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Abstract: We study the structure of Fon visualized in [3] and completely char-
acterize the elements of the structure. We devise a method to identify irreducible
polynomials of degree n as an application and show that large structure can be split
into small parts for the purpose of identifying irreducible polynomials.
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1. Introduction

This paper is organized in the following manner. In this section, we give some pre-
liminary concepts. In Section 2, we completely characterize the structure introduced
in [3] and devise a method to identify irreducible polynomials of degree n. Section
3 concludes the paper.

1.1. Preliminaries

Irreducible polynomial plays an important role in determination of extension fields
and designing of cryptographic algorithms. A polynomial f(z) = a,z" +a, 12"+
-+« 4+ ap is said to be irreducible over a field K if it can not be factored into two
non-constant polynomials, that is , whenever f(z) = g(z)h(z) with g,h € K]|x],
then either g or h is a constant polynomial. If a,, = 1, then f(x) is called a monic
irreducible polynomial.
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If L, considered as a vector space over K, is finite-dimensional, then L is called a
finite extension of K. The dimension of the vector space L over K is then called the
degree of L over K and denoted by [L : K|. If L is a finite extension of K and M is a
finite extension of L, then M is a finite extension of K with [M : K| = [M : L][L : K.

Let K be any subfield of a finite field F. Then K and F can be denoted by
K =F, and F = Fym = Klz]/(f(z)) where f(z) is an irreducible polynomial of
degree m for some positive integer m. m is called the degree of F over K treating
K and F as vector spaces and is denoted by m = [F': K|. If ¢ is prime, then K is
called a prime field and K and F' are said to be of characteristic q.

Let Fj be any finite field. Then generator of the cyclic group Fy is called a
primitive element of IF,. If F'is an extension field of K of degree m, then a basis of
F over K of the form {«,a?, ad® ... a‘JM71}, consisting of a suitable element oo € F'
and its conjugates o, af, oﬂQ,oﬂ o ,oﬂm_l with respect to K, is called normal basis
of F over K. If o is a root of an irreducible polynomial of degree m over K, then
{1, a,a?,---a™ 1} is called a polynomial basis of F over K with respect to . We
can directly construct polynomial basis from a root of irreducible polynomial and
normal basis from a root of suitable irreducible polynomial. For details on finite
fields and definitions on related concepts, see [1] and for details on cryptographic
algorithms, see [2] and [4].

For 8 in F, the trace of 8, denoted by Trp, (), is defined as Trp/(3) =
B+ B+ BT + BT ... 4 g7 All the roots of an irreducible polynomial have the
same trace value.

For details on vector space, dimension, basis, etc., see [?]. For definition and
details on finite fields, see [1].

1.2. On Structure
The following structure is due to [3].

1.2.1. Structure of Nonzero Elements of [},

For any fixed primitive element « of Fon, the following array gives a structure of
nonzero elements of [F5,,.

«

Oc2 OL3

Oc22 a5 OL6 Oc7

0623 a9 alO Oéll Oé12 alS 0614 Oé15

a24 a17 a18 alQ a20 a21 a22 a23 a24 a25 a26 a27 a28 a29 a30 a31
0632

Figure 1: Structure of F3,

For the structure of the elements of F3, in terms of their traces over F3, see [3]
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Notation (see [3]) Let Fy: be any finite field and let n € N be such that n < 2¢
and 2™ 4+ 1 <n < 2™ 4 2™ let n = ng + R where ng = 2" for some unique m € N.

Let X;(m) denote the set of all columns of length ¢ (Number of elements in
column 4) in [1, 2™ —1]. Let X; denote the set of all columns of length 7 in [1, 2™ +
R —1],

let X (m) denote the set of all columns (of possible length) in [1, 2™ — 1] and let
X' denote the set of all columns (of possible length) in [1, 2™ + R — 1].

For a real number s > 0, let |s| denote the integral part of s.

Theorem 1.1. (see [3]) (i) For 1 <i<m—1, | Xzf I=| X;(m) | +LR_1+21'—1J -

. 21
{R;j{TJ for1 <R <2™.

(if) Form < i <m+1, | X, |= X;(m') | +[ B2 | - | BSb2 | or 1 < R <
AL

We have already introduced an idea of identifying some irreducible polynomials
in [3]. As an improved version, we have completely characterized the elements of the
finite field F3,, and we show in this paper that it is possible to identify all irreducible
polynomials of degree n over Fs.

It is easily seen that ”conjugate” is an equivalence relation. Similarly, we define
a relation with the condition that that two elements are related if and only if both
the elements are in the same column. Classes in the latter case are called ”column
class” or ”column”. We fix o as mentioned in the structure and use [o*] and [[k]]
interchangeably to denote the conjugate class [a*]. Let [[[i]] denote the column
containing o

The notations [[k]] and [[[i]]] are used instead of [k] and [i] to avoid confusion
with "reference citation”. Note that at*?" is a conjugate of ot for any integer i > 0
and [af] = [[t] = [[t x 2]] = [a**?'] for i > 0. Note also that [[0]] = [[2" — 1]] and
([=il] = [[2" = 1 =],

Hereafter, we take ¢ and j as nonnegative integers until otherwise stated.

2. Characterization of Elements of the Structure

In Section 2.1, we show the correspondence of elements of the n* row from the
beginning starting from o2"™" onwards with the elements of various other rows. In
Section 2.2, we show the correspondence of elements of the n'® row from the end
starting from " — 1 in the reverse order with the elements of various other rows.
In Section 2.3, we show the correspondence of elements at each column with the
elements of n" row
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th

2.1. Conjugates of Elements in the n*” row from the beginning

We consider the n'” row and link values of the trace of the elements with different
columns. This links all the new columns introduced up to the (n — 1) row and
gives conjugates of every element in the n* row

Proposition 2.1.

o " and o2t are in the same conjugate class, (1)
for any non-negative integer r = 0,1,2,3,--- ,2" "1 — 1,
Proof. [a2"—1+r] _ [(a2"—1+r)2] _ [a2”+2r] _ [a2”a2r] _ [Oc2r+1].
This completes the proof. O

th row alone

This proposition shows that n** row covers all the columns, that is, n
can describe the entire structure. This result is true for any integer r» > 0. However,
the result for the values r = 0,1,2,3,--- ,2" 1 — 1 itself links all the elements of the
structure.

Classes of type [[2"~! + 7]] for r = 1,2,---,2"~1 — 1: For the sake of
clarity, we use « initially in the classes and then we use the equivalent notation.
From the above result, we get the conjugates of every element in the n'” row in the
following way.

When r =0, [02" '] = [o}] = [02"].

The length of [[[1]]] is 7 and there are n conjugates of o2" " in [[1]]].

When r = 1, [02" 1] = [a?] = [o2" 2" 7).

The length of [[[3]]] is n — 1 and there are n — 1 conjugates of a2 +1 in [[[3]]].

When r = 2, [02" 2] = [0F] = [o2" ' +2"77].

The length of [[[5]]] is n — 2 and there are n — 2 conjugates of a2" 2 in [[[5]]].

When 7 =3, [o®" +3] = [a7] = [@¥+2'H+1] = [ 27742

The length of [[[7]]] is n — 2 and there are n — 2 conjugates of o 3 i [[[7]]).

When 7 — 4, 221+ 4]] = [[9]] = [[2° + 1]] = [[2"1 + 2 4]].

The length of [[[9]]] is n — 3 and there are n — 3 conjugates of o"~ +4 in [[[9]]].
When r =5, [[2"7" +5]] = [[11]] = [[2° + 2" + 1]} = [[2"~" +2"° + 27 ~1]].
The length of [[[11]]] is n— 3 and there are n — 3 conjugates of a2"~ + in [[[11]]].
When r =6, [[2"7! +6]] = [[13] = [[23 + 22 + 1]] = [[2" ' + 2" 2 + 2"4]).

[

The length of [[[13]]] is n — 3 and there are n — 3 conjugates of 2"~ +6 in [[[13]]].

When 7 =272 — 1, [[2" 1 4272 — Q)] = [[2" ! -2+ 1)) = [[2" ! - 1]].
It is easily seen that the length of | [ 2n=L _1]]]is n — |logo(2" 1 — 1) = 2.
There are 2 conjugates of 2"~ T2 "~ in [[[2~1 —1]]].

When r = 201 — 2, [2"t+2n =2 =[[2" —4+ 1)) = [[2" - 3]].
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isn

It is easily seen that the length of [[[2" — 3]]] is n — [log2(2" — 3)| =
The clement in the column [[[2" — 3]]] is a conjugate of a2 +2" 72,

When 7 =271 — 1, [[2n 1420 — 1) = [[2" — 2+ 1]] = [[2" — 1]].

It is easily seen that the length of [[[2" — 1]]] is n — [log2(2" —1)| = 1.

The element in the column [[[2" — 1]]] is a conjugate to itself.

In general, the length of any column [[[27+ 1]]] corresponding to class [[27~ ! 47]]

— [log2(2r + 1)| where logs(x) denotes logarithmic value of any positive real

number x to the base 2 and |s| denotes the greatest nonnegative integer less than
or equal to the nonnegative real number s.

2.1.1. Characterization of Irreducible Polynomials of
Same Degree over F,

Illustration-Identifying the irreducible polynomials of degree 6 over Fq

We use Proposition 2.1 to identify all the irreducible polynomials of degree 6

over [y directly from the structure of F.

(OX

3

«
a5 OL6 Oc7
a9 alO Oéll 0(12 alS 0614 a15
17 a18 C‘619 a20 a21 OC22 a23 a24 a25 a26 a27 OC28 a29 aBO 0631

%}34 35 36 3&38 39 40044&‘%54&44 Oé450648é4a480é49055006510£52 Oé53065$é55 0{56065705580659 Oé6006610662 a63

1X2)3)() (4)(5)(6X2)5) () (7)(4) O(7X8)(1X3) (4) (6) (5) (7)() (8) (3)(6) (7)(8)(6) (8)(8)()
Figure 2: Structure of F3g

The symbol 7 ()” for "empty bracket” indicates that there is no irreducible poly-

nomial of degree 6 formed using the column above ”()”.

Foll

owing are the all irreducible polynomials of degree 6 over Fs.

1 3

fO(l'):H(l'*Oé ﬂ”) fl xfa H $7a3><21 (x):H - 17><2Z H 5><27 7
] 1=0

i=0 Jj=0

(x):(m—ags)(m—a49)n(x— 7><2) falz )_(x_am)n _ o2 H -~ 25><2J

1 2 2

)= H(m—angQi)(m—a4l) H(x—ozl?’”j), fo(z) = (z—a)(z—a"") H o152

=0 7=0 =0

1 1
2372 29><2J
fr(z) = (x — a* H - (x —a° H - and

1

fs(z) = (z — a*)(z — &°°)(z — ") (z — o° H -~ 31x2%

=0
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Illustration-Identifying the irreducible polynomials of degree 7 over
Fa

Now we use the Proposition 2.1 and compute all irreducible polynomials of degree
7 over Fy by considering elements from the beginning of n* row of F3; in the
structure. As the figure is very large, we split the figure into four parts and identify
irreducible polynomials by considering all the four figures together.

«

042

064

068 Oég

0416 Oé17 a18 alQ

0632 a33 a34 a35 a36 a37 a38 a39

0464 Oé65 Oé66 67 Oé68 Oé69 0470 Oé71 Oé72 0473 Oé74 Oé75 0476 Oé77 Oé78 Oé79

O @® @ 6 @ 6 © O @ © © 1 @ 0 @12 @13)
Figure 3: Structure of F; — part(1)

065

alO all

0620 a21 a22 a23

0640 Oé41 a42 0643 a44 0645 a46 a47

0680 a81 a82 83 a84 a85 a86 0687 a88 a89 0690 a91 a92 a93 a94 a95

063

OCG

0412 0413

0624 a25 0626 a27

0648 a49 aSO a51 0652 0653 a54 a55
0496 Oé97 a98 99 alOO alOl a102 103 04104 04105 O(IOG 04107 a108 alOQ 110

f\
=
=
—
w
Nt
—
ot
2
—
~
-
—
oo
=
—
=
(e=]
£
—
=
=
Nt
—
=
w
Nt
—
D
2
—
=
[\
>
—
=
=~
=
—
=
(3§
=
—
=
=
Nt
—
=
D
2
—
=
D
2

Figure 5: Structure of F; — part(3)
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067

a14 a15

0628 Oé29 0630 a31

O(56 a57 a58 a59 O(GO 0461 a62 a63
06112 06113 a114 a115 a116 a117 a118 06119 06120 06121 06122 a123 a124 a125 126

o
@ (m o) (13 (12 @15 16 a7 (7 13) (15 17) (13) a7 (17
Figure 6: Structure of F5; — part(4)
Following are the all irreducible polynomials directly identified from the struc-

ture.
6 5 1 4

fo@) =l =0*), h@) =@ —a™[[@-a®), fa@) =[]@-a*)[]@-a>)

fg(m):(m—a67)(x—a97)H(x—a7X2i), f4(x):H . 17><2 H . 9><23

f5($):('CE*OCGQ)H(I'*OLHXT)H(xfazlgxy), fs(x):H(l'*OLBSXT (z— al H 13><21

=0 j=0 k=0
fis(@) = (@ = ™) [J(@ = ™)@ = )@ = ") [[ (= a®*),
=0 j=0
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fir(x) = (x — ™)z — ') (z — ") (z — ") (z — ') H(m _ Oé(a3x2i)_

1=0
In this section itself, we have completely characterized the structure. However,
we describe the characterization of the structure from different angle in the next
section.

h

2.2. Conjugates of elements in the nt* row from the end

Proposition 2.2. If = o®" % then
,82 _ a2"7(2k71) (2)
fork=1,2,3... 27!
Proof. B2 = o' =2k n2n =2k _ 2" =2k _ 2"—(2k-1) ]
We prove the following important proposition and use it to calculate the trace
of elements of n" row starting from the end in reverse order.

Proposition 2.3. Let l1,lo,l3, -+ ,l; be positive integers such that l; > Iy >
l3>--->1; >0andr+1; <n—2 where r is a nonnegative integer. Then conjugate

of

a2n7(2r+l1+2r+l2+2r+l3+...+2r+lt+1) 2n7(2r+l1+1+2r+l2+1+2r+l3+1+___+2r+lt+1+1)

is «
and [[2" — (21 + 22 426 ... 4 2 4 1)]]
— [[Qn _ (2l1+1 + 9la+1 4 olz+1 4t ole+1 + 1)“
= [[Qn _ (2l1+2 + 9la+2 + olz+2 4ot oli+2 + 1)“ .

Proof.
(a2n_(2r+11 qortla portlz .y ortly +1))2:a2n+1_(2r+l1+1+2r+l2+1+2r+13+1+...+gr+lt+1+2)
_ a2n+1_(2r+l1+1+27‘+l2+1+2r+l3+1+___+2r+lt+1+2)

. a2n7(2r+l1+1+2r+l2+1+2r+l3+1+___+2r+lt+1+1)

This completes the proof of first part. Now we prove the second part.

2" — (20 422 428 4. 42 )] = 20 — (22" + 22 + 28 - 2 1) — 1))
— [[27), o ((2l1+1 + 2l2+1 + 2l3+1 S 2lt+1 + 2) o 1)]]
_ [[2n _ (211+1 + 2l2+1 + 2l3+1 NN 2lt+1 + 1)]]

This completes the proof. [

We may note that any odd positive integer less than 2"~ ! can be expressed in
the format 27+ 4 2r+le 4 gr+ls ... 4 9r+l 4 1 with the non-negative integers
li,l5,l3,-++ Iz such that [y >y >3 >--->[;>0and r+1; <n—2 whereris a
non-negative integer.
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We now illustrate the above proposition with some special cases:

Class of Type a?"—(@7+1), By Proposition 2.3, a2 =@+ forr =0,1,2,3, -,
n—2 in the last row are conjugates of a®" ~2. For example, they are [[2" —2]] = [[2" —
| =120 =5 =[2"-9] =[2"-17]] = - - = [[2" —2" 21 = 2"+ 2" 2 —1]].

Example. Consider the elements of the form o2~ 1 for r =0,1,2, - - -
Let B = o2~ @+ for r = 0.
By (2), 82 = o3 = o'~ @D where r = 1 2° = o2~ = o=@+ where
r=2...
B2 = o227 = 22"+ where r = n — 2
BT =2 = 2" (@) where r = n — 1

The irreducible polynomial is
n—1

H (x _ a2”7(2’"+1))

r=0

In the similar manner, we get the following irreducible polynomials.

2n_(27‘+1+27‘+1) .

Class of type « Using the Proposition 2.3, we get the irre-

ducible polynomial n—1

H <x _ a2n7(2”1+2r+1)>

r=0

Class of type Q2" (@274,

Using the Proposition 2.3, vlve get the irreducible polynomial
o

H <x _ a2”7(2*+2+2*+1)>

r=0
Class of type 2" = (@274, Using the Proposition 2.3, we get the irreducible
polynomial n-l

11 <w - a2"—(2”3+2r+1)>
r=0
2n— (274274, Using the Proposition 2.3, we get the irreducible

n—1

H <:C _ a2”—(2*+4+2*+1)>

r=0

Class of type «
polynomial

2.2.1. Characterization of Irreducible Polynomials of
Same Degree over F,

Illustration-Identifying all the irreducible polynomials of degree 5 over
F2!

We use the Proposition 2.2 and compute all irreducible polynomials of degree 5
over Fy by considering elements from the end of 5** row of Fys in the structure.
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«

OC2 a3

0622 0é5 Oé6 Oé7

OC23 a9 alO all a12 a13 OC14 alS

a24 a17 a18 alQ a20 21 22 a23 a24 a25 a26 a27 a28 a29 aSO 31

Figure 7: Structure of F7;

” indicates that there is no irreducible polynomial

The symbol empty bracket ”()
of degree 5 formed using the column above ”()”. Therefore, all the six irreducible

polynomials of degree 5 are

=0 =0 Jj=0
3 ) 1 .2 ;
fa@) = (@ — ') [[(@—a®*)and f5(x) = [[(= — ”*) [] (& — **)
=0 =0 =0

In the next subsection, we approach the elements of the structure from rows and
columns in some order.

2.3. Correspondence between Elements at Each Column and the
Elements of nt"* Row

First we start with o which is in first row.

For 7 > 2, element in every it" row introducing new column is of the form
ali,j) = a2271+_2j_1 for the integer j =1,2,--- ,2!72

Now we link o>~ 721 with elements in n'* row

For i = 1, no new element is introduced and

(A =[2'] = {22 = [[2)) = --- = [[2"7"]]
[[[1]]] has length n )
Fori =2and j = 1,271 +2j—1 =3 and [0 ™17 = 2L +1]] = -+ =
2" + 277

[[[2' + 1]]] has length n — 1
For i = 3, there are two values for j, that is, j = 1,2
When j=1,27142j —1=2241=5and [02 1] = [[22 + 1]] = [[27! + 2" 3]]
[[[22 + 1]]] has length n — 2
When j =2, 271 42j—1=22421 41 =7and [a® T2+ = ... = [[2n 1 4272 ¢
23]
[[[22 + 2! + 1]]] has length n — 2
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In this way, we can proceed up to i = n.

We have completely characterized all the elements of the structure from n*” row
and from the columns of each row. A few examples are given to identify irreducible
polynomials of degree n

1. Example
First column contains the n distinct conjugates «, o2, oz22,oz23,oz24, e ,a2n71
and hence the corresponding irreducible polynomial (the minimal polynomial

of a) of degree n is
n—1

I ()

k=0

2. Example
Consider the column containing distinct n — 1 conjugates
2 3 4 —2
3 3><2,043><2 7043><2 ,043><2 ,oee a3><2" )

as, )

3x2nmt o @+nx2enth an—t

The remaining one more conjugate is « oo =

Q2"
Therefore, the corresponding irreducible polynomial of degree n is

n—1

H (x _ a3x2k>

k=0

3. Example
Consider the column « fori =0 ton—3.
There are n — 2 elements and two more elements are to be determined.
The remaining two conjugates are a2 1 and o2*2"*+1)
Therefore, the corresponding irreducible polynomial of degree n is

5x20 _ o (224+1)x28 _ ((2%)x29)+2°

n—1

H (x _ a5><2’“>

k=0

We can construct irreducible polynomials this way.

3. Conclusion

We have completely characterized the structure which was visualized in [3]. As an
application of the structure, we have shown that we can identify all the irreducible
polynomials of degree n over Fy for a given positive integer n.
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