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SOME DIFFERENTIAL GEOMETRIC INEQUALITIES FOR
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Abstract: In this paper some differential geometric inequalities for surfaces in E6
with negative Gauss curvature is derived. We compute some inequalities by means
of the sum of betti numbers and Euler characteristics of surface.

. GdV < —éwQB(M‘*);
M 3

[2\/ —A Ay + 3()\1 — AQ)]dV >
mB(M*) + 6m2x(M*) — 2 [, |aG(p)|dV.
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U VAL+ V=X

1. Introduction

Let M* be an oriented closed surface with an immersion x : M* — ES. Let F(M*)
and F(M®) be the bundels of orthonormal frames of M*and ES respectively. Let B
be the set of elements b = (p, e1, €2, €3, €4, €5, €g) such that (p, ey, ez, e3,e4) € F(M?)
and b = (z(p), e1, €2, €3, €4, €5,66) € F(MY) whose orientation is coherent with the
one of E°, identifying e; with dx(e;),i = 1,2,3,4.
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Define & : B — F(ES) naturally by b —= (2(p), e1, e, €3, €4, €5, ¢5). The struc-
ture equations of E® are given by

de = ZszeA deyg = Z@ABeB Wap +wpa =0

diby =Y i Aipa  diap =Y @acNibep  AB,C=1,2,3456

where 104, Wap are differential 1-forms on F(E°).
Let wa,wap be the induced 1-forms on B from w4,wap by the mapping Z.
Then we have

Wy = 0 Wyps = Z Am-jwj Am'j == Arji fO’I“ T = 5, 6 and ’i,j = 1, 2,3,4

ws; = Asjiw + Asipws + Asizws + Asiaws
we; = Agitwi + Agiowa + Agizws + Agiawy

Let (p, e1, ea, €3, €4, €5, ) be alocal cross-section of B — F(M*). The restriction

of A,;; onto the image of local cross-section is denoted by A,;;. For a unit normal
vector
e = eg = cos feés + sin fég

A6ij = COS (9145@‘ + sin 0/_16@']'

The Lipschitz-Killing curvature K(p,e) is determined by K(p,e) = det(As;j) =
det(cos 0 As;; + sinfAg;). It is a quadratic form of cos®@ and sin?6. It can be
written as K (p,e) = A1 (p) cos? 4 Xa(p) sin @ by using an orthonormal frame where

)\1(}9) = det(A5ij) Ao (p) = det(ﬁﬁij) and )\1(}7) > )\Q(p)

A1(p) and Aa(p) are continuous on M*. The Gauss curvature G(p) is given by

G(p) = M\i(p) + Ma(p) as in[l]

Theorem 1. Let M* be an 4-dimensional oriented closed manifold with an
immersion x : M* — ES and G(p) = M\ (p) + A2(p) be negative Gauss curvature of
M*. B(M*) denotes the sum of betti numbers of M*. If A\;(p) < 0 and \a(p) < 0
then [y, GdV < —3m2B(M?).

Proof. Let A\i(p) < 0 and A2(p) < 0. The total absolute curvature is given by
K*(p) = 02” |K (p,e)|dd where K(p,e) is the Lipschitz-Killing curvature

K*(p) = /0 " K (p,0)|do

2
= / IA1(p) cos® 6 + Xa(p) sin® 0|dO
0
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2m
= — / (A1 (p) cos? @ + Ao (p) sin 0)do
0

= )+ X0)
3T
= _IG(p)
* 3 * 4 .
K dV:/ ——G(p)dV  and K*dV > ¢;B(M*) as in[2]
M4 M4 4 M4
1y16
Cy = 2[£E§))] Cy = 7T3

K*dV > m3p(M*)  and / —3—7TGdV27r3ﬁ(M4) then we have
M4 M4 4

Jups GAV < —2T25(MY).

Theorem 2. Let M* be an 4-dimensional oriented closed manifold with an
immersion x : M* — E® and G(p) = A1 (p) +X2(p), M1(p) > A2(p) be negative Gauss
curvature of M*. B(M*) denotes the sum of betti numbers of M*. If \1(p) > 0 and
A2(p) < 0 then

YN,
/U A2/ A + 3 — AV

> B + 6x2x (M) — / aG(p)|dV
U

where x(M*) is Euler characteristics of M* and U = p € M*, \{(p) > 0.

Proof. Define U and Vas U = pe€ M* \i(p) >0 and V = p & M* \(p) <0.
Since G(p) < 0 we have [A2(p)| > [A1(p)].

2m
Kw) = [ Kol
2m
= / IA1(p) cos® 6 + Xa(p) sin® 0]d
0
2m
= / IA1(p) cos? O + Ao (p) sin? 0] | A1 (p) cos? 6 — Ao (p) sin? 0|d6
0

where a = VA1, b =+v/—Xa, b > a > 0. Since acos?6 + bsin®0 > 0 for every 6 we
have

2m
K*(p) = /0 (acos® 0 4 bsin®0)|a cos® § — bsin® §|df
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1 2m
5 / (acos? O + bsin?)|(a — b) + (a + b) cos 20|d
0
l(a +0b) /27T(a(3082 6 + bsin® H)IG—_b + cos 20|df
2 0 CL+ b
Define an angle a such that 0 < a < 5, cosa = —Z—;Z SO sina = i@.
G(p) Ai(p) + Aa2(p)
a? — b
1 27
K*(p) §(a+b)/ (acos? § + bsin® #)| cos 20 — cos a|df
0
1
20=1t df = —dt
2
* 1 i 2 3 s 2 t
K*(p) —(a+1b) (acos §+bsm —)|cost — cos a|dt
0

4 t t
(a+b) / (a cos? 5 + bsin? §)| cost — cos a|dt
0

1 s
§(a—i—b)/ [(a+b)+ (a —b)cost]|cost — cos a|dt
0

2_b2 ™ b
a . /0 [Zib—i-cost]\cost—cosa\dt

a? v [T 1
[— + cost]| cost — cos aldt
2 0  cosa

2 b2 « 1
a . /0 [— - + cost](cost — cos a)dt

2 _ b2 ™ 1
¢ 5 / [— a + cost](cost — cos a)dt
«
221 t 2 1 @
g [—sin2t+——msint]
4 2 cos? o 0
a2 —b% 1 . t cosla+1 |7
— [ZSIHQt—Fi—mSIDt]O
1 3a  cos’a+1 3
Z4in?2 A S B _ 2
G(p)[4 sin2a + = o sin o] 1 G(p)
3 3 1 2 1
;G(p) - ZWG(p) + G(p)[z sin 2c0 — % sin o

\/“_l; [2ab + 3(a* + b%)]

3o 3T
TG(P) - ZG(P) +-
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K*(p) = . K*dV  for V ={pe M* \(p) <0}

N 3T
K*(p) = —IG(p)
K*dV = /K*dv+/ K*dV
M4 U 1%

- /U [%‘G(p) - %”G(p) + a—\/ipab +3(a® + b2)]} av

3
3 3

|4

Vab 2, 2 3
+/Ua—+b[2ab+3(a +b )]dV+§/ aG(p)dV

U
- / ——37TG(p)dV+§ / aG(p)dV
mi 4 2 Ju

+/ Vab (a® +b%)]dV
Ua
Vab [2ab+ 3(a® +bH))dV = [ K*dV + L G(p)dV — 3 / aG(p)dV
U + b M4 4 M4 2 U
[ia G(p)dV = 872X (M*) by Gauss-Bonnet formula
\/_ 2 4 4
+b[2ab—i—3(a +0)]dV > csB(M?Y) + 6%y (M*) ]aG )|dV
Ua
which is
V=12
———F——[2v A1 A2 + 3(A1 — A\o)]dV
T VY =)

> w50 + 6P (M) - 5 [ JaGplav.
U
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