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Abstract: In this paper we have find the main scalars of the five-dimensional
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of five-dimensional Finsler space.
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1. Introduction

A theory of intrinsic n-dimensional Finsler space has been studied by Matsumoto and
Miron [6] and is called ” Miron frame” by Matsumoto.The theory of two dimensional
Finsler space wsa studied in[7] In three-dimensional Finsler space there are three
main scalars H, I, J in which the sum of H and I is LC ([1], [2] , [3]) ,called unified
main scalar whereas in four-dimensional Finsler spce there are eight main scalars
H, I, J,K,H ′, I ′, J ′,K ′ [8] in which the sum of H, I,and K is LC, called unified
main scalar. There is one h-connection vector and one v-connection vector in three-
dimensional Finsler space whereas in four-dimensional Finsler space there are three
h-connection vectors and three v-connection vectors. The orthonormal frame field
(

li,mi, ni, pi, qi
)

, called the Miron frame plays an important role in five-dimensional
Finsler space.
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2. Scalar Components in the Miron Frame

Let F 5 be a five-dimensional Finsler space with fundamental function L (x, y). The
metric tensor gij and Cartan C-tensor Cijk of F 5 are defined by

gij =
1
2∂

·
i∂

·
jL

2, Cijk = 1
2∂

·
kgij =

1
4∂

·
i∂

·
j∂

·
kL

2.

Throughout the paper, the symbols ∂·
i = ∂

∂yi
and ∂i = ∂

∂xi have been used.

The frame
{

ei(α)

}

, α = 1, 2, 3, 4, 5 is called the Miron frame of F 5, where ei(1) =

li = yi

L
is called the normalized supporting element, ei(2) = mi = Ci

C
is called

the normalized torsion vector, ei(3) = ni, ei(4) = pi, ei(5) = qi are constructed by

gije
i
(α)e

j
(β) = δαβ.Here, C is the length of torsion vector Ci = Cijkg

jk.The Greek
letters α, β, γ, δ vary from 1 to 5 throughout the paper. Summation convention is
applied for both the Greek and Latin indices. In the Miron frame an arbitrary tensor
can be expressed by scalar components along the unit vectors li,mi, ni, pi, qi.For
instance; let T = T i

j be a tensor field of (1, 1) type, then the scalar components Tαβ

of T are defined by Tαβ = T i
je(α)ie

j
(β)and the components T i

j of the tensor T are

expressed as [5] T i
j = Tαβe

i
(α)e(β)j.From the equation gije

i
(α)e

j
(β) = δαβ , we have

(2.1) gij = lilj +mimj + ninj + pipj + qiqj

Next, the C-tensor Cijk = 1
2∂

·
kgij satisfies Cijkl

i = 0 and is symmetric in i, j,
k.Therefore, if C.αβγ are scalar components of LCijk i.e., if

(2.2) LCijk = Cαβγe(α)ie(β)je(γ)k,

then, we have

(2.3) LCijk = C222mimjmk + C223Π(ijk) (mimjnk) + C233Π(ijk) (minjnk)

+C333 (ninjnk) + C224Π(ijk) (mimjpk) + C444 (pipjpk)

+C244Π(ijk) (mipjpk) + C225Π(ijk) (mimjqk)

+C255Π(ijk) (miqjqk) + C555 (qiqjqk) + C334Π(ijk) (ninjpk)

+C344Π(ijk) (nipjpk) + C335Π(ijk) (ninjqk) + C355Π(ijk) (niqjqk)

+C445Π(ijk) (pipjqk) + C455Π(ijk) (piqjqk)

+C234Π(ijk) {mi (njpk + nkpj)}+ C235Π(ijk) {mi (njqk + nkqj)}

+C245Π(ijk) {mi (pjqk + pkqj)}+C345Π(ijk) {ni (pjqk + pkqj)} ,

where Π(ijk) {...} denote the cyclic interchange of i, j, k and summation.
For instance;Π(ijk) {AiBjCk} = AiBjCk +AjBkCi +AkBiCj.

Contracting (2.2) with gjk, we get LCmi = Cαββe(α)i.Thus, if we putIn
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(2.4) C222 = H,C233 = I, C244 = K,C333 = J,C344 = J ′,

C444 = H ′, C334 = I ′, C234 = K ′, C255 = M,C355 = J ′′,

C455 = M ′, C555 = H ′′, C335 = I ′′, C445 = K ′′, C235 = N,

C245 = N ′, C345 = M ′′,

then, we have

(2.5) H + I +K +M = LC,C223 = − (J + J ′ + J ′′) ,

C224 = − (H ′ + I ′ +M ′) , C225 = − ( H ′′ + I ′′ +K ′′) .
Hence, we have the following:

3. Proposition

In a five-dimensional Finsler space there are seventeen main scalars H, I, J,K,H ′, I ′,

J ′,K ′,H ′′, I ′′, J ′′,K ′′,M,M ′,M ′′, N,N ′ in which the sum of H, I,K and M

isLC which is called unified main scalar.

Using (2.4) and (2.5), the equation (2.3) can be rewritten as

(2.6) LCijk = Hmimjmk − (J + J ′ + J ′′)Π(ijk) (mimjnk) + IΠ(ijk) (minjnk)

+J (ninjnk)− (H ′ + I ′ +M ′) Π(ijk) (mimjpk) +H ′ (pipjpk)

+KΠ(ijk) (mipjpk)− (H ′′ + I ′′ +K ′′)Π(ijk) (mimjqk)

+MΠ(ijk) (miqjqk) +H ′′ (qiqjqk) + I ′Π(ijk) (ninjpk)

+J ′Π(ijk) (nipjpk) + I ′′Π(ijk) (ninjqk) + J ′′Π(ijk) (niqjqk)

+K ′′Π(ijk) (pipjqk)+M ′Π(ijk) (piqjqk)+K ′Π(ijk) {mi (njpk + nkpj)}

+ NΠ(ijk) {mi (njqk + nkqj)}+N ′Π(ijk) {mi (pjqk + pkqj)}

+M ′′Π(ijk) {ni (pjqk + pkqj)} .

The Cartan’s connection CΓ =
(

Γi
jk, G

i
j , C

i
jk

)

will be used in the following

section of this paper. The h- and v- covariant derivatives of the frame field e(α)i are
given by [4]

(2.7) e(α)i|j=H(α)βγ
e(β)ie(γ)j , Le(α)i|j = V(α)βγe(β)ie(γ)j ,

where H(α)βγ and V(α)βγ , γ being fixed, are given by

(2.8) Hα)βγ =

0 0 0 0 0
0 0 hγ Jγ kγ
0 −hγ 0 h′γ J ′

γ

0 −Jγ −h′γ 0 k′γ
0 −kγ −J ′

γ −k′γ 0

, Vα)βγ =

0 δ2γ δ3γ δ4γ δ5γ
−δ2γ 0 uγ vγ wγ

−δ3γ −uγ 0 u′γ v′γ
−δ4γ −vγ −u′γ 0 w′

γ

−δ5γ −wγ −v′γ −w′
γ 0In
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In (2.8), we have put

(2.9) H2)3γ = −H3)2γ = hγ ,H2)4γ = −H4)2γ = Jγ ,H2)5γ = −H5)2γ = kγ ,

H3)4γ = −H4)3γ = h′γ ,H3)5γ = −H5)3γ = J ′
γ ,H4)5γ = −H5)4γ = k′γ ,

V2)3γ = −V3)2γ = uγ , V2)4γ = −V4)2γ = vγ , V2)5γ = −V5)2γ = wγ ,

V3)4γ = −V4)3γ = u′γ , V3)5γ = −V5)3γ = v′γ , V4)5γ = −V5)4γ = w′
γ .

Hence, we have the following:

4. Proposition

In a five-dimensional Finsler space there exist six h-connection vectors

hi, Ji, ki, h
′
i, J

′
i , k

′
i whose scalar components with respect to the frame

{

ei(α)

}

are

hγ , Jγ , kγ , h
′
γ , J

′
γ , k

′
γ i.e., hi = hγe(γ)i, Ji = Jγe(γ)i, ki = kγe(γ)i, h

′
i = h′γe(γ)i, J

′
i =

J ′
γe(γ)i, k

′
i = k′γe(γ)i.

5. Proposition

In a five-dimensional Finsler space there exist six v-connection vectors

u i, vi, wi, u
′
i, v

′
i, w

′
i whose scalar components with respect to the frame

{

ei(α)

}

are

uγ , vγ , wγ , u
′
γ , v

′
γ , w

′
γ i.e.,u i = uγe(γ)i, vi = vγe(γ)i,w i = wγe(γ)i, u

′
i = u′γe(γ)i, v

′
i =

v′γe(γ)i, w
′
i = w′

γe(γ)i.

In view of equations(2.8), (2.9) and using the propositions (2.2) and (2.3),
the equations (2.7) may be explicitly written as

(2.10) a li|j = 0,mi|j = nihj + piJj + qikj , ni|j = −mihj + pih
′
j + qiJ

′
j ,

pimidj = −miJj − nih
′
j + qik

′
j , qi|j = −mikj − niJ

′
j − pik

′
j, and

(2.10) b Lli|j = mimj + ninj + pipj + qiqj = gij − lilj = hij,

Lmi|j = −limj + niuj + pivj + qiwj,

Lni|j = −linj −miuj + piu
′
j + qiv

′
j ,

Lpi|j = −lipj −mivj − niu
′
j + qiw

′
j,

Lqi|j = −liqj −miwj − niv
′
j − piw

′
j .

Since mi, ni, pi, qi are homogeneous functions of degree zero in yi, we have
Lmi|jl

j = Lni|jl
j = Lpi|jl

j = Lqi|jl
j = 0

which in view of equation (2.10)b and proposition (2.3) gives

(2.11) u1 = v1 = w1 = u′1 = v′1 = w′
1 = 0.In
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The h-scalar derivative of the adopted components Tαβ of the tensor T i
j of (1, 1)

type is defined as[4]

(2.12) Tαβ,γ = (δkTαβ) e
k
γ) + TµβHµ)αγ + TαµHµ)βγ ,

where δk = ∂k −Gr
k∂

·
r.

Similarly, the v-scalar derivative of the adopted components Tαβ of the tensor
T i
j of (1, 1) type is defined as [4]

(2.13) Tαβ;γ = L (∂·
kTαβ) e

k
γ) + TµβVµ)αγ + TαµVµ)βγ .

Thus, Tαβ,γ and Tαβ;γ are the adopted components of T i
j|k and T i

j |k respectively
i.e.,

(2.14) T i
j|k = Tαβ,γe

i
(α)e(β)je(γ)k, LT

i
j |k= Tαβ;γe

i
(α)e(β)je(γ)k.

From (2.2) it follows that

(2.15) L2Chij |k= (Cαβγ;δ − Cαβγδ1δ) eα)heβ)ieγ)jeδ)k .

The explicit form of Cαβγ;δ is obtained as

(2.16)

(a) C1βγ;δ = −Cβγδ,

(b) C222;δ = H; δ+3 (J + J ′ + J ′′)uδ+3 (H ′ + I ′ +M ′) vδ+3 (H ′′ + I ′′ +K ′′)wδ,

(c) C223;δ = − (J + J ′ + J ′′) ; δ+(H − 2I) uδ−2K ′vδ−2Nwδ+(H ′ + I ′ +M ′)u′δ+
(H ′′ + I ′′ +K ′′) v′δ,

(d) C224;δ = − (H ′ + I ′ +M ′) ; δ−2K ′uδ+(H − 2K) vδ−2Nwδ−(J + J ′ + J ′′) u′δ+
(H ′′ + I ′′ +K ′′)w′

δ,

(e) C225;δ = − (H ′′ + I ′′ +K ′′) ; δ−2Nuδ−2N ′vδ+(H − 2M)wδ−(J + J ′ + J ′′) v′δ−
(H ′ + I ′ +M ′)w′

δ,

(f) C233;δ = I; δ − (3J + 2J ′ + 2J ′′) uδ − I ′vδ − I ′′wδ − 2K ′u′δ − 2Nv′δ ,

(g) C234;δ = K ′; δ− (I ′ −K ′)uδ − (J ′ −K ′) vδ −M ′′wδ − (K − I) u′δ −N ′v′δ −
Nw′

δ,

(h) C235;δ = N ; δ− (2I ′′ +K ′′ +H ′′) uδ −M ′′vδ − (J + J ′ + 2J ′′)wδ −N ′u′δ −
(M − I) v′δ +K ′w′

δ,

(i) C244;δ = K; δ − J ′uδ − (3H ′ + 2I ′ + 2M ′)vδ + 2K ′v′δ − (K ′′ + 2N ′)w′
δ,

(j) C245;δ = N ′; δ−M ′′uδ − (H ′′+ I ′′+2K ′′)vδ +Nu′δ − (H ′ + I ′ + 2M ′)wδ +
K ′v′δ −Mw′

δ,In
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(k) C255;δ = M ; δ − J ′′uδ −M ′vδ − (3H ′′ + 2I ′′ + 2K ′′)wδ + 2Nv′δ + 2N ′w′
δ,

(l) C333;δ = J ; δ + 3 [Iuδ − I ′u′δ − I ′′v′δ] ,

(m) C334;δ = I ′; δ + 2K ′uδ + Ivδ + (J − 2J ′) u′δ − 2M ′′v′δ − I ′′w′
δ,

(n) C335;δ = I ′′; δ + 2Nuδ − 2M ′′u′δ + (J − 2J ′) v′δ + Iwδ + I ′w′
δ,

(o) C344;δ = J ′; δ +Kuδ + 2K ′vδ − (H ′ − 2I ′) u′δ −K ′′v′δ − 2M ′′w′
δ,

(p) C345;δ = M ′′; δ + N ′uδ + Nvδ + (I ′′ −K ′′) u′δ + K ′wδ + (I ′ −M ′) v′δ +
(J ′ − J ′′)w′

δ,

(q) C355;δ = J ′′; δ +Muδ − M ′u′δ + 2Nwδ − (H ′′ − 2I ′′) v′δ + 2M ′′w′
δ,

(r) C444;δ = H ′; δ + 3 [Kvδ + J ′u′δ −K ′′w′
δ] ,

(s) C445;δ = K ′′; δ + 2N ′vδ + 2M ′′u′δ +Kwδ + J ′v′δ + (H ′ − 2M ′)w′
δ,

(t) C455;δ = M ′; δ +Mvδ + J ′′u′δ + 2N ′wδ + 2M ′′v′δ − (H ′ − 2K ′′)w′
δ,

(u) C555;δ = H ′′; δ + 3 [Mwδ + J ′′v′δ +M ′w′
δ] ,

where H; δ for instant; is the v-scalar derivative of the single scalar H., namely
H; δ = L (∂·

iH) ei(δ).The tensor Chij |kis completely symmetric.Accordingly (2.13)
yields

Cαβγ;δ + Cαβδ;γ = Cαβγδ1δ − Cαβδδ1γ .

This equation is explicitly written as

(2.17)

(a) − (J + J ′ + J ′′) ; 2+(H − 2I) u2−2K ′v2−2Nw2+(H ′ + I ′ +M ′) u′2+(H ′′ + I ′′ +K ′′) v′2 =
H; 3 + 3 (J + J ′ + J ′′) u3 + 3 (H ′ + I ′ +M ′) v3+

3 (H ′′ + I ′′ +K ′′)w3

(b) I; 2− (3J + 2J ′ + 2J ′′)u2− I ′v2− I ′′u′2−2K ′w2−2Nv′2 = − (J + J ′ + J ′′) ; 3+
(H − 2I) u3 − 2K ′v3 − 2Nu′3 + (H ′ + I ′ +M ′)w3+

(H ′′ + I ′′ +K ′′) v′3,

(c) K ′; 2−(I ′ −K ′) u2−(J ′ −K ′) v2−M ′′w2−(K − I)u′2−N ′v′2−Nw′
2 = − (H ′ + I ′ +M ′) ; 3−

2K ′u3 + (H − 2K) v3 − 2Nw3 − (J + J ′ + J ′′) u′3

+(H ′′ + I ′′ +K ′′)w′
3 = − (J + J ′ + J ′′) ; 4 + (H − 2I) u4 − 2K ′v4 − 2Nw4 +

(H ′ + I ′ +M ′) u′4 + (H ′′ + I ′′ +K ′′) v′4,

(d) N ; 2− (2I ′′ +K ′′ +H ′′) u2 −M ′′v2 − (J + J ′ + 2J ′′)w2 −N ′u′2 − (M − I) v′2 +
K ′w′

2 = − (H ′′ + I ′′ +K ′′) ; 3 − 2Nu3 − 2N ′v3 + (H − 2M)w3

− (J + J ′ + J ′′) v′3−(H ′ + I ′ +M ′)w′
3 = − (J + J ′ + J ′′) ; 5+(H − 2I) u5−

2K ′v5 − 2Nw5 + (H ′ + I ′ +M ′) u′5 + (H ′′ + I ′′ +K ′′) v′5,In
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(e) J ; 2+3 [Iu2 − I ′u′2 − I ′′v′2] = I; 3− (3J + 2J ′ + 2J ′′) u3−I ′v3−I ′′w3−2K ′u′3−
2Nv′3,

(f) I ′; 2 + 2K ′u2 + Iv2 + (J − 2J ′)u′2 − 2M ′′v′2 − I ′′w′
2 = K ′; 3 − (I ′ −K ′)u3 −

(J ′ −K ′) v3 −M ′′w3 − (K − I) u′3 −N ′v′3 −Nw′
3=I; 4−

(3J + 2J ′ + 2J ′′)u4 − I ′v4 − I ′′w4 − 2K ′u′4 − 2Nv′4,

(g) I ′′; 2+2Nu2−2M ′′u′2+(J − 2J ′) v′2+Iw2+I ′w′
2 = N ; 3−(2I ′′ +K ′′ +H ′′) u3−

M ′′v3 − (J + J ′ + 2J ′′)w3 −N ′u′3 − (M − I) v′3 +K ′w′
3

= I; 5− (3J + 2J ′ + 2J ′′)u5 − I ′v5 − I ′′w5 − 2K ′u′5 − 2Nv′5,

(h) J ′; 2 +Ku2 +2K ′v2 − (H ′ − 2I ′) u′2 −K ′′v′2 − 2M ′′w′
2 = K; 3− J ′u3 − (3H ′ +

2I ′ + 2M ′)v3 + 2K ′v′3 − (K ′′ + 2N ′)w′
3 = K ′; 4−

(I ′ −K ′)u4 − (J ′ −K ′) v4 −M ′′w4 − (K − I) u′4 −N ′v′4 −Nw′
4,

(i) M ′′; 2 + N ′u2 + Nv2 + (I ′′ −K ′′)u′2 + K ′w2 + (I ′ −M ′) v′2 + (J ′ − J ′′)w′
2 =

N ′; 3−M ′′u3 − (H ′′ + I ′′ + 2K ′′)v3 +Nu′3 − (H ′ + I ′ + 2M ′)w3

+K ′v′3−Mw′
3 = N ; 4−(2I ′′ +K ′′ +H ′′)u4−M ′′v4−(J + J ′ + 2J ′′)w4−N ′u′4−

(M − I) v′4 +K ′w′
4=K ′; 5 − (I ′ −K ′) u5 − (J ′ −K ′) v5

−M ′′w5 − (K − I)u′5 −N ′v′5 −Nw′
5,

(j) J ′′; 2+Mu2 − M ′u′2+2Nw2−(H ′′ − 2I ′′) v′2+2M ′′w′
2 = M ; 3−J ′′u3−M ′v3−

(3H ′′ + 2I ′′ + 2K ′′)w3 + 2Nv′3 + 2N ′w′
3 = N ; 5−

(2I ′′ +K ′′ +H ′′)u5−M ′′v5−(J + J ′ + 2J ′′)w5−N ′u′5−(M − I) v′5+K ′w′
5,

(k) − (H ′ + I ′ +M ′) ; 2−2K ′u2+(H − 2K) v2−2N ′w2−(J + J ′ + J ′′) u′2+(H ′′ + I ′′ +K ′′)w′
2 =

H; 4 + 3 (J + J ′ + J ′′) u4 + 3 (H ′ + I ′ +M ′) v4

+3 (H ′′ + I ′′ +K ′′)w4,

(l) K; 2−J ′u2−(3H ′+2I ′+2M ′)v2+2K ′v′2−(K ′′ + 2N ′)w′
2 = − (H ′ + I ′ +M ′) ; 4−

2K ′u4 + (H − 2K) v4 − 2Nw4 − (J + J ′ + J ′′) u′4+

(H ′′ + I ′′ +K ′′)w′
4,

(m) H ′; 2+ 3 [Kv2 + J ′u′2 −K ′′w′
2] = K; 4− J ′u4 − (3H ′ +2I ′ +2M ′)v4 +2K ′v′4 −

(K ′′ + 2N ′)w′
4,

(n) K ′′; 2+2N ′v2+2M ′′u′2+Kw2+J ′v′2+(H ′ − 2M ′)w′
2 = N ′; 4−M ′′u4− (H ′′+

I ′′ + 2K ′′)v4 +Nu′4 − (H ′ + I ′ + 2M ′)w4 +K ′v′4−In
te
rn

a
ti
o
n
a
l
E
le
c
tr
o
n
ic

J
o
u
rn

a
l
o
f
P
u
re

a
n
d

A
p
p
li
e
d

M
a
th

e
m
a
ti
c
s
–
IE

J
P
A
M

,
V
o
lu
m
e
5
,
N
o
.
2
(2

0
1
2
)



76 G. Shanker, G.C. Chaubey, V. Pandey

Mw′
4 = K; 5− J ′u5 − (3H ′ + 2I ′ + 2M ′)v5 + 2K ′v′5 − (K ′′ + 2N ′)w′

5,

(o) M ′; 2+Mv2+J ′′u′2+2N ′w2+2M ′′v′2− (H ′ − 2K ′′)w′
2 = M ; 4−J ′′u4−M ′v4−

(3H ′′ + 2I ′′ + 2K ′′)w4 + 2Nv′4 + 2N ′w′
4 = N ′; 5−

M ′′u5 − (H ′′ + I ′′ + 2K ′′)v5 +Nu′5 − (H ′ + I ′ + 2M ′)w5 +K ′v′5 −Mw′
5,

(p) I ′; 3+2K ′u3+Iv3+(J − 2J ′) u′3−2M ′′v′3−I ′′w′
3 = J ; 4+3 [Iu4 − I ′u′4 − I ′′v′4] ,

(q) J ′; 3 +Ku3 +2K ′v3 − (H ′ − 2I ′) u′3 −K ′′v′3 − 2M ′′w′
3 = I ′; 4 + 2K ′u4 + Iv4 +

(J − 2J ′) u′4 − 2M ′′v′4 − I ′′w′
4,

(r) M ′′; 3 +N ′u3 +Nv3 + (I ′′ −K ′′)u′3 +K ′w3 + (I ′ −M ′) v′3 + (J ′ − J ′′)w′
3 =

I ′′; 4 + 2Nu4 − 2M ′′u′4 + (J − 2J ′′) v′4 + Iw4 + I ′w′
4

= I ′; 5 + 2K ′u5 + Iv5 + (J − 2J ′) u′5 − 2M ′′v′5 − I ′′w′
5,

(s) H ′; 3+3 [Kv3 + J ′u′3 −K ′′w′
3] = J ′; 4+Ku4+2K ′v4− (H ′ − 2I ′)u′4−K ′′v′4 −

2M ′′w′
4,

(t) K ′′; 3+2N ′v3+2M ′′u′3+Kw3+J ′v′3+(H ′ − 2M ′)w′
3 = M ′′; 4+N ′u4+Nv4+

(I ′′ −K ′′)u′4 +K ′w4 + (I ′ −M ′) v′4 + (J ′ − J ′′)w′
4

= J ′; 5 +Ku5 + 2K ′v5 − (H ′ − 2I ′) u′5 −K ′′v′5 − 2M ′′w′
5,

(u) M ′; 3 + Mv3 + J ′′u′3 + 2N ′w3 + 2M ′′v′3 − (H ′′ − 2K ′′)w′
3 = J ′′; 4 + Mu4 −

M ′u′4 + 2Nw4 − (H ′′ − 2I ′′) v′4 + 2M ′′w′
4=M ′′; 5 +N ′u5+

Nv5 + (I ′′ −K ′′)u′5 +K ′w5 + (I ′ −M ′) v′5 + (J ′ − J ′′)w′
5,

(v) − (H ′′ + I ′′ +K ′′) ; 2−2Nu2−2N ′v2+(H − 2M)w2−(J + J ′ + J ′′) v′2−(H ′ + I ′ +M ′)w′
2 =

H; 5 + 3 (J + J ′ + J ′′) u5 + 3 (H ′ + I ′ +M ′) v5

+3 (H ′′ + I ′′ +K ′′)w5,

(w) N ′; 2−M ′′u2−(H ′′+I ′′+2K ′′)v2+Nu′2−(H ′ + I ′ + 2M ′)w2+K ′v′2−Mw′
2 =

− (H ′′ + I ′′ +K ′′) ; 4− 2Nu4 − 2N ′v4 + (H − 2M)w4−

(J + J ′ + J ′′) v′4−(H ′ + I ′ +M ′)w′
4 = − (H ′ + I ′ +M ′) ; 5−2K ′u5+(H − 2K) v5−

2Nw5 − (J + J ′ + J ′′) u′5 + (H ′′ + I ′′ +K ′′)w′
5,

(x) M ; 2−J ′′u2−M ′v2−(3H ′′ + 2I ′′ + 2K ′′)w2+2Nv′2 +2N ′w′
2 = − (H ′′ + I ′′ +K ′′) ; 5−

2Nu5 − 2N ′v5 + (H − 2M)w5 − (J + J ′ + J ′′) v′5−

(H ′ + I ′ +M ′)w′
5,In
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(y) H ′′; 2+3 [Mw2 + J ′′v′2 +M ′w′
2] = M ; 5−J ′′u5−M ′v5−(3H ′′ + 2I ′′ + 2K ′′)w5+

2Nv′5 + 2N ′w′
5,

(z) I ′′; 3+2Nu3−2M ′′u′3+(J − 2J ′) v′3+Iw3+I ′w′
3 = J ; 5+3 [Iu5 − I ′u′5 − I ′′v′5] ,

(A) J ′′; 3 + Mu3 − M ′u′3 + 2Nw3 − (H ′′ − 2I ′′) v′3 + 2M ′′w′
3 = I ′′; 5 + 2Nu5 −

2M ′′u′5 + (J − 2J ′′) v′5 + Iw5 + I ′w′
5,

(B) H ′′; 3+3 [Mw3 + J ′′v′3 +M ′w′
3] = J ′′; 5+Mu5 −M ′u′5+2Nw5−(H ′′ − 2I ′′) v′5+

2M ′′w′
5,

(C) K ′′; 4+2N ′v4+2M ′′u′4+Kw4+J ′v′4+(H ′ − 2M ′)w′
4 = H ′; 5+3 [Kv5 + J ′u′5 −K ′′w′

5] ,

(D) M ′; 4 + Mv4 + J ′′u′4 + 2N ′w4 + 2M ′′v′4 − (H ′ − 2K ′′)w′
4 = K ′′; 5 + 2N ′v5 +

2M ′′u′5 +Kw5 + J ′v′5 + (H ′ − 2M ′)w′
5,

(E) H ′′; 4 + 3 [Mw4 + J ′′v′4 +M ′w′
4] = M ′; 5 + Mv5 + J ′′u′5 + 2N ′w5 + 2M ′′v′5 −

(H ′ − 2K ′′)w′
5.

The v-curvature tensor Shijk of CΓ is defined by Shijk = ChkrC
r
ij − ChjrC

r
ik.If

Sαβγδ are scalar components of L2Shijk i.e.,if

L2Shijk = L2Sαβγδe(α)he(β)ie(γ)je(δ)k,

then from (2.2) it follows that

(2.18) Sαβγδ = CαβθCβγθ − CαγθCβδθ

The v-Ricci tensor S.hj is defined as Shj = Shijkg
ik. Therefore, the scalar com-

ponents of L2Shj are given by Sαβγδ.

Hence, in view of (2.18) it follows that the v-scalar curvature

S = 1
2L

2Shjg
hj are given by

L2S = CαβθCαβθ − CααθCββθ.

In terms of main scalars, this equation gives

(2.19) S =
(

K2 + I2 +M2 −HI −HK −KI −HM −MI −MK
)

+2
(

J2 +H ′2 +H ′′2
)

+3





I ′2 + J ′2 +M ′2 +K ′2 +N2 +N ′2 + J ′′2

+I ′′2 +K ′′2 +M ′′2 + JJ ′ + JJ ′′ + J ′J ′′ +H ′I ′ +M ′I ′ +H ′M ′

I ′′K ′′ +K ′′H ′′ + I ′′K ′′





6. Theorem

The v-scalar curvature S in terms of main scalars is given by (2.19) .In
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