= (26 +2)(2k + 3+ 2p) 1,1,y 1y + PP = Dty iy o0y 3, 0172 - 80 100) =
= (2K +2)(2k + 3+ 2p)bnty- 1515 + (P — 1) Bty iy o0ty 13, 0172 - 52 =
= (2k+2)(2K + 3+ 2)00,1, g1y +POtiy-iy 2By i, |50 - TrIrgtrrin g
+(p—2)otr—1lin .. 5%4)%} =
=2k +2)(2k + 3+ 2p) + p(p + 1)]¢llllml§l% from which it follows

Olitydply = 0. (38)
2 2

e If p is odd, let us contract eq. (37) with §%2% ... §%-1% g0 obtaining
0=(2k+2)(2k+3+ 2p)¢illlllml%11%1 +(p—1)(p —2)Puiyip_s0iy_1i,
+2(p — D) utigeiy 0 yiy J01272 - §T0=1T0) = (2k + 2)(2k + 3 + 2P)Biststs tp s ps
+ =P = 2)Pui ip-26i, 13,

H2(p = 1) ttigeeiyy 8y J0U2 - )
= (2k+2)(2k +3 + 227)(251'11111...1%_11%1
+(p = 2)buiy -+ip—26i, 11, {5(i2i3 R e L
+(p — 2)5ir—1liz . .5%4)%}
+2(p — 1)@11111---1%115_1 =
=@k +2)@k+3+2p) + (P =2+ D+ 200~ Dbttt

from which it follows gbilllll...l%llrz_l =0. (39)
Let us prove now that
p
VR: 0<R< b] , we have @i, opiylydply = 0. (40)

Also in this case, we use the iterative procedure (which is inside the previous one)
with respect to R. Eq. (40) holds for R = [g] because in this case it is nothing else
than eq. (38) if p is even, and eq. (39) if p is odd.
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Let us suppose that (40) holds up to the index R and let us prove that it holds

also with R — 1 instead of R. ‘ ' o
To this end, let us contract eq. (37) with §’»+1-2rtp+2-2r ... §%~1% where r = R—1,;
in this way we obtain

0= (2k+2)(2k + 34 2p)di, iy o lily 101, +
er(p* 1)(725”‘7‘1""7‘17*25‘713 1Jp5z(fl 5Jp 25Jp 15Jp)51p+1 aripra—2r . glp-1ip —

—2Vip_1 ip

= (2k + 2)(2k +3+ 2p)¢11 vip—arlily Ul +

er(p - 1)¢llj1“'jp—25Jp 1Jp51(fl 5?::;:5jp+lizrjp+27% coe§Tr1dr) =

= (2k + 2)(2k +3+ 2p)¢i1“‘ip—2Tllll“‘lrlr +

+(p - 1)¢llj1"“jp725jp71jp [(p - QT)(S?;Z 61(;1 e 6?p72T)716jp72ij+172T T 5jp72jp71)+

1p—2r

—‘,—27“(5@1 . .6jp72r6jp+172ﬂp+27w L 6jp71)jp —
= (2/{3 + 2)(2k + 3+ 2p)¢i1“‘ip—27“llll“‘lrlr +
+Oujr--dp—205p 17y {(p = 2r)(p — 2 — 1) O Bl R i)y

1p—2r

+(p = 2r)2r 005 8] -6l e i

ip_2r

+2r(p — 276)6&71715551 .. 5?-13*2T)*15J’p72rjp+1—2r S §ie=2)de 4

p—2r

+2T(27‘ - 2)5((J1 . 6‘_7-13727“ Sipti-2ript2—2r ... 65_-2:?6%72)% +

+2’I“(S(J1' 5];7 2r 5Jp+1 2ript2—2r |, ,5jp—3jp—2)5jp—1jp —

=[(2k +2)(2k +342p) + (p — 2r)2r 4 2r(p — 27) + 2r(2r — 2) +67]Ds; i) o 110y--10, +
+(p - 27‘)(]) —2r— 1)6(i1i2¢i3"'ip72r)l0l0llll"'lrl7‘ :

But the second one of these terms is zero for the iterative hypothesis according to
which eq. (40) holds up to the index R. There remains ¢g,...i, ,p olil1-1g_11g_1 = 0,
that is eq. (40) with R—1 instead of R. This completes the proof of (40). Now (40)
written with R = 0 gives ¢;,...;, = 0 and this completes the proof of the Lemma.

Proof of Property 6. To prove this property it suffices to start from the property
5 and to apply the above Lemma with
N+M+1 R ki-kgr 11 ZN-Q—M—Q—l n
=y XZ.IWZ.]HMH%(—u)X]1 N "(u) in the case N +1 < s <

N+M+1—Randwith

N+M+1-R ~k1--k n k kr
b= D I u)X;1 ;xixii ") =0, -+ 07 in the case s =
N+M+1-R.

Proof of Property 7. It is an easy consequence of eq. (3) written with n + 1
instead of n, and making explicit the sites where in index i, appears.

Proof of Property 8. It suffices to write eq. (12) with n =N + M + 1 — R and,

after that, to contract it with d;, ip.0 " irsyin_pinienii-r-
Proof of Property 9, It suffices to use eq. (13) fors = N+1,--- , N+ M+2—R
and, after that, eq. (6) and the property Sﬁ ;xixi n= ](il ;xixiif‘)
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Proof of Property 10. It is an easy consequence of eq. (3) and of the identity

1 ]
< Z >(n—s):n< ns ) which holds for s < n.

Proof of Property 11. Let us take the derivative of eq. (16) with respect to u’
and use eq. (15) taking into account that, for s =0, ---, N, we have s < N+ M —R.
We obtain that this derivative is equal to 0;p, in s Oinrn_pingsnii_r(V + M +
1— R)S(“ AN+M— R §IN+M+1— R)J

Jis A

Let us now explicitate what index appears near j in §7 distinguishing the cases
where it is one among ipy1 - - - ipr+N+1—g from those where it is different from them;
in this way our expression takes the form §; ‘5iM+N_2_RiM+N_1—R(N + M +
1 _ 2R)S/LIZN+M—1—R]+

G1gs
. 1R+1 ANt MA1-R(I1IR-1 gip)j
+R5@R+11R+2 51M+N RIM+N+1-R*jy - 0

By using now eq. (16) with R + 1 instead of R we obtain eq. (17)1.
Let us take now the derivative of (6) with respect to u/, by using eq. (15).
For N+1<s< N+ M+1-— R, we have

R+1%R+2

u (Zjl‘l..Z.‘I;N_’_M_’_l_s5jN+M+2—st+M+3—s T 5]'571]‘3) = (41)
i IN+M+1-R Y ) Y )
auj J1Js tR+1*R+2 IM+N—-R'M+N+1—-R
- 5iR+1iR+2 T 5iM+N7RiM+N+1 R’
VM 1 RSN Rgivev-R) for s = 0, N + M — R.
0 fors=N+M+1—-R.

In particular, for s = N+ M +1— R, thanks to the eq. (10) of the above Lemma, we
obtain eq. (17)g for r = R. For the other values of s, let us explicitate what index ap-
pears near j in 6 distinguishing the cases where it is one among izy1-- - irpf+ N+1-R
from those where it is different from them; in this way (41) takes the form

(N+M+1- 2R)6iR+liR+2 e 6iM+N—2—RiM+N 1-R ;1...;JSV+M717R]+
+ Roig yiggn Qi rinreng1- RSJZf+;s (iR L§iR)I =
[(N +M+1- 2R)53R5.§“ + Roitin 5jRjR+1

i2-iR)JRIR+1IR+1 "IN M—1—R
S 5ZR+1ZR+2" 5Z]M+N 2-RIM4+N—1-R" We note that

“Js
in the last tensor S’- the upper free indexes are R+ 1 and the total number of upper
indexes is N + M — R; consequently, we can apply eq. (6) with R + 1 instead of R
so that our expression takes the form

[(N +M+1-2R), 00+ R5j<i15jRjR+l] :

in- ZR)JR]R-H , . R S
(J1JN+M+1—s IN+M+2—sIN+M+3—s Js—1Js)"

By comparing with the initial left hand side of (41) and by using eq. (10) of the
above Lemma, we obtain eq. (17)2 for the other values of r.
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Proof of Property 12. It is another particular and interesting case of eq. (4)
withn=N+M+2—-Randr= N+gﬂ+1 _R.

Proof of Property 13. It is a consequence of eq. (18). From the hypothesis
s > N+ 2 it follows 2s — (N + M +3) > N+ 1— M > 0 and this fact assures
that the number of §... appearing in (19) is not negative. Also the number of 0...
appearing in (20) is not negative. In fact, from the definition (18) of S*, it follows
s—R—1<q+2p=(q+p)+p< % — R+ p where we have used the fact that
p+qg< %—R; it followssz—l—%,that is,2p>2s—3—-N—M.

Proof of Property 14. It suffices to substitute (19) in the left hand side of (14)
and use the eq. (10) of the above Lemma.

Proof of Property 15. By using the property 7, we have that the left hand side
of eq. (22) is equal to

n
Sil”'i"“K—i—Z(S“ “in i+l Sn “ip, 5ln+1> Kjl"'js+

J1-Js (J1+ds—1 Js)
s=1

+5(J1 B J1ds

L singl J1 v In+1 _ 4 in+1 11++0n 110 T7J1 s

ot K u+<S K+ZS K )
Now, we see that the coefficient of K in the above expression is zero; after that, also
the coefficient of u’»+1 is identically zero and in the remaining summation we may
change index according to the law s = 1+ S. In this way our expression becomes
S ;1 i jCidsingt 4 K ingd which is equal to the right hand side of eq. (22).

1Js

Proof of Property 16. Let us consider eq. (16) with R+ 1 instead of R and con-
tract it with 0;,i,,,, that is Y;ll ;R i _ = Sigines Oinran—novinten—rSpoge
Now we apply the property 1 withn =N+ M — R and r = % — R; this is
possible only if the condition R 4+ 1 > 2 is satisfied and this is the case because

R > 1. In this way we obtain

i1-ip_qll
JiJs -
N+M+1
Z < R—1 > 24 (% - R)' (UZ)(iNjLé/I*lfprfq)
S\ s—q—2p plgl (AEMEL R ph— )l
(p.g)€S ( 2 )
Y . . . (i1 Us—q—2p  is_g—opt1 iR—1)
CUGy u]q5]q+1]q+2 T 5]q+2p71]q+2p Jogtop+1 5]'3) uETITET )

where S is the set of the couples (p,q) of integer numbers p and ¢ such that p > 0,
q>0,p+q< ML R s R+1<q+2p<s.

Now the compatibility between the last two inequalities in the definition of S is
s—R+1—-p<qg+p< % — R which implies p > s+ 1 — N+M+1 ; when s = N
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this inequality becomes p > w of which p > 0 is a consequence. This completes

the proof of our property because it says that there is at least a number N — M + 1

. i1-ip_1ll
“*0jyyop_1jgr2p 1N €aCh term of Y 0

Proof of Property 17. Let us consider eq. (6) with R + 1 instead of R and
contract it with & we find that for N +1<s < N + M — R we have

of indexes belonging to 5jq+1jq+2 .

iRiR+1;

i1 tp—1lili U N M1 S INEM41

e M+l _g M+l _p

J1-Js

i1-ip il A 5
(1 JN+M+1—s IN+M+2—sIN+M+3—s Js—1Js)

(42)

For the left hand side of this relation we use the property 1 with n = N+ M — R
and r = % — R, noting that the condition < [§] is satisfied because R > 2

(otherwise we could not contract with §; ). In this way it becomes

RIR+1

R—1 N+M+L _ Rl N+M+1 _p .
2 ( >2qp!q!(( 2 | e

s—q—2p N+M+1_R_ —a)!
(p,g)eS* 2 p q)

. 8. ) ) (i1 ls—q—2p ) Gs_q—2p+1 iR—1)
u(]l u]q(SJq+1Jq+2 6Jq+2p—lﬂq+2p Jq+2p+1 5]'5) u u )

where S* is the set of the couples (p, ¢) of integer numbers p and ¢ such that p > 0,
q>0,prg<NHMFL R s R+1<qg+2p<s.

Now the compatibility condition between the last two inequalities in the def-
inition of S*is s — R+ 1—-p < qg+p < % — R which implies 2p > 2s —
N — M 4+ 1; so there is at least a number 2s — N — M + 1 of indexes belonging to
Ojusrjare " " Ojarop_1jarep 0 €ach term of the left hand side of eq. (42) while there is
a number 2s — N — M — 1 of indexes belonging t0 djy. vriosiniaris—s = Ojo_1js I
the right hand side of (42). In other words, in each term of the left hand side of (42)
there is at least a symbol ... more than in its right hand side. By comparing both
sides and by using the Lemma, our property follows as a consequence (The index s
has been changed according to the law s = N + M +1— S5).

Proof of Property 18. It is a simply consequence of (24) written in the particular

YRR _ gin | sTREL
Jrirt1 (1 JR+1)

Proof of Property 19. From eq. (16), by using (12) with n = N + M — R, we
obtain

case S = R+ 1, of the Lemma and of the property

ki1-ip—1

jl"'js

11-ir—1l1l1l N M1 _Rl NtM+1l_p 11-ir—1l1l -l N M1 _Rl N+M+1l_p
2 2 2 2

— k
=S, T O (1gaca USE
from which our property follows (We are in the range of validity of (12) because
for this equation we need s =1, ---, n = N + M — R and this range is respected
because N < N + M — R).
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Proof of Property 20. It is a consequence of eq. (16) and (3).

Proof of Property 21. From eq. (6) with s = N + M + 1 — S we obtain

Kivip—alili-lnenin plnemer ,
p) p)

kiy-ip_
R-1 5. . =S,
IN+M—-SIN+M+1-S J1JN+M+1-S

(G175 js+1Js+2 "

By applying eq. (12) with n = N + M — R our property follows. We note that
(12) holds for s = 1, -+, n and this range of validity is respected because S goes
from R+ 1 to M.

Proof of Property 22. Eq. (28) with S = M becomes

xFiinoa g ) =

(J1-Gmr IM41IM42 T ININt1) T
d1-cig—1liliINy M1 JINEM41 trvip—alililNgmgnr S UN4 M1
= ukS- . 2 n 2 " + S 2 R 2 Ré‘k _
JiJN+1 (j1-jn JN+1)

i1 ir1lily ol N — I Nt —
B k5_ . 1 +1l1ly 12 1_p 12 1_p
= U Oipipgy J1IN+1

i1cipprliliINgm—1 JINtM—1
TR SR TRk

Jr(Siﬂ‘-iﬁ‘-ﬂS(j1-~-jzv in41) T
1 %k i1 R4 1 i1-ir_1ll ok _
=u 61RZR+1 (Gr-dm 6]M+1]M+2 T 6ijN+1) + Yv(jleN 6]‘N+1) =

ki1 iR—1 5. )
u n(jl...jMizé.]Mfle 6

6 5k

IN-1I8 5N 11) 0

Ti‘1~~~iR71 (S

ining) T (Greegar—1 PIM I

where in the passage denoted with < we have used egs. (16) and (6), while in the

passage denoted with = we have used eqs. (23) and (24). By comparing the initial
expression in this list of equalities, with the last one and by using the Lemma, we
obtain (29).

Proof of Property 23. Eq. (28) with S=R+1,---, M — 1 becomes

kil"'inl(S' ) )
(]'1...]'5 JS+11S+2

5

JN+M—SIN+M+1—5)

i1-ipetlili-INgm—1 JINgM—1
M=1_pr M=1_pr

— ks
=u 6ZRZR+1Sj1"'jN+M+17S

iripptlililNgm 1 SINtM-oa
7 — R 7 — Bk

+5iRiR+1 S(

J1INLM-S JN+M+1—S)

S

_kyi1ir—1ll
=uX JN4M—SIN+M+1-5)

(1--js CIs+1ds+2”
i1 TR— 1 k
+X(j1...j3+11 5j5+2j5+3 e 6]'N+M—s—1jN+M—s6jN+M,S+1)’
where in the last passage, eq. (6) has been used.
By substituting in this expression from eq. (24), by comparing the initial ex-
pression in this list of equalities, with the last one and by using the Lemma, we
obtain (30).
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Proof of Property 24. Let us write eq. (19) with R + 1 instead of R and let us
take its trace; we find

iighililngven plnemer o,

S. T TR gl 5 . LS

1 (1 N4 M43—s IN+M+d—sIN+M+5—s Js—17s)"

For the left hand side of this equation, we may use eq. (6) (but remembering
that it holds only for N +1 < s < N+ M 41— R) and also the Lemma. So we find

iR

o 0. ) i -ipll
(1 JN+M+1—s jNpMA2—sIN+Mys—s)=Z 1 1

J1 "IN+ M+43—s
By changing index according to s = N + M + 2 — S we find our thesis.
Proof of Property 25. To prove (32); it suffices to consider eq. (13) for s =
, , N and apply eq. (16). Similarly, eq. (13) for s = N + land by using egs.
(16) and (6) gives (32)

Proof of Property 26. Let us consider eq. (14) and transform its left hand side
by using eq. (19); after that, we use the Lemma and obtain

iRt
J1 N+ MA3—s
— 2R+1X11 ‘IR . i1-iR §R+1
—u (JrIN+M41- 551N+1V1+2—S]N+M+3—S) + (Jr+intMi2—s IN+MA3—s)’
for s = N+1,---, N+ M +1— R. By changing index according to the law

s=N+ M + 2 — S, we obtain our thesis.

3. Application of the above Properties to the Moments and the Fluxes

A first application of the above properties arises when we impose the Galilean rela-
tivity principle to our egs. (2); in particular, let us see how the moments and their
fluxes transform under a change of frames moving, one with respect to the other,
with a translational rectilinear uniformly motion with velocity «. For the variables
Firin and GFin it can be found in [19] , [20] and reads

Fritin Zsll Zn F1J1 Js (43)

Ji ]s

szlzn _ F_Fllln — Zn:s'll Zn(ﬁ) <G1k]1]s _ F_HCFI]1]5>
F J1Js FI )
s=0
where F1ivs GIkiv-Js are the counterparts of FJ1Js GFi1Js in the other reference
frame.
Regarding the other variables, we use the eqs. (6) and (7) of property 3 and

the definition (16) of lell ]Z . Now we can extend the egs. (43) also for the value
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n=N+ M +1— R and contract the result with J;
using eqs. (6) and (16) we obtain

R+1%R+2 7 5iN+M—RiN+M+1—R; by

i N+M+1-R i1---iRlllllN+12\/I+1_RlN+12‘/1+1_R L
J— S —
Fr = D S F = (44)
s=0
N
5 ) Y ) 2: 10 ZM+N+1 R lj1--7
- 52R+11R+2 61M+N—R1M+N+1—R S]l Js F *+
s=0
M+N+1—-R . .
n Z i1ig I]l"']N+M+lfslll1"'ls_N+12\/[+113_N+12\/[+1 _
J1 " IN+M+1-s
8:N+1
Ij
ZE :Y“ iR plji- Js 4 § :X“ ZRF Ji Js
J1Js JiJs
k Flk:
kii1-iR o F_ i1-1R o Z i1 IR Ikji--js 15175
G = Fi =N yie (@ —rF +

Flk: .
Z Xu iR Ik]l Js Ffjl"'JS
Jijs FI =S ’

where in the second summation we have changed index according to S = N + M +
1—s.

The eqs. (43)1 and (44); give the relation between the moments F F}g"'iR
and their counterparts in the other reference frame. This correspondence is not
casual, but is due to the good choice of the field egs. (2). In fact, if we would take

OEF + 0,GF =0, O F + 0,G* =0, 0, F"' + 0,G* =0, 0, F" + 9,G* = Q' , (45)
then the decomposition for the independent variables would be

F=r!, (46)
Fi=Fli g plyi

Flb = P opTly, 4 Fly?.

Fill _ FIill +2F1ilul —i—FHlui +F1iu2 +2Fllului +F1uiu2

and, in this last equation appears F!% while there is no F" between the indepen-
dent variables! We have seen above that this problem does not arise with our field
equations, neither with the independent variables nor with the fluxes whose trans-
formation law is given by (43)2 and (44)s.
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 If we indicate with F' 4 the generic independent variable between F'» and
Fp "% eqs. (43) and (44) can be written in a more compact form as

Fk Flk
FA — XAB(Z_[)FIB , GkA _ ?FA _ XAB(Z_[) <GIkB _ Ffp[B) ’(47)
with obvious meaning of G4 and of X4 5(@). This last matrix satisfies the following
properties
1) XOu(-a) X" p(@) =4, (48)
OX4c (i :
2) T@;(u) = M X P (i), (49)
U

where MJ74p is the constant matrix defined in the following way
e If the multindex A is the same appearing in F'""n with n = 0, then M%p = 0;

e If the multindex A is the same appearing in F"» with 1 < n < N, then

0 if B#jijno1

Miin { ngj(,il . 5]?2—15%)1' if B=j1 jn1

e [f the multindex A is the same appearing in Fg"'iR with R = M, then

j (i L . o)
g1t [(N - M+ 1)5ng+15Jil + Méj(215(jM+1jl] (5;2 v 5;1\151 .
iy ! ‘ . |
M B — . jM+2jM+3 .o 5]1\771]]\7) ]f B frg ]1 .. .jN 3
0 if B#j1---jn

e If the multindex A is the same appearing in Fg”'iR with 0 < R < M —1, then

N4+M+1-2R)§ 6% 4 paiting
(
1 J1

R+ JR+171
MR (O30 B =i jren, REO
(N + M+ 1), ifB=j1-jri1, R=0
0 if B# j1i-+ jrt1
Another property of the matrix X4 is
3) XAp(@)M'Po = MIApXPo(a). (50)

The counterparts of these properties when only eqs. (2); are considered and egs.
(2)2 are omitted, have been already found in [14]; now we have found that they hold
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also for the complete system (2). In [16] we have already used them, but without
proving them. We report now here their proofs.

Proof of eq. (48). This equation means that X 4(—) is the inverse matrix of
XAp(i@). We will prove it if we show that from (47); it follows

FI¢ = X ) (—a)FA. (51)

To this end, let us perform the following calculations

kl kp 11 ln Ij1-j
St ZS ()R

M»s

ki- kp 91
Z SZI “in F "=
0

n

i1 in

p
D23 S CMST @E = (5

gM“

where in the first passage we have applied eq. (6) and in the second passage we
have changed the order of the two summations (something like what we can do for
a double integral extended to a domain which is normal with respect to both the
axis), as explicated by the following Picture n. 1.

n s=n n s=n
D M+N+1-r
N+1
s
p S M+N+1—r
Picture n. 1 Picture n. 2

Finally, the Property 4 has been applied.
-) Similarly, let us write the right hand side of eq. (44); with (r, n, —) instead
of (R, s, —i) respectively, and F'® instead of F'?; in this way we obtain

. . e s . 11 ZM+N+1 r g
i @Mw-rww-é)%l R (53)
M j ] Iyly--l l

N L INFMA1—ntili b NyM41l N4 M1
+ E )(Zl a (—U)F n 2 n p)
J1IN+M+1—n

n=N+1
— 5. . L8 . E’ GR ZM+N+1 r 2: J1 ,]n Tky-ks
_6Zr+1“+2 52M+N_’"ZM+N+1—T S]l “Jn Skl k F
M+N+1—r

i1y _a s : . E Judn () Rk
+ g le"'jN+M+1—n( i) 5]N+M+2*HJN+M+3*" I Skl ks (@ F
n=N-+1
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n
s ARk sl Nyl Npmga
+ E X]l IN+M+1 n(u)F S s— 5 s— 5 ,

kikENfM4+1—s
s=N+1

where in the first passage we have used eq. (43); with k instead of j, and the in-
termediate side of (44); with R = N + M + 1 — n and with (j, k) instead of (ij),
respectively. Now, we can use the following changes of order of summations, that is
IDARD DPEEED DARD DAL D D D DAREEEED DA D i R
(the first one is based on Picture n. 1 with N instead of p, the second one is based on
the fact that the summations on indexes n and s are independent one of the other;
in other words, the couple (n, s) belongs to a rectangular domain); in this way, the
terms containing F'7%1"Fs can now be written as

N N
2 : 2 : o ) ) W IMAN+1—r (= Qd1Jn (2 plk1-k
5Zr+llr+2 e 5ZM+N77‘ZM+N+17TS]'1---]'” ( U)Skl---ks (U)F °

s=0n=s
N M+N+1—r

i1y s A s qivedn (o plkik
+ Z Z X(j1---jN+M+1_n( u)5]N+M+2—n]N+M+3—n 5]n—l]n)Sk1---ks (U)F °
s=0 n=N+1

N N
—E E R ) W IMANt1—r (= Qi1 dn (2 ol k1-k
- 5Zr+llr+2 5ZM+N7TZM+N+17TSj1---jn ( U)Skl---ks(u)F °

s=0n=s

N MA+N+1-r il"'ifllll"'lNﬁLé/f*l—rlN+é/I+1—r 1o Thox ook

= e 1k

+Z Z Sjl"'jn ( u)Skl___ks(u)F

s=0 n=N+1
N <M+N+1r i1"'irl1l1"'lN+M+1_rlN-Q—M-Q—l_

2 2

> Shen (@S <ﬁ>> Fllak — g,

n=s

s=0

where, in the second line, we were allowed to insert the symmetrization with respect

to j1 - - - jn because they are contracted with those of Sﬁﬁ which is symmetric; after

that, in the subsequent passage, we have used (6). Finally, we have used the property

4 contracted with some §... and taken into account that s < N < N+ M +1— R.
After that, from eq. (53) there remains

M+N+1—r
i1 o
Z le"'jNJrMJrl—n( u)
n=N+1
n
Z jl--'jN+M+1fn(ﬁ)FIkl"'kNJrM“*Shll"'lsfN+g4+1lst+§4+1 _
kikNyM4y1—s

s=N+1
MAN+1—r M+N+1—r
iy 2\ v Il INA M A1 —n
Z Z le"'jN+M+1—n( u)Xkl---kN+M+1—s(u)
s=N—+1 n=s

Tki-knympr-slilil N+ M1 L N+M+1
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Thi-krlilyInyevgn  INgnn
p) p) ,

where in the first passage we have changed the order of the two summations according
to the Picture n. 2 and, in the final passage, we have used the property 6.

This completes the proof of (51). In fact, we started from the variables FlIA
and we have contracted them with X 4(—) calling F'® the result; finally we have
contracted this with X (@) and found F'¢ as result. This proves (48) and, con-
sequently (51).

Proof of eq. (49). The derivative of eq. (43); with respect to u/, by applying
also eq. (15) is

Fri1in § : ll Zn 15in)J prlin- Js
=0

from which, by applying again (43);, we deduce

0 o o N
szl...zn _ nF(Zl"'anlézn)] for n=1,--- N. (54)
U

Obviously, we have also —F =0.

ow’

The derivative of eq. (44); with respect to v/, by applying also eq. (17) is

i i1in
oul B
N
[(N +M+1- 2R)5335](: T R§/ 5jRjR+1] Y]Zl2 ]ZR)JR]RJrlFJ]1 et
s=0
- (i )
+ > [(N +M+1-2R)8 5"+ R(SJ(“(SjRjRH] X el p s
S=R+1

from which, by applying again (44);, we deduce

iF“ = [(N + M +1-2R)5 51" 4 Reiling,

au] JR IR+1 .]R]R+1

forR=0,---, M —1, (55)

i2:iR)JRIR+1
=

9 pivein
ous~ M
, » iaeering )it dnr1 bl LN —ar—1 Ly —pr—
= [V = M), O M, | TR g
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(For the second line we have used eq. (16)). The egs. (54) and (55) show that
oFA
ouJ )
calling M74 5 the constant matrix of coefficients, these equations can be written in

compact form as

is a linear and homogeneous combination of F® with constant coefficients; by

9 iA_ B

— F% =M gF”. 56

ou? B (56)
Moreover, from (54) and (55) we deduce the expression of M74p and it is that
described after eq. (4 ) By substituting from eq. (47); in (56), we obtain (49). If
we calculate this in @ = 0 and take into account the fact that M74 5 is constant and
the property X5 (0) = 68, we deduce also that

Mg = [%XAB(U)] B (57)
Also this relation extends to our set of field equations (2) a result already obtained
by Prof. Ruggeri only for the eqs. (2)1, as it can be seen in [14] and [19]. Thanks
o (57), we can consider only the linear and homogeneous part in v/ of the matrix
XA (which can be deduced from eqs. (47)1, (43); and (44);) ; its derivative with
respect to u/ gives the matrix M74 5.

Proof of eq. (50). Let us take the derivative with respect to u/ of the relation
XAg(—@)XBe(il) = 64¢ (which comes from (48)) and take into account, for the
first factor, of the derivation rule for composite functions; it follows

0 . L. 0 . -
<5uJXA >( #)XBC(U)+XAB(—U)wXBC(U):0;

from this relation, for (49), it follows

—

—MApXP p(—d)XPo(i) + XA p(—d)MPpXPc (@) =0, from which

Mg = XAg(—a)M'Bp XP (). (58)

By contracting this with X% 4(i), we obtain (50). This last equation expresses the
following fact: For every fixed j, the quantity M75 is a matrix; well, its product
with the other matrix X g is commutative.

Let us conclude this part by finding the derivatives with respect to u/ of the
fluxes, obtaining for them the counterpart of eq. (56) which holds for the moments.
To this end we note that from (47)y it follows

9 wa  F' o4
w(G v
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) Flk ) Fk
— M']ACXCB(U) (GIkB _ F_FWIB> _ M]AC <ch _ ?FC> ’ (59)

where in the first passage we have used eq. (49) and in the second one again (47)s.
From this result we obtain

O kA
wG
A , PP B A e ' oc kj A A kB

= M FA 4 — MIA P 4 M C(G - —F ):(SfF + MIARGRB | (60)
where in the first passage we have used eq. (56). To write explicitly eq. (60), let
us now compare the last term of eq. (60) with the right hand side of eq. (56) and
note that now we have only the additional index & upon GZ; now eq. (56) was a
compact form for eqs. (54) and (55); consequently, to write explicitly eq. (60) it
will suffice to rewrite eqs. (54) and (55), substituting the F4 with G*4 and adding
in the right hand side the term 6% F4. So we find

0

mGkilmin = R piin g GROvin1gin)i for p=1,--- N,
U

%Glgl.uu{ _ 5k]Fl'l%1"'ZR +GI;%]Jlr]12(2 R [(N—I—M—l— 1 _QR)éji)éjQ +R5“)](5jlj2

for R=1,---,M—1, (61)

O (hiveeing _ gh e
1ing kg piieing
Gt = My

kjrjalily -l N pr—1 I N—nr—1 (ia-ing
2 2 (

+G N - M+ 1516+ Maiﬂjam] .

3.1. Application of the Properties to the Fluxes

Let us focus now our attention to the decompositions (43)s and (44)s for the fluxes.
We firstly note that (43)s is an identity when n = 0 because GF1*in — FTkF“Z” is
zero for this value of n because G* = F¥ for physical reasons. Similarly, GI1Js —
P;,—I;CFIjl"'js is zero for s = 0.

For the other values of n, the decompositions (43)2 and (44), are assumed as
hypothesis. But, in the particular case of ideal gases, other symmetry conditions
holds besides those already indicated above; they are

Firingl — Uit forn = 0,---,N—-1, (62)
[ARERS VN 11N+ 5. . e O
FM =G 52M+1ZM+2 5ZNZN+1 ?
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119R _ (Y1 IN{MA41-R§. ) S, ) — (il
FR - G 5ZR+1ZR+2 62N+M—R2N+M+1—R GR-H

forR=0,---, M —1;

moreover, the fluxes GF4 must be symmetric with respect to all pair of indexes.
The first one of these relations expresses the fact that the independent variable
in the eq. (2); is the flux in the equation with the previous value of n. For n = N
we would have FN+1 which appears in (2)2 but only through its contraction with
a number % of symbols 0...; this is the reason for eq. (62)2. Similarly, for
n=N+M-Rand R=0, ---, M —1 we would have FiN+M+1-R which appears
in (2)2 but only through its contraction with a number &L — R of symbols 6...;
this is the reason for eq. (62)3. These equations may be interpreted by saying that
the moments for n > 1 are expressed in terms of the fluxes. Because of them, we
cannot simply say that the decompositions (43)e and (44)s are assumptions, but
something needs to be proved. More precisely, different interpretations are possible:

1. A first possible consideration which comes out egs. (62) is that also the fluxes
G"in+1 are moments; it is true that this can be said only forn =0, ---, N—1
but N is arbitrary so that they would be moments if we had considered from
the beginning an higher value of N. Consequently, also the fluxes change
according to the law (43)1, that is, with

n+1
szlln Zskll “in ’l]: GIJI ]s (63)

Ji-Js

with G=F =G! = F!

In this case, we have to prove that (63) is equivalent to (43)s and that from
(63) and (43); for n =0, ---, N+ M + 1 we can deduce egs. (44), (62) and
the symmetry of GF4.

2. We may observe that the in the previous approach are present also moments
and fluxes which do not intervene in the balance equations except that trough
their traces. Consequently, it is more correct to use (43); and (44); as trans-
formation law for the moments; while the transformation law for the fluxes is
given by (63) for n = 0, ---, N and by its implication for Ggl”'m which is
given by the subsequent eq. (65).

Starting only from these laws, we have to prove (44)3, (62) and the symmetry
of G*4 in the sense that they hold in the generic reference frame if and only
if they hold in the frame denoted by the apex I.

3. We may observe that the in the previous approach we have used eq. (65)
which was obtained by initially considering also components of fluxes which
do not intervene in the balance equations, after that letting them disappear
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when the pertinent traces are taken. Therefore, it is more self consistent to
use egs. (43); and (44); as transformation law for the moments, (43), and
(44)9 as transformation law for the fluxes; after that we have to prove that
(62) and the symmetry of GF4 hold in the generic reference frame if and only
if they hold in the frame denoted by the apex I.

Proofs for the item 1). Let us firstly note that the symmetry of GFA is evident

from (63) and the symmetry of Sk“ ]Z” Moreover, from (63) and (43); it is evident

that (62); holds also for n = 0 , N + M. After that, (62)23 are simply the
definition of Fij "™# for R=0, -, M as given at the beginning of sect. 3.

Let us now prove that (63) is equivalent to (43)2. To this end, let us use eq.

(22) with KJ1Js = G1ivJs; it follows
n
Gil---in-u _ ui"“Filmi" _ Z S;i ;:GIZn+1_]1 _]s (64)
s=0

where [~ has substituted G thanks to (62);. The sum of this relation and
of (43); premultiplied by —FF—IIk gives (43)s. Vice versa, the sum of (43)2 and of (43);
premultiplied by FF—? gives (64); this, thanks to eq. (22), leads to eq. (63).

There remains to prove egs. (44), but this is exactly the way in which they were
introduced at the beginning of sect. 3, so that there is nothing more to prove.

Proofs for the item 2). Let us begin by finding the implication of (63) for Ggl”'m.
Eq. (63) with n = N + M + 1 — R, written with k = ip/4n1o-pg and after that

contracted with d; - 0;

IR4291R+3 M+N+1—RIM+N+2—R> SIVES

N+l 11 cipgilily-el 1
i1 iry1lilye lN+M+1 RlN+1vI+1 R R+1 N+M4l_ pIN+Mtl p Tj1-j
G - = E G s

_]1 ]s
s=0
N+M+2—R . .
n Z iRt I]l"']N+M+3—sl1ll'“l87N+¥+3187N+é4+3
J1 " IN+M+3—s ’
s=N+2

where we have used (19). By changing index in the second summation, according to
s=N+ M+ 2— 5, we obtain

N+1

i1ttty I N1 I NE M1 L
G“ ipy1lily lN+é4+1,RlN+12v1+1,R: o 2 T R Al
JiJs
s=0
iR 1]1---js+1llll---lN+12v1+1,SlN+é4+1,s 65
+Z Jijs+1 ’ ( )
that is
N+1 :
) I1ly-1 1
21 R4l _ Z P RAIIAT O NS ML N+¥+1_RGU1---J'S i Z le ZR+1G1J1 JS+1
JiJs J1)s+1 :
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Also here we appreciate the correspondence between the fluxes in a given reference
frame

Ghin forn=1,--- ,N+1,
Grp " forR=0, -, M

and their counterparts in the other reference frame.

Moreover, we see that eq. (65) for the fluxes is the counterpart of (44); for the
moments.

We note now that the symmetry of G*4 is evident from eq. (63) for n =
0,---, N, eq. (65), the symmetry of S¥* and the symmetry of Z:".

Moreover, from (63) for n = 0, ---, N — 1 and (43); it is evident that (62);
holds. Regarding F' Ji}["'i”’ it was defined at the beginning of sect. 3 as F]i}["'iM =

ip-iprlilyl N-Mi1 IN—My1

Zi\%l Siiis 2 pliis (see the first line of eq. (44); withR = M);
by using (63) for n = N it is so evident that (62)2 holds.

Regarding (62)3, let us write eq. (65)2 with R + 1 instead of R and let us take
the trace of the result; so we obtain

N+1 o inlily -l 1
Gzl apll _ S-l 'R B N+12V[+1—R N+12V[+1—RG[J1 Js + § : Zzl arll 1]1 JS+1
R+1 § : JiJs Ji- Js+1
s=0 S=R+1
N GREI LURE PSS VES R S5 VS I iporiglilye lN+M+1 rINEME1 , o
— E :S- ) 2 2 el R Js 1§ 2 Gl N+
J1)s J1JN+1

Y i GEE a
S=R+1

where from the first summation we have written explicitly the value for s = N + 1
and for the second summation we have used the Property 24, that is eq. (31). Now,
for the first term of the above result we use eq. (62), for the second term we use
(6) with s = N + 1 and (62)2, for the third we change index according to S =1+ s;
so we obtain

irirlililNg e plneman g
P) P)

i1-igll Iji-js i1-ig pljidim
GR+1 - J1gs F +X]1 JMF

s=0

i1+ zR 1j1 ]Sll
+ E :X Gs+1

JiJs

Now the last two terms may be put together in a unique ZM r» While the other one

thanks to eq. (16) and (44); is equal to FS"'iR M X;; ;RFIh 95 In other
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words, we have obtained

M
i1-+iRll Q1R i1 IR Ij1---3sll Ij1--Js
Gl — Fpir = N XUTIR(GEL T - FII (67)
s=R

It follows that, if (62)3 is satisfied in the reference frame denoted with the apex I,
then it is satisfied also in the other one; the vice versa follows from Property 6, that
is eq. (11).

There remains now to prove (44),. To this end, let us begin by using eq. (13)
for the coefficient of G717+ in (65)s so transforming it into

irirlili-l N1 I NEMal . I N+l CREUTIRE SIS VIS W VS VRS R
S R eyt n Gl N g : =
s=1

N+1
_uiN+M+2—RG1j1---js+§ S
s=1

i-irlili Ny 1 plNE M
2 2

" Ry G
(J1-+ds—1 Js)

(Obviously, we have here iniar+0-p instead of igy1). Now, the first one of these
terms may be included in the second one for s = 0, from the second term we may
exclude the value for s = N + 1 and write it explicitly as a supplementary term;
finally, in the third term we change index according to the rule s = 1 4+ S. In this
way the above expression becomes

’i1"'iRlll1"'lN+é/I+1_RlN+é/I+1_R ; i

o N+M+2—R 1Js

J1eeeds u G + (68)

s=0

i-iplili- Ny M1 plNt M
2 2 p)

+S 7RuiN+M+2—RGI]'1"']'N+1 +

J1 " IN+1

N ..
iipliliINeMyr pINtMir .
+ § S 2 2 G1J1---JslN+M+2—R
S=0

We transform now the last term on the right hand side of eq. (65)2 by using (21)
with s = N+ M +2 — S, igy1 = iN+am+2-g; in this way it becomes

M
i1iR o INEM42-R i1-iR SIN+M+2-R\ lJ1Js+1
Z (X(jl---jsf163513+1)u +X(j1--'j35js+1) )GS +
S=R+1
i1 §iR §IN+M+2—-R i1 dRt1
+5(J’l 5jR(5jR+1) Gr ' (69)

So we have obtained that GgmiR“ is sum of (68) and (69); in this sum, the coefficient
of uiN+M+2-F ig
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N GRES LUREPNES VISR 5 ST Y S5 i1-iRlily - lN+M+1 R1N+M+1 R L
S 2 2 Glinisy g GLiiN+1
o +
J1Js J1IN+1
S=0
M . .
i1 ZR Ij1-Js+1
+ Z X]l Js— 15]S]S+1GS
S=R+1
N o il !
veirlili U Ny rr  pINtMm1 g L L
_ S. 2 2 G111~~~JS+X21 ‘iR 5 S Glitin+a
g J1-js (j1--jar VIM+1IM 42 ININ+1)
S=0

11 ZR I]l"'jsll
+ Z XJI Js Gs+1

where in the first passage for the second term we have used eq. (6) with s = N + 1,
and for the third term we have changed index according to S = 1+ s; in the second
passage we have noted that the second term may be included in the last one for
s = M. Now, by using (62) our expression becomes

iiplili-INemr pINtMt1

E S. 2 -T2 fplinv-is 4 xiv-in F1J1 Jm
J1-:Js Jigm

S=0

+ Z Xll ZRFI]1 Js F;{l"'ZR,

J10s

where we have used (44);. So, until now we have obtained that G%”'iRiNJrM“_R -

u'N+M+2-R R g sum of the remaining terms of (68) and (69), that is

N

CRES UEE PSS VRS R 5 S5 VS L
S 2 2 Gljl---]slN+M+2—R
JiJs

S=0

Ij I
+ Z Xﬁ ;I;G J1JSIN+M+2—R +G 11 URIN+M+2— R (70)
S=R+1

Now the last one of these terms may be included in the previous one for S = R,
while for the first term eq. (16) may be used. In this way we find

kiy-ip . kpiiig _Z t1iR o Ikj1-gs Z i1-ig kg1 Js
GR u FR - YJ1 Js G + XJ1 JSG
5—0 —

The sum of this equation and of eq. (44); premultiplied by —F—Ik gives eq. (44)q, if

t Fk . F1k+F1uk Flk

we take into account that & = —r—— = 7 + u®. This completes the proof of

the item 2).



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 6, No. 4 (2013)

SOME USEFUL TENSORIAL IDENTIES... 199

Proofs for the item 3). Let us assume that (62) and the symmetry of G*4 hold
in the reference frame denoted by the apex I and prove that this is true also in the
generic reference frame. Starting from (43)s and using (43); we obtain

Gku “ip, :ZS“ “in le]1 ]5+ukFI]1 ]s)

Ji-- ]s

Zsll U (GIRICTs gk GlIds) o (71)

JiJs

where in the second passage we have substituted F171Js with G'71"Js because they
are equal in the reference frame denoted by the apex I. Now we use the Property 15
with K71Js = G171Js (These are symmetric because belong to the reference frame
denoted by the apex I) and obtain

n+1
i1 ink ~Ij Js — i1tn ¥l g js i1 in L g1 g sk
> Sitat UZSJMGI ZSAJGI : (72)
s=0
By comparing with (71) we obtain
n+1
kit in i1 ink g s
Gri _ZSJ; kGl (73)

from which the symmetry of GF"1 follows. If n < N — 1 we may substitute again
Givds with F191Js from which (62); easily follows. Instead of this, if n = N, we
firstly isolate from (73) the term with s = N + 1 and in the others we substitute
Gliv+ds with FIi+Js: so it becomes

N
GFivin — E giink pljijs + Gliv-ink .
J1Js ’
s=0
After that, we contract this last equation with d;,,4,,,, -*- diy_,iy SO Obtaining
kip-in g, LS o i ol TIiy-inks Y )
G 5ZMZM+1 5ZN711N - FM FM + G 5ZMZM+1 52N711N ?

X g, gim

where we have used (44); with R = M and the property o Gr i)
which comes out from eq. (6) with R = M, s = N + 1 and from the Lemma. The
resulting equation shows that eq. (62)2 holds in the generic reference frame because
it holds in that denoted with the apex I.

Let us prove now eq. (62)s.

From eq. (44),, taking —%Fg"'i’{ in the right hand side and using eq. (44);
we find
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N

G];'/%Zl"'ZR _ Y;le ;R (lej1---js —i—ukFIjl”'jS)
s=0

JiJs

+ZX21 ‘iR (Gfkh Js +ukF1ﬁ JS) . (74)

We now write this equation with R+ 1 instead of R and take the trace of the result,
so finding

N

kir-ip—1ll i1 ip—1ll Tkji-js klj1-js
GR+1 - }/]1 ]s G +’LL F

s=0

M
1
+ E X]Zi ;R 1 <lej1 Js +ukFIj1 _]s) )
s=R+1

This equation, thanks to egs. (23), (24) and (62); 2 becomes

N—
kiy-ig_1ll i1ig_1ll Tkji-js kIj1js
Gri1 = Z Yo (F tu'F T

i Thi1oinr Ijijpr—1thili Iy —pmpilN—ma
+ T;:---;Zi (FMh JIM 1—{—ukF Sl T)_}_
M
Y e (Gﬂm do-all gk plida- 2u> _
s=R+1

Adding to both sides of this equality the quantity

M
ki1-ip—1 11 iR—1 Tkj1--js_oll Tkji--js—2
Iy - Z Mjr-jo—2 (Gs B
s=R+1
and using eq. (44);, we find
M

kiy-ip_1ll kiy-ip_1 i1 iR Tkji-js_oll Tkji-js—2\ _

GR-H _F - Z nj1 Js—2 <G Fs—l -
s=R+1

N—

Z “ ’R 1l <FUW1 Js —i—ukFI]l Js> +

s=0

—{—T“ dR—1 (F]\Ilkjl"'jM—l —}—ukF

Ijrjpr—1ihili Iy —m1lN—mya
NoM41EN—Mi1
JiimM—1

+

i1 iR Ik]l “Js—2 k lj1-js_all
+Z Jljs2<81 Ttk +

s=R+1
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ki1-ir—1 ljy--js }: ki1tp—1 alj1-js
ZYJl Js F XJl Js F :

For the term — Zs -0 YJI:ZIJSZR LFlivds et us write firstly the value for s = 0 and,

after that, let use eq. (26); so it becomes

J1Js—1 J1Js—1

N N
. Ykil"'iR—lFI _ Z ukY?l"'?R_lllFIjl"'js . Z Yfil...?R_lllFlij---js_l

N N—
:_§ ukyll IR— 1”FI_]1 _]s § Y“ IR— lllFijl .]S

JiJs Jijs

where we have included the first term in the second one thanks to eq. (27), while
for the third term we have changed index according to the law s = 14 .5. By using
this partial result, our expression becomes

M
kiy-ip_1ll kiy-ip_1 i1 iR Tkji-js_oll Tkji-gs—2
GR-H _F B z : 77]1 Js—2 G FS*I
s=R+1
k t1tgp—1ll Ty i1 iR—1 Tkj1--jar—1 A R DY B A R S VSN N VAR |
= 2 2
YJl JN r +T]1 JM-1 FM +u’l
i1-iR—1 ijl"'js—Q kplji-js—all) kii-ip—1 palj1-js
+ Z jy-- ]s2< s—1 +u'F, §:X]1 “Js F )

s=R+1

Now the underlined terms elide one another thanks to eq. (23), the coefficient of
F{7V7IM i the right hand side is zero thanks to eq. (29), the coefficient of Fi/' "7 is

i1 ItR—1 o ki TR—1 . . . Ijl"'js
Njrojn 15]R) le n | Wwhich is zero thanks to eq. (25), the coefficient of Fy

fors=R+1,---, M —1is zero thanks to eq. (30). There remains
ki l ki -l
10 P10 11 iR— Tkji--js—oll Tkjr-js—2\ __
R D DI il (COlhe S ot B
s=R+1

This allows to conclude that eq.(62)s is satisfied in the generic reference frame if
and only if it holds in the frame denoted by the apex I.

Let us conclude by proving that the symmetry of G’;l"'m holds if it holds in the
frame denoted by the apex I.

To this end we can rewrite eq. (74) using the symmetry conditions in the frame
denoted by the apex I. We obtain

N
kiy-ip E i1-iR gk Ij1-Fsjs+1 E i1ir, Kk plinegs
GRr - Y(h Js5]s+1)G + YJl Js F +
s=0 s=0
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i1 ZR k Ijl"'jsjs+l i1 ZR k I_]l _]s
+ Z X (j1- J55Js+1)GS + Z X]l Js Fy )
s=R

In this equation we substitute the moments obtained from egs. (62) as functions of
the fluxes; so it becomes
N-1

Glgl...iR Yzl IR 5k )GI]1 ]N+1+ Zyzl ZR k )GIjl”'ijs'H—{—YilmiRukFI—{—

(J1iN IN+1 (J1--Js Js+1
s=0

+ZY“ ‘IR ]{,‘GI_]l JS—{—X 6k GI]l JM+1+X11 iR 6k )ngl"'jRjR+1+

e (]1 I ]M+1) (Jl ‘JR JR+1
) o M-—2 ‘
+ Z XZ]ll ZZ fsﬂ)Gé]lmhjsﬂ + Z X]Zi ;R kGﬁ—llmJS”"i‘
s=R+1 !
+X]’i ;Z ukGlin INELG i inges O i _}_X]zi ;Z 1 k@f\fll"'JM—ﬂl,

where we have firstly isolated the value for s = N of the first summation, the value
with s = 0 of the second summation, the values with s = M and s = R of the third
summation, and the values for s = M and s = M — 1 of the last summation. Now
in the first and third summation we change index according to the law s +1 = §
and in the last summation according to s = 5 — 2; so our expression becomes

sz‘l---z‘R _
i1ip sk uFs. . S Ij1gn+1 ivir, kol
(Y(Jl ]N5]N+1)+X(]1 Ry 5JM+1]M+2 5]NJN+1))G +Y u F+
11 4R 21 ZR k Ijq- _]s i1ip sk Ij1-Jar4+1
+Z< (Jr+js—1 ]S) 11 Js >G X(]l JM51M+1)GM ™
M

i1-ip sk 1j1-jRIR+1 Z i1-iR k 1]1 Jjs
+X(Jl ]R5]R+1)G + X]l “js— 16JS)G +
S=R+2

M
i1-+iR 1]1 Js—oll i1-+iR uk Ij1-jar—1ll
+ZXJIJS2 G +X]1]M1 GM :
S=R+2

This equation can be rearranged as

-0

JNIN+1

G];{Z'l...iR _ (Yzl ‘IR 5k )+lezR uk5

(J1JNTIN+1 (Jrdm JM+1IM+2 "

)) GIjlij"'l

—{—Y“ ZRukFI—{——}—Z(Y“ 5 )+Yll zR k) GI]1 Js Gfl"'iRk

(J1+gs—1 Js JiJs

i1-iR k z iR k Ij1-js
T Z (X(h Js— 1515) (J1 Js— 2533 175) )Gs—l
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i1 zR ) k i1 zR k Ij1-jar4+1
+ (X 5.]M.7M+lu + X 0 > GM .

JiiM—1 (J1-jar Im+1)
and finally,
kii-ig Riveiphbiclyeysn plyeper g Ljr-j i g, 2\ NEMEL _pogooT
IR _ Q. 1 IN+1 1...q/R SR

Ghr 5]1___]NH G +u u't(u*) ' F

Kip-iplili-INyM41 pINtMy1 o Titoid Tinoink

+§ S. . 2 2 Glivis 4 Ggli-ir

J1Js s
s=1

i1-igk I]l js i1---ipk Ij1Jams1
+ Z Z]l Js G +ZJ1 JM+1GM :
S=R+2

where eqgs. (32)2, (27)2, (32)1, (33) have been used. We appreciate that the right
hand side of this equation is symmetric and this completes our proof.

4. Application of the above Properties
in Connection with the Entropy Principle

The entropy principle states that the supplementary law
Oth+ OphF =0 >0, (75)

holds for every solution of eqs. (2), where h is the entropy density and h* its flux.
Now the Galilean relativity principle, besides the above seen laws of transformation
of moments and fluxes, imposes that h and h* — h%k, composite functions through
eq. (47)1, are non convective quantities in the sense that they do not depend on
w/. In other words, they do not depend on the reference frame. To impose this
restriction we have simply to say that their derivatives with respect to u/ are zero,
that is

Oh

ahk JA B kj
oy O NARFE et =, (76)

—— MIAgFE =0
B b aFA

where we have used (56).
The equations (76) do not depend on the reference frame; in fact, by substituting
FP from (47); and using the property (50), they become

oh Oh oh

O M]A XB FIC XA M]B FIC M]B FIC
OFA OFA OFIB S
0= On* — MIARXBFIC — ki = On* — XA MIBLFIC _ pski
OFA OFA
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_ j B C kj
= e MIPoF!C —hi',

B _ 9 OFA
OFIB = pFA 9fIB

because, for the derivation rule of composite functions, we have
B XAp.
OFA B

For what regards the general solution of (76), without use of approximations,
we remand to the paper [16].

Let us now come back to the entropy principle which states that the supple-
mentary law (75) holds for every solution of eqs. (2) which can be written in the
compact form 9, F4 + 9,G*4 = Q4. For Liu’ s Theorem [21] this is equivalent to
assume the existence of Lagrange Multipliers A4 such that

i+ Okt — 7 = Aq (9 F4 + GH — Q1) =0,
holds whatever value of the independent variables, so that
dh =AM dFA=0,dh" =2 4dG* =0, -0+ 24Q* =0, (77)
which are equivalent to

oh OhF oGHkA
M—A s M—B:)\A— O':)\AQAZO. (78)

A p—
A 9FB

By substituting F4 from (47); into (77); it follows

- ; ~ ; Oh
MXAp(@)d FIB + MM XC g(@) FIBdw = Spi5 FIB (79)
This suggests to define
MXAp(@) = 2L, (80)
so that (79) is equivalent to
Oh ;
)\IB == W B )\AM']ACFC - 0 . (81)

The first one of these is the counterpart of (78) in the other reference frame; also
the second one is independent on the frame, because we have

MMIAGFY = A\pX P (@)X B A(—d)MIAGFC = N MIB 4 XA o (—@) FC
= \pMIB  FIA
so that (81)y holds iff the following relation is satisfied

MomiB FTA =0, (82)



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 6, No. 4 (2013)

SOME USEFUL TENSORIAL IDENTIES... 205

Now this last relation, thanks to (81); can be written as
Oh
OF1B

which is the counterpart of (76); in the other frame. We observe also that eq. (80)
contracted with X ? ¢ (—) becomes

MIBFIA =0,

Ao = XBo(—a))\g. (83)

The equation (81) suggests to call )\g the non convective Lagrange multipliers; after
that, (83) gives the decomposition of the Lagrange multipliers into non convective
and velocity dependent parts.

In [22] the idea has been conceived to define the 4-potentials A’ , h'* as

B = —h+ X aF4 W% = —hF £ X 2G* (84)
so that egs. (77) become
dh' = FAd s, dW* = GFd s, 0 = Q™. (85)

Another idea exposed in [22] is to take the Lagrange Multipliers as independent
variables and call them "main field”; in this way (85) become

on’ ha _ O

FA = =
C)VE oAy’

(86)

so that everything is determined in terms of A’ and h’*; moreover, by substituting
eqs. (86) in (2) we obtain a symmetric system of evolution equations which is
hyperbolic if A’ is a convex function of the main field.

The equation (76);, thanks to (78); and (86);, becomes

on
g

For what concerns (76)2, let us firstly transform it still remaining with the indepen-

M M4 g 0. (87)

dent variables F4. By substituting % from (78), it becomes )\cfg—f JARFB —
hé*i = 0; this, thanks to (56), becomes
oGKkC
A .
“ ou
or AaMIAEGHB 4 (\4FA — 1) 6" =0,

—hot =0, (88)

where, for the second one of these, we have used (60). Finally, taking the Lagrange
Multipliers as independent variables and using (86)2 and (84); our equation (88)9
becomes

on’

k .
+hM =0. (89)

A MIA
A Ba)\B
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If we want to write explicitly this condition, starting from its expression (88); and
using (61), we obtain

N
(AAFA = 1) 0% 3" 0y, QR

n=1

M-—1
+ 30 AR, Ghbaein [(N + M +1-2R)§ 8] + Ro1Ig), jQ}
R=0

+A\M G

kjijoio-iplili-IN—v—1lN—Mm—1
i1 2 2

(N — M+ 1)5 6+ Mailfam]
=0, (90)
where it is intended that the term with R = 0 of the last summation is )\OG]fj (N +

M +1).
We outline now some other important aspects.

e We note that from (83) and (49) it follows

o\ : .
T M pXP (N

Inserting here the expression (80) for AL, we obtain

o\ . . o . ) o
a—u? = —M]BDXDc(—u))\AXAB(u) = —XBD(—U,)MJDc)\AXAB(u)

= —Mcha, (91)

where in the first passage we have used eq. (50). The result is the counterpart
for the Lagrange multipliers of what eq. (56) is for the moments; the only
difference is that there is a contraction of the upper index of M744, while in
eq. (56) its down index is contracted.

e From eq. (84); it follows
B = —h4+ M XAp(@)FB = —h + \LFIP

where we have used eq. (80). The result allows to understand that A’ is non

convective because h is non convective. If we impose that g—g; = 0, that is
aa)fl; %)‘Tf = 0 we find again (87) with the only use of (91).

e Similarly, from eq. (84) it follows

WE — 'k = — (W% — hu®) + A4 (G — FAUR)
= —(B* — huF) + XB 4 (—D)AN5(GH — FAUF)
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k k I ws P g
= —(h —hu)+AB<G _WF >,
where in the second passage we have used (83), and in the last passage (47)2.
The result allows to understand that h'* — h/u* is non convective because

. . . k__ 11,k K k
h* —hu* is non convective. If we impose that W = 0, that is 9N~ 9dg

‘ A Oul
h'6% = 0 we find again (89) with the only use of (91).

In other words, egs. (87) and (89) are the counterparts in the new variables,
of eqs. (76); moreover, they are equivalent to 5= = 0 and w =0,
U

a ”
with use of (91).

e Obviously, also (87) and (89) do not depend on the reference frame. In fact,
from (87), (89) with use of (80), it follows

on' on'

= M Mg = M Mg XB(i
0=24 Boxs =M PN o (@)
1 Oh o a (o ariD L ppiD, on’
=\ X MIP o 2 \L A
AG)\é D(u) C a)\[ ’

. OWFE ) . OW'E
0= M Mg 4 Bk = N\ M4
A Ba)\B + A 8)\1

1 ah/k
AL

—XBo(a@)+ ek

XAD(’J)M‘]DC + h/ék] i )\I M_]D g)\] + hl(skj

where, in the passage denoted by £ we have used (50) and in that denoted by 2 eq.
(80) has been used.

Let us conclude this section paying our attention to a particular partial differen-
tial equation which comes out from the above results but only in the particular case
of ideal gases. To this end let us take the trace of eq. (90) and take into account
the symmetry of G*4 (which holds for ideal gases), so obtaining

N
i1iprlololily I N—pr—1 I N—M—
3()\AFA—h)+Zn)\i1...ZnG’1 in g \M GRS R I AN L ()

i1
- Z AR G N 4 M +1— R)+ A°GY(N + M +1) =0.

Writing explicitly the product Ay F4 and using (62), this equation becomes
=Bh A Y (0 B) iy U (N N PR 4 (92)

R IVe
n=0
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M—-1 o
+ Y (N+M+4—RA FR'% =0 that is,
R=0

N M
n=0 R—=0
o (93)

By using (84); this equation becomes
N . . M . .
3+ 3 iy, P £ S (N M+ 1 RAR | FRim = 0.
n=1

i11R
R=0

In these equations we use egs. (78); and (86); so that they become

al oh
—3h+ Y (n+3) o ——F i
—s aF 1 n

M Oh o
+> (N+M+4- R)iapil‘“ilz Fivin =, (94)
R=0 R
N
on' on'
, R _
n=1 Gin pog R

The egs. (94) are partial differential equations for the functions h and A’ respectively.
To solve eq. (94); it is not restrictive to suppose that h has the form

h=FH (F Firein(F)y="5 | piin(p)
forn=1,---, NandR=0, ---, M. (95)

By substituting this in eq. (94)1, it becomes ‘g—g = 0, so that (95) becomes

_ N+M+4—R >
3

h=FH (F@'l"'in(F)*”T”’ | Flrin )
forn=1,---, NandR=0, --- , M.

-~ N+M+47R)
3

(96)

To solve eq. (94)2 it is not restrictive to suppose that A’ has the form

_3 _ 1o _n 1o _N+M+1-R
R =(\y)" 2 H (Au, Acrss (i) 7H X () T2 MR () 2 )
forn=0,1,3,---, NandR=0, ---, M. (97)

By substituting this in eq. (94)2, it becomes gTH, = 0, so that (97) becomes

125

7N+M+1—R>

-3 — it _n 1
B = ()2 H' (Acres ()™, A5 () 78 AR )T
forn=0,1,3,---, NandR=0, ---, M. (98)
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5. A Comparison with a Particular Decomposition
in Non Convective Quantities

In the previous part of this paper, the vector & was the velocity of any point of a
frame moving with respect to the other, with a translational rectilinear uniformly
motion. Consequently ¢ was constant, in the sense that it did not depend on space
and time; but the Lagrangian relativity principle has to be imposed for each of
these frames, so that # is an arbitrary constant vector. For this reason it has been
treated as another independent variable. Instead of this, usually it has been defined
as u' = v’ with

Fi

Nk

so that it depends on space and time and from (43); with n = 0,1 and (3), it follows

v =

Fli=9.

Almost all the previous considerations in the present paper continue to hold except
for considering u’ = %,F It — 0; only the passages where F!* was an independent
variable are not acceptable. For example, we can still define )\{3 with (80); but the
question is if they are non convective quantities. With the other approach, this
fact was a consequence of (81); now this equation continue to hold (because it is a
consequence of (79)) but except for FI8 = F!i. Consequently, from (81) it follows
that all the AL different from A! are non convective. Moreover, we can use (82)
and note that there the coefficient of )\fl is M7 oFIC. But from the description of
M74 g reported after eq. (49) we see that M7 is zero for C # 0, while it is 67"
if C = 0. Consequently, in (82) the term for B = iy is A;F. Therefore, we can use
(82) to obtain )\JI- as function of non convective quantities; as a consequence, it itself
is non convective.

In other words, with the first approach the fact that )\JI- is non convective can be
deduced from (81), while with the second approach this fact can be deduced from
(82). With the first approach, eq. (82) gave the counterpart of (76) in the new
reference frame, while with the second approach it is the definition of )\jl .

What to say about (86)? They give F4 and G*4 as derivatives of the 4-potentials
k' and W'* with respect to the Lagrange Multipliers; consequently they lead to a
symmetric hyperbolic system if A’ is a convex function of the Lagrange multipliers.
To combine these equations with the Galilean relativity principle, the procedure used
in literature was to transform the equations (85); 2, from which they were deduced,
but taking as independent variables v’ and the )\g different from )‘iI ; this procedure
has the drawback to lose the symmetric form of the field equations and leads also
to cumbersome calculations.

To avoid them, in the papers [23], [24] another approach has been described; it
was already used in refs. [25], [26] and it is equivalent to the following passages: Let
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us continue to take eq. (86) in the variables A4 and impose on A’ and A’* the partial
differential equations (87) and (89). In the case of ideal gases, let us impose also eq.
(62) and the further symmetries.

After that, we deduce F4 and G*4 from (86); finally, we deduce A4 as function
of F4 and substitute them in A/, h’*, GF4 so obtaining the constitutive functions in
terms of the variable F4. This passage is correct for the following

Proposition. The decomposition of b/, K'*, FA and G*4, in non convective
parts and in velocity dependent parts, is a consequence of egs. (87), (89), (86).

We will prove below this proposition in order not to lose the sight of what we
are saying. So let us come back to our previous discussion. The second approach
was followed in literature because it gives the non convective parts of the constitu-
tive functions A/, h’* and G*¥4. But this result can be realized also with the first
approach by simply substituting @ = 0 in the expressions &/, h'F and GF4 previously
found; this can be done also before deducing the Lagrange multipliers from (86);
and substituting them in (86)o, in A’ and in A’*. In fact, it is obvious that the
following diagram is commutative, where A4+ denotes the A4 different from \;.

We invert the first one of these eqs. obtaining K, Wk and GFA as

We start from
Aa = )\A(FB): and substitute in the second one

ot X oy 1k . . .. . .
4 = % GRkA = g’;—i and in A'(A4), h'®(X4), so obtaining functions of FP
We calculate in We calculate in
=10 =0
and obtain and obtain
Fl_ a0 o ow We invert the first 3 of these eqs. obtaining
A ax;? Aa = Aa(FTB), and substitute in the 4" BB — R
TA* _ Ok . : ’ ke ) T
Y = and in h'(X4), K'¥(A4), so obtaining and kA
FlkA _ on™ ) )
T AAa

We note that the expression 0 = g—i’\;, which is present in the box on the left

below, does not mean that h’ does not depend on );; it is only an implicit equation
which, jointly with F!I = %—’f\’, FIA™ — %, gives a system from which to deduce
Aa = Ma(FP). This is equivalent to what done in [23] and [24].

Let us now come back to prove the above Proposition.

Let us suppose to have deduced A4 from (86); in terms of F4 and to have

substituted it in (86); after that, let us take the derivative with respect to v/ of the

AGFA _ 9GFA Ng -1 OAp i
5 = g Bo with 505 obtained

function G*4 which comes out. We will have
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taking the derivative with respect to v/ of (86);, that is

OFA 1 O
i ONcONg OV

(99)

Now, taking the derivative of (87) with respect to Ac and using eq. (86);, we obtain

MjCBFB — —)\DMjDBﬂ
ONcOAB

which we can substitute in (56) so obtaining

92n
NN

OFA

- _ JjD
ol ApM e

by substituting this in the left hand side of eq. (99) and taking into account the

fact that % is an invertible matrix (more than that, it is positive definite), we
A C

deduce that
—= = A\pM’Ps. (100)

Let us take now the derivative of (89) with respect to Ac and using eq. (86) and
obtain

-ffﬁﬁ—ADwﬂDB::—ANCBG“3—E{$M' (101)

OAcOAB '
Finally, let us take the derivative of (86)y with respect to v/ calculated in A\g =
Aa(FB), that is

HGkA O2hk  O\g 92k . , ,
— = > — — ApMIP 5 = MIAZGRE o+ pAgki
i OAAONg OvI oraorg PB BT ’

where in the second passage we have used eq. (100) and in the third one we have
used (101). From the equation which we have obtained and from (56), it follows

9 F* : FF

where we have used the fact that FTk = w = FTM + v* whose derivative with

respect to v’ is §¥7. The resulting equation looks like eq. (56) except that now
GkA — FAFTk replaces F4 and GFB — F BFTk replaces F'B. We recall that from the
description of M74 g, reported after eq. (49), it follows that it may be different from
zero only when B contains a total number of indexes (included those contracted
with some §) less than that of A. Consequently, eq. (102) links GF4 — FAFTk on
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the left hand side with analogous functions G*¥8 — FP FTk, on the right hand side,
which have less indexes. This will be useful in the sequel.

Let us prove now that from these results we can deduce eq. (47)y and let use
prove it with the iterative procedure on the total number of indexes compacted in
the multindex A, enclosed those contracted with some §.

If A=0,eq. (47)2 holds because G¥ = F* and G'¥ = F¥ so that both sides of
(47)2 are zero.

Let us suppose, for the iterative procedure, that eq. (47)2 holds for all the
indexes A < A.

Let us compare now, for A = A the relations (102) and (59) remembering that
this last one was obtained from (47)s for A < A. From the comparison we deduce
that the function GF4 — FAFTk deduced from (86), (87), (89) and the function GF4 —

F AFTk deduced from (47)3 have the same derivative with respect to v7; consequently,
their difference is a constant with respect to v/. But, by calculating this difference in
7 = 0 we find zero because both the functions are the same function in the reference
frame denoted with the apex I. We deduce that this constant is zero and both the
functions coincide.

This completes the proof of our property for F'4 and G¥4. For what concerns
I, we have

on’' Oh' O\u n OR

- = - = —)\ M‘]D ==

vl Orp OvI P A0xA
where in the second passage we have used eq. (100) and in the third passage we

have used (87). Consequently, 4’ does not depend on velocity, as expected.
Finally we have

0,

VY

O (e FEY _OWR A 0N Oxa FF
vl F) 0\ dvi 9y dvi F
B <8h/k oW F*

— ——— | ApMIP 4 — 1§ =0
OAg O F > b4

where in the second passage we have used eq. (100) and in the third passage we
have used (87) and (89). This completes the proof of our Proposition.

Note. We have proved eq. (100) through the procedure of inverting eq. (86);
and substituting in eq. (86)s, b’ and h'*. We could prove the same thing also taking
the derivative of eq. (83) with respect to v/ and using eq. (49), then eq. (50) and
then again eq. (83). This second procedure is surely correct when ¥ is the velocity
of one of the two reference frames with respect to the other; in effect it is correct
also when v* = % because this value of v’ does not influence the passages described
before this note, nor eq. (83) which is a consequence of (80). For the sake of major
clarity, we have preferred to prove (100) in another way.
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6. Conclusions

We have introduced different tensorial functions of a single vector @ and found very
interesting identities between them. Moreover, they are very important for Ex-
tended Thermodynamics with an arbitrary number of moments when the neglected
equations are chosen according to the suggestions of the non relativistic limit of the
corresponding relativistic model. In some previous paper in literature they were
already introduced ad hoc and used, without proving them. So this paper fills a gap
of literature in this context. It is also interesting how some complicate expressions
can be put in a elegant and compact form. This, in our opinion, bears witness to
the goodness of the model.
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