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1. Introduction and Preliminaries

Let I, (0 < p < o0) denote the space of all sequences for which Y > | |z,[P < oc.
For p > 1, [, is a Banach space with the norm

lzllp = (i!wn\p)

If 0 < p <1, then ||.||, does not satisfies the triangle inequality and therefore, it is
not a norm. Abusing notation, we will write

s 1
il = (D lzal?) 7
n=1

even if 0 < p < 1. The space [, for 0 < p < 11is an F space. Let u : N — C be
a measurable function. Then a bounded linear transformation, M, : LP(N,C) —
LP(N,C) defined by (Myf)(k) = (u.f)(k) = u(k)(f(k)) is called a multiplication
operator induced by w.

B =
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For a decreasing non-negative sequence w = {w,} and 0 < p < co. We define
the weighted sequence space l,(w) as follows:

1) = {{e) t el = (- waleal?)” < oo}

Let F' be a partition of positive integers. If F' = (F},), where each F,, is a finite
interval of positive integers and

max F, < min Fj, 11 (n=1,2,---),

then we define the block weighted sequence space [, (w, F') as
zAmfn:{x:{%J:EZwM@J%wﬁmﬁmm }
n=1

where (z, F,) = Z xj. The norm on l,(w, F) denoted by ||.||p.w,F is defined as

jeFn
follows
00 1
2w = (3 wal(w, Fa)?) "
n=1
For a certain I, such as I, = {n}, I = (I,) is a partition of positive integers,
Ip(w, I) = Iy(w) and also [|2||pw,r = [|z]pw-

Let A : l(w,I) = l,(w,F) be a linear operator. The problem of the norm
of matrix operators on [,(w) and I,(w, F') is considered in [4]and [9]. We consider
upper and lower bounds U and L of the form

Ll|2llpw.r <[|AZ[lpw,r < Ul|2||p,w.r

for all decreasing non-negative sequences .
We consider the Hausdorff matrix operator H(u) = (h; 1), such that

<i:1>AF%m i 1<k<j

0, if k> j,

hj =

where A is the difference operator, that is,
Aay = ap — ajy1,

and {ay} is a sequence of real numbers, normalized so that a; = 1.
If

1
ag = / Hk_ld:u(a)7 (k = 1727"')7
0
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where p is a probability measure on [0, 1], then for all j,k =1,2,---, we have

(3 1 )/ 0 L1 — 0V Fdu(@), if 1<k<j
k-1 ),
0, if k>

hj =

The Hausdorff matrix contains following classes of matrices:

1. If du(f) = (1 — 0)*~1d, then H(p) reduces to the Cesaro matrix of order «,
which we denote by T'(«);

2. If du(f) = point evaluation at § = «, then H(u) reduces to the Euler matrix
of order «, which we denote by F(«);

3. If du(f) = %d(@), then H(u) reduces to Holder matrix of order «,
which we denote by S(«);

4. Tf du(f) = af*~'dh, then H(u) reduces to Gamma matrix of order a, which
we denote by I'(a);

The Cesaro matrix, Holder matrix and Gamma matrix have non-negative entries,
whenever « > 0. Also the Euler matrix is non-negative, whenever 0 < oo < 1.

Recently, R.Lashkaripour and D.Foroutannia have computed lower bounds for
matrices on block weighted sequence space I see [7], whereas the study of the mul-
tiplication operator M,, studied by many authors see (see [5], [6]).

In this paper we compute lower bounds of the operator M, H (x). Throughout
this paper, constants are denoted by ¢, they are positive and may differ from one
occurrence to the other. The notation a ~ b means that there is a positive constant
¢ such that %a <b < ca.

2. Lower Bounds of M, H (u)

In this section, we are computing the lower bound problem of M, H (u), where M,
be a multiplication operator and H (u) is the Hausdorff matrix operator.

Theorem 1. Let 0 <p <1 andu:N — C be a measurable function. Then
. b t
it [u@)| ([ 07 u(0)) < IMLH GO

< sup |u($)|(/01 G%d,u(H)),

for every non negative sequence x.
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Proof. If u(k) = 0 for some k € N then the inequality is obvious. Otherwise, let
E(a) be the Euler matrix of order o. Since the row sums of E'(«) are all 1 and
column sums are all 1, applying the proposition 2.2 of [8], we have

Lpw.1(Et(a)) > al7P/P.

we now applying the Minkowski’s inequality, we have

1

1M H (W)l [yt = (anKMth(u)w,In)Ip)E

_ <an| S (M H (u |P>1
J€ln
1

iof lu(8) (an(thMk));
= églyu wn /Zeknxkd,u ))i

Y

-

> P

> Iiglf\lm |/ ek,n$k> > dp(a)
n=1 k: 1

= f Et w d

inf [u(k) /O 1B (@)l 1)

1,

> p .

>t I [0 (@) el

Therefore, for any real number o > 0, we have
M 1)t > / 07 au(0)) el psos (1)
for all non-negative sequence z in l,(w, I). Thus we have
M )t > / 0"7" du(6

Let p > 1—1) and n be a fixed integer such that n > p. We define x by

0, ifk<n

= k_
S R N A V3 S

)
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Since
(k—p)--(ntl=p)
E---(n+1) ’

T —

where x ~ y means that there exist a constant ¢ > 0 such that %c <y < cx. When
k — oo, it follows that ||z||, < co and ||z||, — oo when p — %. Since w is decreasing
and also for all k, wii, > o then we have,

! P|lallp < llellpatar < (w1 +a)'/?|[e]]p.

So [[z[|pwta,r < 00 and [[2||p,w+a,r — 00 When p — %-
Moreover, for all m > n, we have

(M H (1) / 0P du(0)
Hence
. n o0 P
M G)all e < sup u(R) (D (wm+0) (1M 3 hin (o))
m=1 k=1
Y (wn ) (H () Mya)), )
m=n+1
< sup fu()|(n(wn + @) sup ol
1
= ([ 01 00) Vel i)
and also

sup [u(k)[n (w1 + ) sup ot P[] Y
,m

M H ()P <

H.’E‘ ’pﬂu-{-a I

+ supu(h)] /0 0 dpu(0))’"

Ifp— %, then

1 1 p
Lyt (' )M, < sup )] ([ 657 d(0))"
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Corollary 2. Let p > 0 and u : N — C be a measurable function. Then

Lo,
1 (1) Mo ()] [t = inf ()] /0 05" dpu(0) )12y

for every non-negative sequence x. The constant is the best possible.
Proof. Since 0 < px < 1, by applying Theorem 1, we establish the statement. [J

Corollary 3. Supposep > 0 and let H(u) be the Hausdorff matrix operator .
Then

iy
V)@l = ([ 05 (0)) el
for every non-negative sequence x. The constant is the best possible.
Proof. Follows by taking |u(z)| = = in Corollary 2. O

Corollary 4. Let 0 < p <1 and u: N — C be a measurable function. Then

Uiy
1 Ml = int (o)l (657 aute)) el
for every non - negative sequence x. The constant is the best possible.

Proof. By taking w,, =1 for all n in Corollary 3, we have the above result. [J

Corollary 5. Suppose 0 < p <1 and H(u) is the Hausdorff matrix operator.
Then

Uiy
1 H (1) ()] > /0 07 du(0)|z|l,
for every non -negative sequence x. The constant is the best possible.

Proof. Again proof follows by taking |u(z)| = « in Corollary 4. O
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