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1. Introduction
Cavity-backed structures like open screens of revolution are widely used in the simulation of various antennas, open resonators, and waveguides. In general, the diffraction theory of closed smooth bodies has been developed, both analytically [1, 2] and
numerically analytically [3, 4]. However, in many cases, the accuracy of existing
purely numerical methods is disputable, especially when the object is a complex
structure with edges, insertions, etc.
Traditionally, the diffraction from a screen of revolution (SOR) is numerically
studied using the Finite-Difference (Finite-Element) Methods [5, 6] or the BoundaryElement methods [7, 8]. Approaches based on these methods are widely used because
of their high flexibility when applied to scatterers of different, rather complicated
shapes. As a rule, the near-direct approaches reduce the initial problem to various operator equations but these are equations of the first kind [9]. The resulting
codes frequently require substantial computer resources. Yet they do not guarantee
a desired accuracy and stability of calculations. The reason is the nature of the
first kind equations, neither stable nor convergent in computation [10, 11]. These
equations are ill-posed in their numerical implementation. The observance of such
criteria as energy balance, solution stabilization with iteration number increase or
a small value of the solution discrepancy can be not helping but misleading [10, 11]
about the accuracy and even the validity of the boundary value problem solution.
The only practical way to reveal the numerical catastrophe is a direct calculation of
the condition number, the only relevant criterion of the number of significant digits in the numerical solution [12]. Unfortunately, a lot of the authors concentrated
on the development of such “all-solvers” hardly ever touch the condition number
behaviour.
It is highly desirable to transform the first kind equation to the second kind
one to get a stable and fast converging algorithm providing any prescribed accuracy of the computation. This transformation follows the Analytical Regularization
Method (ARM) available from functional analysis [13]. Despite the general idea of
analytical regularization is well known, a particular ARM implementation is always
a challenge (see, for example [14, 15, 16, 17, 18, 19]). The semi-inversion procedure, a special ARM case, was applied to canonically shaped screens of revolution
(spheres, spheroids and disks) in, for example [16, 17, 18, 19].
In this paper, developing the ideas described in [14, 15] the ARM is extended to
the scalar diffraction problem for arbitrarily shaped open screens of revolution with
the Dirichlet boundary condition. This problem for closed screens of revolution was
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solved in [20]. The suggested method is directly applicable to the three physical
problems: the excitation source is an axial symmetrical vertical electric dipole and
the shell is a perfect conductor, or the source is an arbitrary acoustic wave illuminating a soft screen, or, as k → 0, we proceed to the electrostatic problem solved by
ARM in [21]. The acoustic diffraction problem will be solved here. The addressed
approach can be also useful for modeling some hydroacoustic and hydrodynamic
problems, including an axially symmetrical screen or a body moving at constant
speed in liquid, or for the simulation of axially symmetrical cracks in solids.
Seeking the solution in the integral form, we have analyzed the kernel singularity of the initial integral equation. On this basis, the initial problem is transformed
to the infinite set of decoupled integral equations in such a way that the kernels
of obtained equations can be presented as a sum of the canonical part involving
the principal singularity and a sufficiently smooth remainder. The canonical part is
the azimuthal Fourier coefficient of the Green’s function (for the Laplace equation)
projected onto the unit sphere. Each integral equation of the set is reduced to the
system of Dual Series Equations (DSE), involving associated Legendre functions.
Then, the DSE technique [15, 17, 22] converts it to the infinite system of linear algebraic equations of the second kind. The matrix elements of the system are expressed
via the Fourier coefficients of the smooth remainder to be efficiently calculated.
It is noteworthy that there are some transforms of the above-mentioned class
to give more or less close results. But the key point of our method is a choice and
an analytical construction of such a transform that gives, in a manner, the best
resulting equation. Namely, the achieved smoothness of the reminder allows the
problem reduction to the equation of the second kind with a compact operator.
The operator matrix coefficients have the fastest rate of decay, bringing the fastest
convergence of the truncation procedure.
The problem transformation mentioned right above and originally proposed by
Yu. A. Tuchkin [23, 24] is one of the central ideas enabling the ARM extension to
a wide class of boundary value problems for the Helmholtz equation.

2. Problem Formulation
Consider an open screen S0 formed by the revolution of some generating curve l0
about the z-axis, as shown in Figure 1. Curve l0 is a part of an arbitrary curve
l = l0 ∪ l1 supposed to be smooth and non-self-crossing. The ends of l belong to
z-axis. The “aperture” S1 of the open SOR is the surface of revolution of l1 . The
aperture S1 complements S0 to the closed screen S = S0 ∪ S1 , which is assumed to
be smooth and topologically isomorphic to a spherical surface.
Let curve l have some smooth parameterization in the polar cylindrical coordinates
z = z (τ ) , ρ = ρ (τ ) , ϕ = const,
(1)
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(a)

(b)

Figure 1: The screen of revolution (a) and the generating curve (b)
where z = z (τ ) and ρ = ρ (τ ) are the given functions of the parameterization
parameter τ ∈ [0, π], and ϕ ∈ [−π, π] is the azimuthal angle, see Figure 1(b). The
introduced functions are supposed to satisfy the conditions:
q
0 < ℓ (τ ) < ∞, where ℓ (τ ) = {z ′ (τ )}2 + {ρ′ (τ )}2 , τ ∈ [0, π] ,
(2)
z (2k+1) (0) = z (2k+1) (π) = 0, ρ(2k) (0) = ρ(2k) (π) = 0,

k = 0, 1, 2, ..., K

(3)

Condition (2) for an element of the arc length ℓ (τ ) guarantees the one-to-one parameterization of l, and the integer K ≥ 1 in equation (3) defines the screen smoothness
at the poles.
Parameterize l0 by the interval τ ∈ [0, τ 0 ], where τ0 ∈ [0, π] and describe the
open SOR S0 in cylindrical coordinates { ρ, z, ϕ } as follows
x = ρ (τ ) cos ϕ,

y = ρ (τ ) sin ϕ,

z = z (τ )

(4)

where τ ∈ [0, τ0 ] and ϕ ∈ [−π, π]. The circle Γ = { ρ (τ0 ) , z (τ0 ) , ϕ ∈ [−π, π] }
corresponds to the screen edge, and the aperture S1 is defined by equation (4) with
τ ∈ (τ0 , π].
The screen S0 is illuminated by the scalar wave U0 (q, t) = U0 (q) exp (−iω t),
where ω is the frequency and U0 (q) is the given function of the velocity potential
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at the observation point q ∈ R3 . The diffracted field U (q) is sought to satisfy the
homogenous Helmholtz equation

∆ + k2 U (q) = 0, q ∈ R3 \S0 ,
(5)

and the Dirichlet boundary condition

U (q) + U0 (q) = 0,

q ∈ S0 ,

(6)

where k is the wave number and the vector of speed is v (q) = −∇U (q). Also, the
diffracted field must fit the Sommerfeld radiation condition [25]: r (∂U /∂r − ik U ) →
0, uniformly with respect to direction as r → ∞. For smooth closed scatterers, the
mentioned conditions guarantee the solution existence and uniqueness. For open
scatterers, wenadd the conditiono of energy finiteness in any bounded volume V of
R
< ∞, V ⊂ R3 . This condition properly chooses
|∇U |2 + k2 |U |2
space V dV
the solution class and indicates the order of the field singularity at the edge. For
infinitely thin-walled cavities, the edge condition determines the field singular behaviour in the form
∇U (p) = [dist(Γ, p)]−1/2 H(p)
(7)
where dist(Γ, p) is the distance from any point p ∈ R3 to the boundary circle Γ, and
H(p) is some smooth vector-function.
Under the mentioned conditions, the diffracted field can be written in the following integral form [25]
ZZ
j (p) G (q, p)dsp , q ∈ R3 , p ∈ S0 ,
(8)
U (q) =
S0

G (q, p) = −

1 exp (ik | q − p|)
,
4π
| q − p|

(9)

where j (p) is the unknown single-layer distribution at the surface point p, G (q, p)
is the free-space Green’s function for Helmholtz equation (5), and | q − p| is the
distance between points q and p. Meeting boundary condition (6), equation (8) can
be considered as the surface integral equation
ZZ
j (p) G (q, p)dsp = −U0 (q) , q, p ∈ S0 ,
(10)
S0

for the unknown function j (p), which has the Meixner singularity [dist(Γ, p)]−1/2 .
The kernel G (q, p) is a singular function, square integrable on the surface S0 . Therefore, equation (10) is an equation of the first kind with all its weak points present.
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3. Kernel Splitting

In polar cylindrical coordinates, we can rewrite equation (10) in the following form:
Zπ

dϕp

−π

Zπ
0

dτp

q

ρ (τp ) sin τp X (τp , ϕp ) G (τq , τp , ϕq , ϕp ) = U0 (τq , ϕq ) , q ∈ S,

(11)

where the unknown function X (τ, ϕ) has been introduced to describe the scaled
single-layer distribution over the whole screen S

−ξ (τ ) ℓ (τ ) j ( τ, ϕ) , τ ∈ [0, τ0 ] , ϕ ∈ [0, 2π]
(12)
X (τ, ϕ) =
0,
τ ∈ (τ0 , π ] , ϕ ∈ [0, 2π] .
p
Here ξ ( τ ) = ρ (τ )/sin τ is the scale function. With conditions (2), (3), the inequalities 0 < ξ (τ ) < ∞, τ ∈ [0, π] are satisfied. In equation (11), we analytically
extend unknown function (12) as zero to the complementary interval (τ0 , π], i.e. to
the aperture S1 . Owing to this extension via the contour closing procedure suggested in [26, 27], the upper integration limit in the surface integral equation can
be put to π instead of τ0 . Then the corresponding Fourier-Legendre transform can
be applied. The solution of the equation of the second kind constructed below does
not depend on the choice of the complementary surface S1 (see [15]).
Owing to the screen axial symmetry, Green’s function (9) depends on the azimuthal angles as (ϕq − ϕp ) 2 . Making the azimuthal Fourier transform of the functions as follows
∞
Rπ
P
1
f (τ, ϕ) =
f m (τ ) eimϕ , f m (τ ) = 2π
dϕ e−imϕ f (τ, ϕ),
m=−∞

−π

and integrating equation (11) over ϕp , we obtain the set of decoupled integral equations
Zπ
0

dτp

q
ρ (τp ) sin τp Gm (τq , τp ) X m ( τp )
=

1 m
U ( τq ) ,
2π

q ∈ S, m = 0, ±1, ±2, ..., (13)

for the unknown azimuthal Fourier coefficients X m (τ ). Each equation corresponds
to its azimuthal index m and Gm (τq , τp ) = G−m (τq , τp ). In view of equation (7),
X m (τ ) has a singular behaviour of the kind X m (τ ) = (τ − τ0 )−1/2 h(τ ), where h(τ )
is a smooth function.
A thorough investigation of the singular behaviour of the azimuthal Fourier
coefficients of the Green’s function Gm (τq , τp ) as δ = τp − τq → 0 and for various
combinations of τp , τq → 0, π (for details see [20]) suggests the splitting:
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1
{gm (τq , τp ) + D m (τq , τp )} ,
ξ (τq ) ξ (τp )
m = 0, ±1, ±2, ..., τq,p ∈ [0, π] . (14)

Here gm (τq , τp ) is the m-th azimuthal Fourier coefficient of the Green’s function (for
the Laplace equation) projected onto the unit sphere,
1
g (ϑ, τ ) = − 2
4π
m

Zπ
0

cos mϕ dϕ
,
[2(1 − cos ψ)]1/2

cos ψ = cos ϑ cos τ + sin ϑ sin τ cos ϕ,

Dm ( τ

ϑ, τ ∈ [0, π], and
q , τp ) is the remainder.
Of paramount importance is that the remainder D m ( τq , τp ) is a sufficiently
smooth function. In particular, for |δ| << 1 and δ << τ << π − δ, we obtain
δ2 ln |δ|
1
p
64π 2 sin τ sin (τ + δ)




 2
 ℓ2 (τ )

1
2
2
× 4m − 1
− 4k ℓ (τ ) − 1 + f m (τ, δ) , (15)
−
ρ2 (τ ) sin2 τ

D m (τ, τ + δ) =

where f m (τ, δ) is smoother than the preceding terms, and the expression in the
figure brackets is finite and smooth even as τ → 0, π. It has been shown that the
remainder D m ( τq , τp ) and all its first derivatives are continuous, and the mixed
derivative of the second order belongs to the weighted space L2 ([0, π] × [0, π]) of
square integrable functions so that
Rπ Rπ
∂ 2 D m (τq , τp ) 2
<∞.
dτq dτp sin τq sin τp
∂τq ∂ τp
0 0

In view of equation (14), equation (13) becomes
Zπ
0

dτp sin τp { gm (τq , τp ) + D m (τq , τp )} X m (τp )

ξ (τq ) m
U ( τq ) , m = 0, ±1, ±2, ... . (16)
2π
Thus, the problem has been reduced to integral equation (16), where the kernel
singularity is incorporated into the canonical function gm (τq , τp ), and the remainder
D m ( τq , τp ) is a smooth function. The transformation of initial problem (10) to
canonical equation (16) has been realized by the scaling ξ (τq ) ξ (τp ) Gm (τq , τp ) of
the kernel Gm (τq , τp ). This scaling suggested in [24] provides the smoothest function
D m ( τq , τp ) among all possibilities of the kind
=

D̃ m ( τq , τp ) = f1 (τq ) f2 (τp ) Gm (τq , τp ) − gm (τq , τp ) for any functions f1 (τq )
and f2 (τp ).
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4. The System of Dual Series Equations

For the discretization of equation (16), we will utilize the well-known presentation [17] of gm (τq , τp ) and represent the remainder D m (τq , τp ) through its FourierLegendre expansion
gm (τq , τp ) = −

∞
1
1 X
P̂ |m| (cos τq ) P̂n|m| (cos τp ),
4π
n + 1/2 n

(17)

n=|m|

∞
∞
1 X X m |m|
|m|
D ( τq , τp ) = −
D k l P̂k (cos τq ) P̂l (cos τp ).
4π
m

(18)

k=|m| l=|m|

q
 (n−m) ! m
m
Here P̂nm (x) =
n + 21 (n+m)
! Pn (x), where Pn (x) is the associated Legendre
function of the first kind. The Fourier-Legendre coefficients D m
k l are calculated
according to their standard definition
Dkml

= −4π

Zπ Zπ
0

|m|

dτq dτp sin τq sin τp P̂k

|m|

(cos τq ) P̂l

(cos τp ) D m (τq , τp ) ,

(19)

0

m
m
m
where D −m
k l = D k l , and D k l = D l k . A rather cumbersome analytical investigation
shows that the smoothness of the introduced remainder gives a rapid decay of its
Fourier-Legendre coefficients Dkml so that
∞
∞
X
X

k=|m| l=|m|

(ςk ςl ) 2 |Dkml |2 < ∞

(20)

where ςk = (k + 1/2) is the weight coefficient.
The unknown function X m (τ ) and the right-hand side of equation (16) are also
expanded into the Fourier-Legendre series
m

X (τ ) =

∞
X

|m|
xm
n P̂n (cos τ ),

(21)

n=|m|

ξ (τ ) U m ( τ ) = −
um
n = −2
xm
n

Zπ

∞
1 X m |m|
un P̂n (cos τ ),
2
n=|m|

(22)

dτ sin τ P̂n|m| (cos τ )ξ (τ ) U m (τ ) ,

0

where the unknowns
are, in fact, the Fourier coefficients of the scaled single-layer
distribution. Using condition (7), one finds that the sequence of the coefficients
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∞
{ xm
n } n=|m| belongs to the set of square-summable coefficients in the l2 space with
∞
P
2
ςn |xm
weight ςn , i.e.
n | < ∞. Thus, the subsequent interchange of the order of
n=|m|

integration and summation is justified.
The substitution of equations (17), (18), (21) and (22) into equation (16) and
the subsequent term-by-term integration with respect to τp over [0, π] in view of the
orthogonality of P̂nm (cos τp ) yield the system of dual series equations



∞
∞
∞ 


X
X
X


|m|
m m
|m|
−1

um
D
x
P̂
(cos
τ
)
=
+
ς

n P̂n (cos τ ) , τ ∈ [0, τ0 ]
nl l

 n
n
l=|m|

n=|m|

∞
X


|m|


xm
n P̂n (cos τ ) = 0, τ ∈ [τ0 , π] .



n=|m|

n=|m|

(23)

Obtained system (23) is the operator equation of the first kind.

5. Equation of the Second Kind
Now our task is to reduce system (23) to the equivalent functional equation of the
second kind. It can be done by means of the direct generalization of the procedures
given in [17, 22], where DSE (23) are considered for the special case: Dnml = 0 when
n 6= l. The general case investigation can be found in [15], where equations of (23)
kind are reduced
the equation of the second kind in the space l2 assuming that
√ to m
the matrix
ςn ςl Dn l ∞
n,l=|m| forms a compact operator in the space l2 . The last
restriction is much weaker than that given by equation (20).
The usage of the above mentioned procedures reduces DSE (23)n to the following
o
infinite system of linear algebraic equations for the unknowns xm =

[I + Qm Dm ] xm = Qm um
o
n
1/2 1/2 m ∞
where I is the identity matrix, Dm = ςs ςn Dsn

−1/2 m ∞
:
xs
s=|m|

ςs

(24)
is the matrix of the

s, n=|m|
remainder Dm and

rescaled Fourier- Legendre coefficients of the
o
n
(|m|−1/2, |m|+1/2)
(τ0 )
Qm (τ0 ) = Qs−|m| , n−|m|

∞
s,n=|m|
(α, β)

is the matrix of incomplete scalar product of the Jacobi polynomials (P̂s
(α, β)
Qs,
n (z0 )

=

Z1

z0

dz (1 − z)α (1 + z)β P̂s(α, β) (z) P̂n(α, β) (z) ,

):

(α, β)
Qs,
n (−1) = δs n ,

International Electronic Journal of Pure and Applied Mathematics – IEJPAM, Volume 3, No. 4 (2011)

298

S.B. Panin, P.D. Smith, E.D. Vinogradova, Y.A. Tuchkin, S.S. Vinogradov

here δs n is the Kronecker delta, z =
o z0 = cos τ0 . The right-hand side
n cos τ and
1/2 m ∞
m
. An efficient approach to the
of equation (24) is given by u = ςs us
s=|m|

(α, β)
Qs, n (z0 )

calculation is available from [17]. In the axially symmetrical excitation
case (m = 0),


1 sin (s − n) τ0 sin (s + n + 1) τ0
(−1/2, 1/2)
+
Qs, n
(cos τ0 ) =
π
s−n
s+n+1

By virtue of equation (20), Dm is a compact operator. Moreover, it can be shown
that Dm is an even operator of the trace class. On the other hand, operator Qm
is known [15, 17] to be an orthogonal projector in the l2 space, and, in particular,
kQm k = 1. Consequently, Qm Dm is a compact operator, therefore equation (24) is
of the second kind. Now the problem can be effectively numerically solved with any
desired accuracy depending only on the truncation number. For the closed screen
τ0 = π, we have Qm (π) = I, and equation (24) takes the form [I + Dm ] xm = um .
6. Single-Layer Distribution
The series expansion of the scaled single-layer distribution X (τ, ϕ) on S0
X (τ, ϕ) =

∞
X

m=−∞

exp (imϕ)

∞
X

|m|
xm
(cos τ )
s P̂s

(25)

s=|m|

must exhibit the |τ − τ0 |−1/2 singularity as τ → (τ0 − 0) and vanish for τ ∈ (τ0 , π].
This distribution presentation through the direct summation involves an enormous

number of terms in equation (25) as the series convergence is as slow as O s−1/2 ,
s → ∞, and, strictly speaking, the summation process is numerically unstable [15].
Figure 2(a) illustrates the situation by the example of an open prolate spheroid with
a and b axes.
The series convergence can be effectively improved by the analytical extraction
and summation of the leading singular terms. The convergence can be accelerated
in several ways [15]. Herein we exploit the idea suggested by Shcherbak [28] in a
somewhat similar situation. In what follows, we will consider the case m = 0 of
the axial symmetrical excitation by the plane wave U0± (z) = u0 exp (±ik z). The
signs “±” correspond to the propagation in the positive or negative z−direction,
respectively, and u0 is the complex amplitude.

At first, we rearrange equation (24) to become x0 = Q0 (τ0 ) u0 − D0 x0 , i.e.
we express the coefficients x0s via themselves:
#
"
∞
∞ 
X
X
sin
ς
τ
cos
ς
τ
ς
2
s
0
n
0
n
ςn1/2 u0n −
ςn1/2 Dn0 l x0l , (26)
+ Qs,n (τ0 )
ςs−1/2 x0s =
π
ςs
ςs
n=0

l=0
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1
π

n

sin(s−n) τ0
s−n

−

sin(s+n+1)τ0
s+n+1

o
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.

Substitute equation (26) into equation (25) and interchange the summation order. This yields the X 0 (τ ) expression involving the well-known [29] discontinuous
series

∞
X
sin ςs τ0 0
(2 (cos τ − cos τ0 )) −1/2 ,
P̂s (cos τ ) =
√
0,
τ > τ0 .
ςs

τ < τ0

s=0

This series has the same singularity order as the distribution singularity. That
makes possible the singularity extraction. Then the single-layer distribution can be
represented

j (τ, τ0 ) = −

s

1/2

sin τ 1
ρ (τ ) ℓ (τ )
( √
)
∞
∞
X
2 H (τ0 − τ ) X
√
×
ςn χn Sn (τ, τ0 ) , (27)
χn cos ςn τ0 +
π cos τ − cos τ0 n=0
n=0

where χn = ςn u 0n −

∞
P

l=0

1/2

ςn Dn0 l x0l ,

Sn (τ, τ0 ) =

∞
P

s=0

−1/2

ςs

Q s, n (τ0 ) P̂s0 (cos τ ), and

H (τ0 − τ ) is the Heaviside function. In Figure 2(b), j s (τ ) denotes the first term
in equation (27) and describes the distribution singularity at the screen edge. The
second term, denoted by j c (τ ), is a smooth function. Clearly, the sum j = j s + j c
approximates the single-layer distribution much better than the direct summation
does.
A swift decay of the matrix elements Dn0 l as n, l → ∞ makes the χn calculation
process well convergent. However, a direct Sn (τ, τ0 ) calculation leads to the triple
series in equation (27), then the numerical procedure fails in efficiency and accuracy.
Using the ideas from [18], the Sn (τ, τ0 ) calculation is converted to the following
recurrence formula:
2 cos (n − 1/2) τ0 p
2 (cos τ − cos τ0 )
π
n
n−1
2n − 1
Sn−1 (τ, τ0 ) cos τ −
Sn−2 (τ, τ0 ) cos τ,
+
n
n


0 /2)
that is initialized by the single value S0 (τ, τ0 ) = 1 − π2 arcsin cos(τ
cos(τ /2) .
Sn (τ, τ0 ) =

Now the calculation of single-layer
 distribution from equation (27) enjoys the
series convergence as fast as O n−5/2 , n → ∞.
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(a)

(b)

Figure 2: The module of the single-layer distribution j versus τ̃ = τ /π for an
open prolate spheroid: (a) - the direct summation for different truncation
numbers N and (b) - the summation with series convergence improved;
a = 1, b/a = 0.3, τ0 = 0.9π, k = 3/a, U0+ = exp (ik z)
7. Numerical Results
The approach has been validated by comparison with the results [1, 18] obtained
for some canonical structures. Its accuracy and capability are demonstrated by
the examples of a prolate spheroid and non-canonical geometry screens obtained by
revolving the “Cassini Oval” and ”Pascal Limaçon” curves, see Figure 3. In polar
coordinates, their generating curves have the following radii:
where a, b and c are given positive constants. Here the polar angle τ ∈
[0, π] plays part of the parameterization parameter and ρ (τ ) = r (τ ) sin τ , z (τ ) =
r (τ ) cos τ .
We set a = 1, τ0 = 0.83π (≈ 150◦ ) and U0+ (z) = exp (ik z), which corresponds
to the excitation wave arrival from the aperture side.
In the axially symmetric excitation case, the scattering pattern is expressed in
the form:
1
F (θ) = −
2

Zτ0
0

dτ

p

ρ (τ ) sin τ J0 (kρ (τ ) sin θ) e−ik z(τ ) cos θ

∞
X

x0n P̂n (cos τ ),

n=0

where θ is the zonal angle of observation and J0 is the Bessel function of the first
kind. The backscattering is defined by the normalized monostatic sonar cross-section
σ̃ = σ/Ω, where σ = 4π |F |2 and Ω are, respectively, the bi-static cross-section and
the scatterer geometrical area in the direction opposite to the wave incidence.
The convergence of the solution of equation (24) versus the truncation number
N can be characterized by the error E (N ) estimated in maximum norm sense and
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q
2
r (τ )|Ellipse = 1−e2bcos2 τ ,
q
2
e = 1 − ab 2 , a > b;
r (τ )|Limaçon = c+b cos(τ −π),
c > b, b + c = 1;
rr
(τ )|Oval =
q 
a 4
− sin2 2τ ,
b cos 2τ +
b
a > b,

Figure 3: SOR cross-sections: ellipse (a), “Pascal Limaçon ” (b) and
“Cassini Oval” (c)
the relative error M (N ) in the space l2 :
E (N ) = log10

−xN
max |xN+1
n
n|

n≤N

max |xN
n|

n≤N

!

,

M (N ) = log10



N N
k { xN+1
}N
n
n=0 −{ xn } n=0 k
N
N
k { xn } n=0 k



,


+1
N
where the vector xN
n
n=0 of size n = 0, 1, .., N corresponds to the solution
of system (24) truncated to N + 1 equations and k k denotes the Euclidean norm.
Actually, M (N ) measures the error of the distribution j(p) in metric of the Sobolev’s
space H −1/2 (S), that exactly corresponds to the demands in [11, 30].
The boundary condition fulfillment is verified by the discrepancy
χ (τ ) = |U (τ ) + U0 (τ )|/|U0 (τ )|,
where U and U0 are the velocity potentials on the screen S 0 .
For an open prolate spheroid, Figure 4(a) plots the normalized monostatic sonar
cross section σ̃ versus the normalized wave number k̃ = k a. The dependence is
clearly resonant when k̃ ≈ π a/b, which generally corresponds to the first highquality resonance across the spheroid. It has a simple geometrical interpretation. In
the low-frequency domain k̃ < 1, the backscattering is similar to that of the closed
screen. As the aperture decreases, the Q-factor of the observed resonances grows.
The behavior of the monostatic sonar cross section of the non-canonical screens is
displayed in Figures 6(a) and 8(a). For them, the backscattering reflection peaks
are not so sharp, their appearance hardly interpreted in simple geometrical terms.
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(a)

(b)

Figure 4. The monostatic cross-section σ̃ versus k̃ = k a for an open prolate
spheroid (a). The module of the single-layer distribution j versus τ̃ = τ /π (b).
The module of single-layer distribution j along the generating curve of an open
spheroid is shown in Figure 4(b) as a function of the normalized parameter τ̃ = τ /π
for different reflection regimes. At the non-resonant band, the distribution is not
high and has no pronounced variations, but the one associated with the narrowing on
the top and the one associated with the singularity at the sharp edge (τ̃ → τ0 /π). At
the frequencies of the backscattering reflection peaks, the distribution is substantial,
with pronounced variations along the generating curve.
On the narrowing (τ̃ << 1) of the “Pascal Limaçon” SOR, the variation of the
single-layer distribution has a larger magnitude (see Figure 6(b)) since this narrowing
is much sharper (yet smooth) than it is on the top of the prolate spheroid. For the
“Cassini Oval” SOR, the distribution has one variation for each resonant cavity, as
shown in Figure 8(b).

(a)

(b)

Figure 5. The monostatic cross-section σ̃ and the condition number ν versus k̃ for
an open prolate spheroid (a). The error functions E, M , and ν versus the
truncation number N (b).
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The condition number ν as a function ofthe
 wave number k̃ is shown in Figure 5(a) along with the dependence σ̃ = σ̃ k̃ for an elongated spheroid. The
behaviour of the condition number is remarkable. However low-valued, it has local
maxima in the close vicinities of backscattering peaks. These maxima grow large
and narrow as the aperture decreases. For a closed spheroid, they tend to infinity. The non-canonical screens demonstrate a similar behaviour of the condition
number ν versus k̃. In support, see Figure 7(a) for the ”Pascal Limaçon” SOR.
This behaviour corresponds to the unboundedness of the norm operator generated
by the matrix (I + Dm (k)) −1 . It was shown in [31] that the operator-function
[I + Qm (τ0 )Dm (k)] −1 looses its analyticity at the point τ0 = π, k = kr , where kr is
the resonant wave number of the inner domain bounded by the surface S. In this
situation, for the outer excitation, the limiting value of the inner resonance magnitude varies from zero to infinity, depending on the way along which τ0 → π and
k → kr in the plane (τ0 , k). This behaviour is a payment for the model of ideally
soft screen with very small aperture. Such a model becomes physically inadequate.
The introduction of energy losses in the resonator walls or inside the resonator volume immediately returns the model to the physical reality: the limiting inner field
vanishes as τ0 → π, no matter how close (or even equal) is k to kr .

(a)

(b)

Figure 6. The monostatic cross-section σ̃ versus k̃for the open ”Pascal Limaçon”
SOR (a). The module of the single-layer distribution j versus τ̃ (b).
In terms of E (N ) and M (N ) errors, the convergence rate of the solution of
truncated system (24) is illustrated in Figures 5(b), 7(b) and 9(a) for all the screens.
The error functions decay quite rapidly, getting negligible near N = 90 even for the
complex screen shapes. This run of the error functions shows that the calculation
process is fast converging, and a high accuracy of the solution is achievable at modest
truncation numbers.
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(a)

(b)

Figure 7. The condition number ν versus k̃for the open ”Pascal Limaçon” SOR
(a). The errors E, M , and ν versus N (b).
The condition number depending on the truncation number rapidly stabilizes for
all the screens considered, see Figures
 5(b), 7(b) and 9(a). It should be mentioned
that the plots of condition number ν N, k̃ in Figures 5(b) and 7(b) were obtained
for the k̃ values giving the condition number maxima, see Figures 5(a), 7(a). Even
at these maxima, the ν value is stabilized at a reasonable N .
It is worth noting that the stabilization level of the condition number and its
local maxima are rather small for all the frequencies considered. This is so even
for the complicated screen shapes. This behaviour of the condition number is a
principal advantage of obtained system (24) of the second kind. Right on this basis,
the method provides a robust solution with a desired accuracy at any frequencies
including the resonant domain.

(a)

(b)

Figure 8. The monostatic cross-section σ̃ versus k̃ for the open “Cassini Oval”
SOR (a). The module of the single-layer distribution j versus τ̃ (b).
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(b)

Figure 9. The errors E, M and the condition number ν versus N for the “Cassini
Oval” SOR (a). The discrepancy χ versus τ̃ (b).
From Figure 9(b), the discrepancy χ (τ̃ ) along the generating curve for all the
considered screens is of order 10−3 . The discrepancy has maxima max χ < 10−2
in the edge vicinity and at the geometrical narrowing τ̃ = 0 of the prolate spheroid
and the “Pascal Limaçon” SOR. The discrepancy maxima on the “Cassini Oval”
branch fall in the regions of single-layer distribution variations, see Figure 8(b).
These regions correspond to the internal cavity domains, where the excited resonant
field is localized.

8. Conclusions
Based on the analytical regularization, a mathematically rigorous and numerically
efficient approach to the Dirichlet diffraction problem for an arbitrarily shaped open
screen of revolution has been developed. The initial boundary value problem has
been reduced to the infinite set of decoupled infinite systems of algebraic equations
of the second kind. Each of these systems truncated to a finite one has a uniformly
bounded condition number. Therefore, the solution of each system is stable and
can be obtained with any prescribed accuracy. This is the main advantage of our
approach over the well-known direct and asymptotical methods.
The approach was tested on canonical screens and against various benchmarks.
The investigations of non-canonical open SOR structures prove its excellent stability
and high computational efficiency. The numerical examinations of the solution convergence versus truncation number, the condition number behaviour as a function
of the truncation number and frequency, and the discrepancy estimation confirm the
method advantages. Thus, for all considered frequencies and rather complex screen
shapes, the condition number is stabilized at a low level even for a small truncation
number.
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The ideas and procedures of the suggested approach are promising for a wide
class of potential and vector diffraction problems.
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