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1. Introduction

A theory of intrinsic n-dimensional Finsler space has been studied by Matsumoto and
Miron [6] and is called ” Miron frame” by Matsumoto.The theory of two dimensional
Finsler space wsa studied in[7] In three-dimensional Finsler space there are three
main scalars H, I, J in which the sum of H and I is LC ([1], [2], [3]) ,called unified
main scalar whereas in four-dimensional Finsler spce there are eight main scalars
H,I,J,K,H I''J',K' [8] in which the sum of H,I,and K is LC, called unified
main scalar. There is one h-connection vector and one v-connection vector in three-
dimensional Finsler space whereas in four-dimensional Finsler space there are three
h-connection vectors and three v-connection vectors. The orthonormal frame field
(li, mt,nt, pt, qi), called the Miron frame plays an important role in five-dimensional
Finsler space.
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2. Scalar Components in the Miron Frame

Let F® be a five-dimensional Finsler space with fundamental function L (x,y). The
metric tensor g;; and Cartan C-tensor Cjjj, of F' 5 are defined by
9ij = 50;0;L%,  Ciyjp = 50,9 = 10;0;0;,L*.
0

Throughout the paper, the symbols 0; = By and 0; = 821'

The frame {eéa)} ,a = 1,2,3.4,5 is called the Miron frame of F®, where e

have been used.

o =

I = yfl is called the normalized suppo?tin'g eleme'nt? 622) = mt = % is called
the normalized torsion vector, 6%3) = nz,ez = pl,e&)) = ¢' are constructed by

gijefa)e{m = 0qp-Here, C is the length of torsion vector C; = Cl-jkgjk.The Greek
letters «, 8,7,d vary from 1 to 5 throughout the paper. Summation convention is
applied for both the Greek and Latin indices. In the Miron frame an arbitrary tensor
can be expressed by scalar components along the unit vectors I*,m’,n’, p*, ¢*.For
instance; let T' = TJZ be a tensor field of (1,1) type, then the scalar components Ty

of T are defined by T,,3 = T}e(a)iezﬁ)and the components T]Z of the tensor T are

expressed as [5] T]Z = age%a)e(ﬁ)j.From the equation gijeza)egﬁ) = 0q3, We have

(2.1) gij = lilj +mimj + ning + pipj + ¢iq;

Next, the C-tensor C;j;, = %a,'ggij satisfies Cijkli = 0 and is symmetric in i, j,
k.Therefore, if C.,gy are scalar components of LCjjy, i.e., if

(2.2) LCijk = Capy€(a)i€(8)j €(x)k-
then, we have

(2.3) LCiji = Cooamimjmy, + Caasll(ijny (mimyng,) + Casslljpy (mingng,)

+C333 (ninjng) + Cozall (i) (mimypy) + Caaa (pipjpr)
+Cu4T 355y (Mipjpr) + Coasl(jy (Mimqr)
+Cos510 351y (Miqiqr) + Csss (4iqiqr) + C33a11 (k) (ninjpr)
+C30al 55 (nipspr) + Cszsllijuy (ningar) + Csssllisjr) (nigjar)
+Cua5558) (Pivjar) + Cass sy (Pigjar)
+Co3all iy {mi (nypr + meps) t + CossIlizry {ma (njqe + nig;)
+Coas i) {mi (P + praj) }+Caas iy {ni (Pjare + prgs)}

where Iz {...} denote the cyclic interchange of i, j, k and summation.

For instance;Il ;) {A;B;Cy} = A;B;Cy, + A;jB,C; + A B;Cj.

Contracting (2.2) with g/*, we get LC'm; = Cappe(a)i-Thus, if we put
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(2.4) Caop = H,Co33 = 1,024y = K,C333 = J,C344 = J',
Cua = H',C334 = I',Co34 = K', Coz5 = M, C355 = J",
Cuss = M',Cs55 = H", C335 = I",Cpy5 = K", Ca35 = N,
Coys = N', C345 = M",

then, we have
(25)  H4IT+K+M=LC,Cyz=—(J+J +J"),
Coppy=—(H' +1'+ M'),Cyo5 = —(H"+ 1"+ K").

Hence, we have the following:

3. Proposition

In a five-dimensional Finsler space there are seventeen main scalars H,I,J, K, H' I,
J K H", 1", J" K" M,M',M" N,N" in which the sum of H,I,K and M
isLC' which is called unified main scalar.
Using (2.4) and (2.5), the equation (2.3) can be rewritten as
(2.6) LCijr, = Hmymjmy, — (J+J' +J") Wiy (mymgng) + I ) (mingng)
+J (ningng) — (H' + 1"+ M) ;) (mimpr) + H' (pipjpr)
+EK 50y (maipjpr) — (H" + 1" + K") 0 (mimgqr)
+MT iy (migiar) + H" (qigjar) + 'l ) (ningpr)
A+ T () (nipspr) + T (ningqr) + J" T iry (Rigsqr)
K" 55y (Pipjar)+M Ty (pigjar) +K Tk {mi (njpr + ngpj) b
+ NIk {mi (njqr + nqy) } + N {ma (pjae + praj) }
+M" ;55 {ni (pjar + praj)} -

The Cartan’s connection CT' = (F;k, G;, C’;k> will be used in the following

section of this paper. The h- and v- covariant derivatives of the frame field e(,); are
given by [4]

27 e@ili=Hws, @i Le@ili = Viasyemienm
where H(q)5, and V(4)s,, 7 being fixed, are given by

0 0 0 0 0 0 by O3 04 O
0 0 h Jy Ky —02+ 0 Uy Uy Wy
(2.8) Hygy= 0 —hy 0 B, J Vg, = —03 —uy 0 ul,
0 —J, — hfy 0 kfy —04y Uy —ufy 0 w'7
0 —k, —J, —K, 0O —05y —wy —v, —w., 0
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In (2.8), we have put

(29) H2)3’y = _H3)2'y = h’yaH2)4'y = _H4)2'y = J’yaH2)5'y = _H5)2'y = k’ya

H3)4’y = _H4)3’y = hfy’H?))S'y = _H5)3'y = J,/y, H4)5’y = _H5)4'y = k:',y,

Vz):’w = —V3)27 = Uy, ‘/2)4'\/ = —‘/21)2«/ = Uy, V2)57 = —V5)27 = Wy,

Vayay = =Vayzy = w5, Vaysy = =Vayzy = 0, Viysy = —Vopuy = i,

Hence, we have the following:

4. Proposition

In a five-dimensional Finsler space there exist sixz h-connection vectors

hi, Ji ki, b, JI ki whose scalar components with respect to the frame {eéa)} are

Py Joys iy By T KL e, By = hoeqyyis Ji = Jyeqyyis ki = ke, i = hleyyi, Ji =

)i v)i

5. Proposition

In a five-dimensional Finsler space there exist siz v-connection vectors

Ug, Vi, Wi,y Uy, Uy

/

i v, w; whose scalar components with respect to the frame {6’@} are

P! de s — Ly — . — o —
Unys Vryy Weyy Uy Vs Wey 1€, UG = Un€()iy Vi = Vy€()5 Wi = WryC(r)jy Uy = UnyC(r)j, Uy =

/ ; Py
UyC(v)is Wi = WyC(y)i-
In view of equations(2.8),(2.9) and using the propositions (2.2) and (2.3),
the equations (2.7) may be explicitly written as

(2.10) a li|j = O,mi‘j = nihj —i—szj + qikj,ni‘j = —mih]’ —i—pih; + qu;,
Pimidj = —miJj — nil + ¢k}, qi; = —mik; —niJ; — piky,  and

(2.10) b Lli‘j = mym; + nin; + pip; + ¢iq5; = Gij — lz‘lj = hz‘j,

Lmi‘j = —ll-m]- + nyuj + piv; + qiwy,
Ln;j; = —linj — mju; +piU/; + Q’irv;/'a
Lp;; = —lipj — mjvj — nluz + qiw]/-,
Lq;); = —ligj — miw; — nvj; — pw;.

Since m;, n;, p;, ¢; are homogeneous functions of degree zero in ¥, we have
which in view of equation (2.10)b and proposition (2.3) gives

(211) ulzvlzwlzu,l:'ui:wllzo_
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The h-scalar derivative of the adopted components T3 of the tensor T]? of (1,1)
type is defined as[4]

(2.12) Tapy = (0xTap) eﬁ) + TupHpyary + Tapt )y,

where 9y, = O — G1.0;..
Similarly, the v-scalar derivative of the adopted components 7,53 of the tensor
T]?' of (1,1) type is defined as [4]

(2.13) Topyy = L (9 Tap) €by + TupViyary + TapViysy-

Thus, Ty, and T,g., are the adopted components of T;|  and T]? |k respectively
ie.,

(214)  Tjy = Tapa€lwe@seom LT} k= Tasn€lm @) ek
From (2.2) it follows that

(2.15) L2Chij [k= (Capyis — Capr015) €a)n€p)i€q)j€s)k-
The explicit form of C,g,,s5 is obtained as

(2.16)

(@) Cigys = —Cpays,

(b) Cozas = H; 043 (J +J + J" ) us+3(H' +1' + M) vs+3 (H" + 1" + K" ) w,

(¢) Cozs=—(J+J +J");6+(H — 2I) us—2K'vs—2Nws+(H' + I' + M') ujs+
(H/l + Il/ + K/l) U(IS,

(d) Copu5=—(H +1I'+ M');0-2K"us+(H — 2K) vs—2Nws—(J + J' + J") us+
(H/l + Il/ + K/l) w:;a

(€) Coss=—(H"+1"+K");0—2Nus—2N'vs+(H — 2M) ws—(J + J' + J") v—
(H'+I'+ M) wj,

(f) C233;5 =I1;6—(3J+ 2J + 2J”) us — I'vg — I"ws — 2K'u3 — QNU(IS,

(9) Coa5=K';56—(I' = K'Y us — (J' = K') v — M"ws — (K — I) uly — N'v —
Nuw,

(h) 0235;5 =N;0— (2[” + K" —|—H”) us — M"vs — (J+ J + QJH) w(g—N/u:;—
(M —I)v5 + K'wj,

(Z) 0244;5 =K;0— Jus — (3H/ +2I' + 2M’)’U§ + 2K,’U:; - (K” + 2N/) w(’s,

(4) Causs = N30 —M"us— (H"+ 1"+ 2K")vs+ Nus— (H +I' + 2M') ws +
K'v§ — Muwf,
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k) Coss.s = M;6 — J"us — M'vs — (3H" + 21" + 2K") ws + 2Nv; + 2N'wk,
; 4 4

(l) 0333;5 == J;5 —|—3 [Iu(s — I’ug — I”’U(’;] s

(m) Csgass = 1I'50 + 2K us + Tvs + (J — 2J") uy — 2M" v — I"w,

(n) Csss.5 =1";0 + 2Nus — 2M"uf + (J — 2J") v§ + Tws + I'wj,

0) C3yy.6 = J;0 + Kus + 2K'vs — (H' — 2I")ul — K"v, — 2M"w’;,
; [ 4 4

(p) Csaps = M";0 + N'us + Nvs + (I" — K")us + K'ws + (I' — M) v§ +

(7 I,
(q) Css5:6 = J";0 + Mus — M'ul+2Nws — (H" —21") vy + 2M"wy,
(T) 0444;5 = H/; 6+3 [K’U(g + J’ug — K”wg] ,
(s) Cuss = K";0 + 2N'vs + 2M"ufs + Kws + J'vs + (H' —2M") wj,
t) Cusss = M';0 + Mus + J"us + 2N'ws + 2M"v; — (H' — 2K") w¥,
; [ 1) é
(u) C555;5 = H”; 6+3 [Mw5 + J”’U(’; + M’w(’;] ,
where H;d for instant; is the v-scalar derivative of the single scalar H., namely
H;6 = L(0;H) e’@.The tensor Cp;; |kis completely symmetric. Accordingly (2.13)
yields
Caﬁ'y;é + Caﬁé;'y = aﬁ'yél(s - Cozﬁéélfy-

This equation is explicitly written as

(2.17)

a) —(J+J +J");24(H — 2l ug—2K'v9—2Nwo+(H' + I' + M"Y us+(H" + I" + K") v}, =
2 2
H;3+3(J+J +Jus+3(H +1'+ M) vs+

3(Hl/ + Il/ +K”) ’U)3

(b) L;2—3J+2J +2J" Y ug—I'vg — I"uby — 2K'wy —2Nvh = — (J + J + J") ;34
(H —2I)usz —2K'vs —2Nuj + (H' +I' + M") w3+

(H/l + Il/ + K/l) vé,

(¢) K'52—(I' = K" ug—(J' — K') va—M"wy—(K — I) ub—N"vi—Nwh = — (H' + I' + M) ; 3—
QK/U,g—i-(H—QK)Ug—QNU)g—(J—i—J/—i-J”)ug
+H' +I"+ K" wy = —(J+J +J");4 4+ (H—-2[)uy — 2K'vg — 2Nwy +
(H/+II+M/)U£1+(H/I+II/+KI/)’U4/1,
(d) N;2—@2I"+ K"+ H")ug— M"vg— (J+J +2J")wy — N'uly— (M — I) vl +
K'wh=—(H"+1"+ K");3—2Nug —2N'vs + (H —2M) w3

—(J+ T +INvs—(H +T' + M Ywy=—(J+J +J");54+(H — 2I) us—
2K'vs —2Nws + (H' +I' + M")ug + (H" +I" + K") v,
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(e) J;243[Tug — I'ub — I"vh| = I1;3— (3T 4+ 2J" + 2J") ug — I'vg — I"ws — 2 K'uly —
2Ny,

(f) I':2 + 2K"us + Tvg + (J — 20 )udy — 2M"ohy — I"wly = K33 — (I' — K') ug —
(J' = K" vg — M"ws — (K — I)ufy — N'v — Nwh=I;4—

BT +2J" +2J" ug — I'vg — I"wy — 2K'uly — 2N},

(9) I";242Nug—2M"uly+(J — 2J") vy +Twa+I'why = N;3— (21" + K" + H") uz—
M"vg — (J +J' +2J")wg — N'uly — (M — I) v + K'wh

=I1;5—3J+2J +2J") us — I'vs — I"ws — 2K'uf — 2Ny,

(h) J;2+ Kug+2K'vg— (H' —2I')ub, — K"vl, —2M"wlh = K;3— J'ug — (3H' +
2I' + 2M"yvg + 2K'v — (K" + 2N") wh = K'; 4—

(I' - K'Yuy — (J = K'Y vy — M"wy — (K — I) uly — N'vjj — Nw),

(i) M";2+ N'ug+ Nvg + (I" — K")uy + K'weg + (I' = M") v, + (J' = J")wh =
N33 — M"uz — (H" + I" + 2K" v + Nuty — (H' + I' + 2M") wy
+K'vy—Mwy = N;4—2I" + K" + H" ) ug—M"vy— (J + J' + 2J") wy— N'u) —
(M —1)vy+ K'wj=K";5— (I' = K')us — (J' — K') vs
—M"ws — (K — I)uf — N'vf — Nuwg,

(7)) J"24+Muy — M'ub+2Nwy— (H" — 2I") v+ 2M"wh = M;3— J"us— M'vs —
(BH" + 21" + 2K") w3 + 2N v + 2N'wh = N;5—

21" + K" + H")us— M"v5—(J + J' + 2J") ws — N'ul — (M — I) v} + K'w,

(k) —(H'+I'+ M');2—2K"us+(H — 2K) va—2N'wo—(J + J' + J")ub+(H" + I" + K") wh =
Hid+3(J+J +JVus+3(H' +1'+ M) vy

+3 (Hl/ +I” + K/l) ’U)4,

() K;2—Juo—(BH'+2I'+2M" yvo+2K'v,— (K" + 2N"Ywh = — (H' + I' + M') ;4—
2K'ug + (H — 2K) vy —2Nwy — (J + J' + J") ulj+

(H/l + Il/ + K/l) wﬁp

(m) H';243[Kvy+ J'uly — K"wh) = K;4— J'uqg — (3H' +2I' + 2M" vy + 2KV} —
(K" +2N")w),

(n) K";242N'vg+2M"uly+ Kwy + J'vh+ (H' — 2M')wh = N'; 4 — M"uy — (H" +
I"+ 2K g+ Nuly — (H' + I' + 2M") wy + K'vj—
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Muw) = K;5— J'us — (3H' 4+ 2I' + 2M")vs + 2K'vf — (K" + 2N') wi,

(o) M';24+ Muvg+ J"uly+2N"we +2M"vh — (H' — 2K")wh = M;4— J"uy— M'vy —
(BH" + 21" + 2K")wy + 2Nv)y +2N'w) = N';5—

M"us — (H" +I" + 2K")vs + Nuy — (H' + I' + 2M") ws + K'vf, — Mwyj,
(p) I';3+2K ug+Tvs+(J — 2J" ) uy —2M" vy —I"why = J; 443 [Tuy — I'uly — I"V)],

(q) J;34+ Kug+2K'vs— (H' —2I")ul — K"vh —2M"wh =T';4+ 2K ug + Tvg +
(J =2J")uly — 2M"v) — I"w},

(r) M";3+ N'ug + Nug + (I" — K"y + K'wy + (I' = M') oy + (J' — J")wly =
I": 4+ 2Nuy — 2M"uy + (J — 2J") V) + Twy + I'w)

=15+ 2K"us + Tvs + (J — 2J") uf — 2M" v}, — I"wy,

(s) H 3H+:/3 [Kvs + J'uy — K"wh) = J'; 4+ Kug +2K'vy — (H' —2I')u, — K"V, —
2M"wy,

(t) K";342N'vs+2M"uy+ Kws+ J'vy+ (H —2M")wy = M";44 N'uy + Nvy +
(I" — K" uly+ K'wy + (I' = M") vy + (J — J")w)

=J5+ Kus + 2K'vs — (H' —2I')uf, — K"vl, — 2M"wf,

(W) M3+ Mus + J"d, + 2N"ws + 2M"v, — (H" — 2K")wly = J";4 + Muy —
M'uy + 2Nwy — (H" — 21") vy + 2M"w)j=M";5 + N'us+

Nus + (I" = K")u} + K'ws + (I' = M) v} + (J' — J") w,

(v) —(H"+ 1"+ K");2=2Nus—2N"vo+(H — 2M) wo—(J + J' + J")vh—(H'+ I' + M) wly =

H;54+3(J+J +J" Y us+3(H +1'+ M) uvs
+3 (Hl/ +I”+K”) ’U)5,

(w) N'52—M"ug—(H"+1"+2K")vg+ Nub— (H' + I' + 2M") wo+ K'vh, — Mw), =
—(HI/+II/+KI/);4—2NU,4 — 2N/1)4+ (H—QM)IU4—

(J+J +JNuy—(H +T'+ M) wy=—(H +1I' + M'");5-2K"usz+(H — 2K) vs—
2N’U)5—(J—}—J’—}—J”)ug—}—(H”—}—I”—{—K”)U)IS’

() M;2—J"ug—M"ve—(3H" 4 21" + 2K") wa+2Nvy +2N'wy = — (H" + I" + K") ; 5—
2Nus — 2N/1)5 + (H — QM) Wy — (J—|- J + J”)Ué—

(H' +1'+ M),
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(y) H";243[Mws + J"v, + M'wl| = M;5—J"us—M'vs—(3H" + 21" + 2K") w5+
2Nv, + 2N'wf,

(2) I";342Nugz—2M"us+(J — 2J") vh+Tws+I'wy = J; 543 [Tus — I'uf — I"vi],

(A) J";3 + Mug — M'ufy+ 2Nws — (H" —2I")vh + 2M"ws = I";5 + 2Nug —
2M"uf + (J — 2J") vl + Tws + I'wy,

(B) H";34+3[Mws + J"vh + M'wh] = J"; 5+ Mus — M'ui+2Nws—(H" — 21") v+
2M"wh,

(C) K"; 442N vy+2M"uly+ Kwy+J'vj+(H' — 2M")w) = H';5+3 [Kvs + J'uf — K"wj],

(D) M';4 + Mug + J"u) + 2N'wy + 2M"v) — (H' —2K")wl = K";5 4+ 2N'vs +
2M"uf + Kws + J'vf + (H' — 2M") wi,

(E) H";4 4+ 3[Mwy + J"0) + M'w)] = M';5 + Muvs + J"uf + 2N'ws + 2M" v} —
(H' —2K") w.

The v-curvature tensor Sp;;, of CT' is defined by Sp;jr = C’her[j — Gy ChIE
Sapys are scalar components of LQShijk i.e.,if

L2 Shijk = L*Sasys€(a)he(8)i€(1)i€(6)k>
then from (2.2) it follows that

(218) Saﬁfyé = CaBGCB'yB - Ca'yecﬁée

The v-Ricci tensor S.p; is defined as Sp; = Shijkgik. Therefore, the scalar com-
ponents of LQShj are given by Sug+s-
Hence, in view of (2.18) it follows that the v-scalar curvature
S = %Lzshjghj are given by
L2S = CuppCapt — CaatCapo-
In terms of main scalars, this equation gives

(2.19) S=(K?+1*+M?>—-HI-HK - KI—HM — MI — MK)+2 (J*>+ H”? + H")
II2 —|—J/2 +MI2 +KI2 +N2 +NI2 —|—J”2
+3 +I/12+K/12+Ml/2+JJ/+JJ//+JIJII+HIII+MII/+HIM/
II/K/I + KI/H/I + II/KI/
6. Theorem

The v-scalar curvature S in terms of main scalars is given by (2.19) .
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