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Abstract: We calculate numerically the stability boundaries of various types of
static solutions for symmetric 0-7 long Josephson junction. Then the dependence
of the critical current v, versus applied magnetic field h, can be reconstructed.
We investigate the ~.(he) as a function of the junction length and find some new
features related to the asymmetric solutions. Our results allow to associate different
branches on experimentally measured ~.(he) with a particular type of solution. The
dependence of the critical current . at he = 0 as a function of the Josephson
junction’s length is numerically obtained. The numerical results agree with known
experimental data.
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Introduction

The possibility of having 7 phase shift in the ground state of the Josephson junction
(JJ) was predicted long ago [1]. Nowadays, physicists are able to fabricate and study
several types of 7 JJs based on different physical principles [4, 2, 3].

An interesting system can be created by combining conventional (0) and 7 JJs
in one device — the so-called 0-7 JJs [5]. Not only 0 and 7 parts compete with
each other resulting in new type of the ground states, but also long 0-7 JJs can have
vortices carrying only half of the magnetic flux quantum ®. A significant number of
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theoretical and experimental works studying 0-7 JJs were published during the last
decade, see [6] — [9], [13] — [18] and references therein. In particular, experimentally
measured dependence of the critical current versus externally applied magnetic field
for 0-m JJs were modeled numerically [19, 13].

In general, the transitions from static to dynamic state upon changing the exter-
nal current v are mathematically interpreted as a bifurcation of one of the possible
static solutions ¢(z) existing in the junction at given external magnetic field he
(from now on all the variables are dimensionless).

In this paper we numerically investigate the stability boundaries of various types
of static solutions for symmetric 0-7 long JJ (LJJ) on the plane “critical current —
applied magnetic” field. The critical curve of the contact is obtained as an envelope
of the bifurcation curves corresponding to different static solutions.

The paper is organized as follows. In Section 1 we introduce a mathematical
model, state the problem and describe the technique used to obtain the solutions.
The main numerical results for static vortex solutions and their bifurcations are
presented in Section 2. The final Section 3 concludes the work.

1. Statement of the Problem
1.1. Model

Consider a 0-m Josephson junction of length 2/ (I < o), disposed along z axis,
such that the 0-JJ is situated at x < 0 and w-JJ is situated at > 0. Distribution
of the Josephson phase ¢(z) along JJ is governed by the sine-Gordon equation
supplemented by the boundary conditions. In the case of overlap geometry this
non-linear boundary value problem (BVP) for static distributions of the phase ¢(z)
can be written as

—Paa +jo(@)sing —y =0, =z € (=1,1)\ {0}, (1.1a)
¢(=0) = ¢(+0), (1.1b)

Pa(C = 0) = (¢ +0), (1.1c)

Pa(£l) = he, (1.1d)

where jo(x) is the critical current density
_ 1, xzel[-10]
c\T) =
jo(@) {—1, z € (0,1].

The sine-Gordon equation (1.1a) is the Euler-Lagrange equation of the field with
Lagrangian density

L(p) = %wi +jo(z) (1 —cos ) — vy (1.2)
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at corresponding subintervals.

The possible solutions ¢ of (1.1) are twice continuously differentiable functions
except at © = 0, ¢ € C*{[~1,1] \ {0}}. Physically this means that the magnetic
field inside the junction is continuous only, and at the sewing point = 0 continuity
conditions (1.1b) and (1.1c) are fulfilled [8]-[15].

One can check that for v = 0 the common solution of equations (1.1a) in the
corresponding intervals is expressed by the elliptic functions, see [?]. Under the
given model’s parameters p = {l, h.,v} the integration constants can be obtained
by means of two boundary conditions (1.1d) and two continuity conditions (1.1b)
and (1.1c) [21].

For small magnitudes of the current |y| < 1 the solution of the BVP (1.1)
can be derived applying perturbation theory methods. In more general cases the
solutions of arising non-linear systems for integration constants can be obtained only
numerically, as in the present paper.

1.2. Stability of Static Solutions

From now on we suppose continuous dependence of solutions ¢ = ¢(x,p) of (1.1) on
parameters. So, we will say that the solutions ¢ (z,p1) and pa(z, p2) belong to the
same type if ¢1(x, p1) smoothly transforms into s (z, p2) upon continuous change of
p from p; to ps. The dependence of the solutions ¢(z, p) on p we will write explicitly
only if it is necessary.

The non-linear BVP (1.1) for ¢(x) and (1.2) can be considered as system of
equations, which represent the necessary conditions for extrema of the total energy
functional F[p] of the junction

l

Flg] = /E(so) dr — heAp, (1.3)
—1

where functions ¢ are of class C2{[~[,1]\ {0}} and the total dimensionless magnetic
flux Ap through the junction is defined as
l
Ap = /SD:B dz = (1) = (=) (1.4)
-l
The Weierstrass-Erdmann conditions yield (1.1d), (1.1b), and (1.1c), see [?].
A regular Sturm-Liouville problem (SLP) associated with our BVP is set as
—thae +q(x)p = M, @ € (=1,1)\ {0}, (1.5a)
#(=0) = ¢(+0), (1.5b)
Y2(—=0) = ¢z (+0), (1.5¢)
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¢x(il) = 05 (1.5d)

l
/ VA (z)dz =1, (1.5¢)

—1

where ¢(z) = jo(z) cos p(z) is a potential and (1.5e) is a normalizing condition for
the uniqueness of eigenfunctions ¢ (x). The SLP (1.5) determines the stability of
static solutions ¢(x) (we assume that the time-dependent solution (x,t) deviates a
little from the static solution) and is related to the sufficient conditions for extrema
of Flyp]. If, for some solution ¢(z) of BVP, the minimum eigenvalue Ao > 0 of
SLP, then the second variation of F[p] around this solution is positive and F has a
minimum at ¢(z). Therefore, the solution (z) is linearly stable [32]. Such approach
for “one-dimensional” LJJs was proposed in [20, 21| and discussed in many works,
see for example [22] — [30]. A similar method in case of 0-7 JJ was used in [6], [23].

For SLP (1.5), there exists a non-degenerate discrete spectrum of possible A
values bounded from below, i.e.,

“1< )<< <A <., (1.6)

because |g(x)| < 1for x € [—1,1], see [31]. Since ¢(x,p) depends on p, then A, and v,
also depend on p, and if \,,(¢(z,p)) > 0 (or A\, (¢(z,p)) < 0) then the corresponding
solution ¢(z,p) is stable (or unstable). Obviously, if at least one of A, for fixed
static p(x,p) is negative, then the whole solution ¢(z,p) is unstable. Since \,, are
arranged according to (1.6), the stability /instability boundary (bifurcation point) is
defined as

Ao(e(z,p)) = 0. (1.7)

It is convenient to interpret the last equation geometrically as a surface in the
parameters space. Each point on this surface is a bifurcation (critical) point for the
solution ¢(z,p). In this paper we consider A\g(p(z, he,y)) so that (1.7) gives explicit
dependence of v.(he) for each type of the static solution. We note, that similar study
for 0-JJs [28], [29] and for O-m JJs [11] was already undertaken.

1.3. Algorithm and Computing
In this article we apply algorithms proposed in [35, 36] to derive numerically the
relation (1.7) (see also review [27]). The BVP (1.1) and nonlinear SLP (1.5) include

parameter h. and A, respectively, on right hand side of equations and can rewrite
as one vector functional equation

Fp,he) = 0. (1.8)
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To find eigenvalues and eigenfunctions (¢(z), 9 (x)) we use the method based on
continuous analogue to Newton method (CANM) [37], which yield equations:

Fros fLus i Ht floh) =0,

©—
& (1.9)

v=1v,

H= h.ea

where 7:0, 7%, ?;16 are Fréchet derivatives. In case under consideration they
coincide with corresponding partial derivatives. By type of (1.8) it follows that
solutions of (1.9) can search as

® =+ H),

(1.10)
VU =¢+ Hy,

where &, 1, ¢, x are new variables. Substituting (1.10) in (1.9) the above equations
are reduced, see e.g. [33], to four eigenvalues problems:

§x(=1) = h — p.(=1),
—~&pz +COSPE = Prg — SN P + 7,
£(+0) —&(=0) = p(—=0) — (+0),

1.11
€0 (+0) — & (~0) = g (~0) — 4 (+0) (L1
—&px — COSPE = Pz + SN + 7,

& (1) =h— e (1);

—Naz +cospn =0,

1 (4+0) —n (=0) =0,
1.12
Nz (+0) — Nz (_0) = 07 ( )

Nwx +cospn =0,

Nz (l) =1;

_sz + (COSQD - >‘) C = ¢a:a: + ()‘ - COSSD) + Sin@¢€a

C(+0) = ¢ (~0) =0, L

Cz (+0) - Ca: (_0) =0,
Coaw + (cosp —N) ( = =ty + (A —cos) +sinph &,
Ce (l) = 0;



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 5, No. 4 (2012)

162 J.A. Angelova, T.L. Boyadjiev

—Xazz + (cos — X) x = sinpn,
X (+0) — x (=0) =0,

Xz (+0) = Xz (=0) = 0, A
Xaz + (cosp — A) x = sinp v,
Xz (1) = 0;
and a norm condition implication
! -1 !
H= 2/¢(m)x(x) dx 1- / [¢?(2) + 2¢(z)¢(2)] dz ¢ . (1.15)
21 21

The discretization of corresponding linearized eigenvalues BVPs (1.11) — (1.14)
is performed by means of spline-collocation method, see e.g. [34]. Such approach
leads to difference scheme with block three-diagonal matrix. The scheme’s accuracy
is O(h*) determined by Runge’s method on the sequence of uniform meshes with

steps h, h/2 and h/4.

2. Results
2.1. Static Vortex Solutions

First let’s consider some solutions of (1.1) (far enough from the bifurcation point)
and behavior of their main physical characteristics when parameters tend to the
critical values.

Figures 1 and 2 show stable semifluxon-like solutions ¢g(x) in 0-7 JJ at two
values of . For convenience, we shall use the notation ®*'/2 to denote this type of
solutions. ®*1/2 is a semifluxon-like solution (full semifluxon is obtained at I — co),
while ®1/2 is antisemifluxon-like solutions. If p changes, but does not pass the
bifurcation point, the ¢g(z,p) changes too, but the solution type remains the same.
Therefore, we will often write, e.g., ®*/2(z) if we want to refer to all solutions
wo(z) of this type. As predicted earlier, see [5], these states have: (a) finite total
magnetic flux (Ap ~ £0.147 at 21 = 2, Ap ~ +0.468 at 2] = 7, respectively); (b)
finite energy (F[®*/2] ~ —0.04 at 2l = 2, F[®*/?] ~ —0.583 at 2l = 7) and (c)
average phase N[®*1/2] = +£1/2 see (2.1). The functional N[g] is introduced in [38]
as

Nigl = 5= [ ela)da, 2.

that is defined modulo 1 (as the phase ¢ is 27 periodic) and does not change while
varying h. for a given static solution.
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Figure 1: The Josephson phase ¢g(z) Figure 2: The magnetic field corre-
corresponding to the static solution of sponding to the solutions shown in
the type ®*/2 in 0-7 JJ for 21 = 2 Figure 1

and 2l =7 at h =0 and vy =0

At the center = 0 we have ®+1/2(0) = +7/2 (see Figure 1). Moreover, the
conditions of geometrical symmetry are fulfilled:

0~1/2(2) oD% (x) 902 (z)  9PF/2(—x)
’ oz or Oz oz '

(1)71/2(x) _ —(1)1/2($)

In an “infinite” (I — oo) homogeneous 0-JJ the solutions ®*/2 are reduced to
pure (anti)semifluxon solution
4arctan exp(x — xg), z < 0;
P2 = Xp(@ = o) (2.2)
4 arctan exp(x + xg), = >0,

where [5, 8] zp = Intan T = In(v2 — 1).

In addition to the vortex solutions shown in Figures 1 and 2, at h, = 0 and
v = 0 there exist also two Meissner’s solutions ¢g(x) = 0 and ¢r(x) = m. They
belong to the classes denoted as My and M,. The solutions of these classes can
be obtained from ¢g(z) and ¢, (x) by continuation from p = (1,0,0) to the given p
provided we do not pass a bifurcation point. The solutions of the class My » have
Ay = 0 for he = 0 and F[My ] = 0,4l. The potential of SLP is ¢(z) = £1. In
particular A\o(0) ~ —0.3 at 20 = 2 and A\o(7) =~ —0.86 for 2/ = 7 in accordance with
[11]. Numerical experiment confirms, that Meissner’s solutions remain unstable for
all he # 0 and ~ # 0, where they exist. Thus, in the case of 0-7 JJ the traditional
Meissner’s branches are missed on the 7. (h.) dependence as observed in experiment
(16, 13].



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 5, No. 4 (2012)

164 J.A. Angelova, T.L. Boyadjiev
3+ e
L0 I 21=7,he=2,v= 0_

(Dl,l/z,l,’/ s T
2 3
S °
2 3
s =

T T T T T T T T T T T T T 1 .

-3 -1.5 0 15 3 -3 15 0 15 3

Distance Distance

Figure 3: The magnetic field profiles Figure 4: The magnetic field profiles
corresponding to the bound states corresponding to the bound states
M p11/20 and ®LV/21 in O0-1r JJ of ®21/22 and ®21/21 at h, = 3.8

the length 2] =7 at he = 2

By increasing the value of he some new, more complicated bound states may be
observed. These states correspond to some fluxons present within 0 and 7 halves
of LJJ with a semifluxon in the middle of the LJJ. We denote this type of static
solutions as ®M % where L (integer) is the number of fluxons in the left 0 part
(r < 0), M (semi-integer) is number of fluxons pinned at x = 0 (usually it is
(anti)semifluxon, i.e. M = £1/2, the other semi-integer M are usually unstable)
and R is the number of fluxons within the 7 part (x > 0). At v = 0 each state
PLME(2) has a mirror symmetric one ®XM(z) = dHML(_z) with the same
energy and stability. If L = R, then it reflects into itself. This notation is a
generalization of our previous notation, i.e., M0 = @M,

In Figure 3 for h. = 2 and v = 0 one can see examples of the states ®11/20 with
N[@L1/20] = 1.5, @L1/21 with N[®V1/21] ~ 2.5. Similarly, in Figure 4 the states
®21/22 have N[®>1/22] = 4.5, and ®>1/21 N[®>1/21] = 3.5 are shown.

On Figure 5 the dependence of Ag(h.) is presented for selected classes of static
solutions, i.e., ®/2, My, M. In accordance with (1.7) the zeroes of curves \g(he,0)
are bifurcation points of the corresponding solutions. Each curve possesses two zeros
which correspond to the lower hyi, and upper hyax critical magnetic field for given
type of solution and v = 0. The distance Ah = hpax — hmin represents the domain
of stability of the particular type of solution ®%M on the field h, at v = 0. For
d+1/2_distribution calculations yield hpin & —1.8 and Apax =~ 2.2, thus Ah =~ 4.

Similarly, in Figure 6 the behavior of the \y(0,7) for 20 = 7 and h, = 0 is
demonstrated. Each branch corresponds to two symmetrical vortex distributions
with the same Ag and same energy F', but with opposite total flux Ap. Points
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Figure 6: The dependence Ag(7y) for
static solutions ®1/2, My » in the 0-
wJJ of length 2l =7 at he =0

By (situated exactly at |y| = 2/7 for [ — oo, see [23, 25, 10]) are the points of
bifurcation with respect to parameter . At these points one can see a confluence
of ®*1/2 solutions with My . For a given JJ, the distance between the points By
defines the domain of stability of semifluxon or antisemifluxon along ~.

2p
1 0-m ], @%:21=7, y=0

|---h=-18 e
—h,=0 e

Magnetic flux

Distance

Figure 7: Magnetic flux distributions
¢(x) in the 0-7 JJ of length 21 = 7 at
7=0
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Figure 8: Magnetic field distributions
@z (x) in the 0-m JJ of length 2] = 7
atvy=20

Figures 7 and 8 illustrate the deformation of a semifluxon ®/2 by external
magnetic field h, in the 0-7 JJ of length 2/ = 7 and v = 0. According to the
boundary conditions (1.1d) the main changes are localized near the edges of the JJ,
while solution in the central part of the JJ remains almost unchanged.
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Similarly, in Figure 9 the deformation of the solution ®/2 by the bias current
v at he = 0 is presented. Positive current « displaces the phase ¢(z) upwards (the
maximum of the corresponding soliton ¢, (x) moves to the left), and vice versa for
the negative v — the ¢(x) moves down, and the plot of ¢, (x) shifts to the right.

The basic characteristics of several solutions of the type ®%M:%in JJ with 21 = 7
and v = 0 are summarized in Table 1.

Type | he Ao | Nig] | Ap/2m | p(0)/7 | Fle]/8
o0—1/20 | 0.772 | —=0.5 | —0.468 | —0.5 | —0.586
§0:1/2,0 0 0.772 | 0.5 0.468 0.5 —0.586
dL1/20 | 1,61 | 0.0275 | 0.885 1.7 0.664 | —1.349
P01/21 | 1,61 | 0.0267 | 2.115 1.7 2.336 | —1.346
P1.1/2.1 2 | 0.108 | 2.5 | 2.582 2.5 | —1.883
PLL/22 | 341 | 0.015 | 2.897 | 3.773 | 2.771 | —5.144
d21/21 | 341 | 0.012 | 4.103 | 3.773 | 4.229 | —5.140
PL1/22 | 46 | 0.111 | 45 | 5.049 45 | —9.378

Table 1: Key characteristics of several solutions of the type ®L-M.F

0.8 !

0.4+

= E 1 P
o 3 " i o-m ), @%:21=7
3 E e B
@© =
= 5
-0.4
- 4 ~o b H
0-mJ), @%:20=7,h=0 ~==—eo______ 1 i
|Tr||||h|e|||||.|. 08+—T——T7"TT7T T t+—TTT T T T T 7 T
3 15 0 15 3 -2 -1 0 1 2
Distance External magnetic field
Figure 9: Magnetic flux distributions Figure 10: The bifurcation curve for
o(z) at he =0 the solutions ®/2 for 21 = 7

2.2. Bifurcations of Static Solutions

Here we study bifurcations of static solutions varying external field h. and external
current y. The locus on the plane (h.,~) satisfying equation (1.7), we shall call a
bifurcation curve (BC). A unique BC corresponds to each solution type. An example
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Figure 12: BCs for different types of
static solutions in 0-w JJ of length

20=17

of BC for ®1/2 state is given in Figure 10. The distance Ah. &~ 4 between zeroes
hmin &~ —1.8 and hpax = 2.2 represents the region of stability of the ®1/2 state. The
profiles of magnetic field ¢, (x) in a small neighborhood of the bifurcation points

hmin and hpax are shown in Figure 8.

Similarly, in Figure 11 the BCs for ®11/20 and ®%1/21 states are demonstrated.
Note that the domain of stability has a triangular-like shape with sharp corners. For
~v = 0 the stability interval (hj, hg) is smaller than for v > 0, i.e., the bias current

stabilizes these types of solutions.

06 0-mJ):20=7

0.4

Critical current

0.2

External magnetic field

Figure 13: The envelope of the BCs
for 0-m JJ of length [ = 7. Due to the
symmetry, only the right upper quar-

ter on the y—h, plane is shown

1 2 3 4 5 6

!

=0)
=3
o
L

o
S
1

Critica current (he
o
N
| I R T

L1

Symmetric O-Tt contact

0 2 4 6 8 10 12
Length of junction

14
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The BCs for many types of static solutions discussed above are plotted in Figure
12 in a relatively large range of h,.

In experiment one probably will not be able to see all the BCs shown in Figure
12 or one will not be able to trace any given BC completely. The reason is purely
technical. One has to detect when the JJ passes a bifurcation point. If, after passing
a bifurcation point, the JJ switches to the time-dependent solution with a non-zero
average voltage (¢;) (all such states we will call R-states), then one can detect it.
This is usually done by measuring the maximum supercurrent as a function of applied
magnetic field [19, 16, 13]. From Figure 12 it is obvious that if the absolute value
of the bias current |y| at fixed h. exceeds the the envelope of all bifurcation curves
then there is no static solution and the JJ should switch to the R state. Thus, using
voltage detection method one can at least see the envelope of BCs shown in Figure
13. Sometimes, especially for low damping, the JJ upon passing a bifurcation point
for some state S7 at v.; has a choice to switch either to the other static solution
So with .9 > .1 or into the R state. If this will be an R state one will observe a
BC of Sy, i.e., the value 7.1. This ofetn happens in the visinity of the intersection
of the two BCs corresponding to S; and So. Otherwise, the JJ switches from S to
So and the decision is postponed up to the point .o where the system will decide
between S3 and R states. We note, that some bifurcations curves contributing to the
envelope, may not be visible in experiment because the static solutions associated
with them are unstable at v = 0 or at other “starting” value of v, from where  start
the sweep to detect a transition to the R state. In fact, in experiment, the tracing
may start not from v = 0, but from other values, which may be even dynamically
chosen. In this sense there, the experimental flexibility can be used to see hidden
BCs rather than just the envelope.

However one can also use more advanced experimental technique, e.g., the one,
which allows to measure magnetic flux in different parts of the 0-7 JJ [39]. In this
case one can easily trace the boundary bewteen zero voltage states different by the
flux inside the JJ.

For a 0-m LJJ the value of the critical current at h, = 0, i.e., Y0 = Ve (he = 0),
depends on the LJJ length 2I. The numerically calculated dependence v.o(l) is
plotted in Figure 14. For small [ the critical current tends to zero as 7.9 ~ %lQ. At
large [ the current -y, asymptotically approaches the the constant value [6, 9, 10]
7S = 2/m ~ 0.637, while the total magnetic flux Ap(2l) — 7, see [23, 25, 10].

3. Conclusions

For symmetric 0-7 LJJs we numerically found the stability boundaries (bifurcation
curves) on the “bias current — applied magnetic field” plane for different static
solutions. This allows to predict the dependence of the critical current v, as a
function of external magnetic field h. and associate each branch of the experimental
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ve(he) dependence with the stability boundary of a particular type of static solutions.
Moreover looking at the overlap of different stability regions one can see what kind
of states are possible in the different regions of parameter space and achieve these
states experimentally even without measuring ¢(z).

We note that usual Meissner states Mo, are always unstable and do not con-
tribute any bifurcation curve to Figure 12. We have also calculated the dependence
of the critical current ~.9 at h, = 0 on the length of the junction.
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