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Abstract: I examine the nonlinear ordinary differential equation corresponding to
radial solutions of the Dirichlet problem V - (|z|* |Vul[P™2 Vu) + |z|° [u|T" u = 0,
ulgpn =0for g > 1,1 <p<2,a,8>0, where B" = {x € R": || < 1}.

I establish the existence and non-uniqueness of infinitely many radially symmet-
ric solutions, controlled by a Sobolev critical exponent, to the generalized form of the
Lane-Emden equation (GLE). I prove the non-existence of solutions for ¢ + 1 > p*,

=2 Talso prove that the class of all nontrivial solutions are bounded below
forp<qg+1<p’,1<p<2g>1a 8 >0 by aconstant dependent on p,n, «, 3.

Key Words: p-laplacian, shooting method, critical Sobolev exponents, weighted
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1. Introduction

In this paper, I examine radial solutions to the nonlinear ordinary differential equa-
tion
P ey, P2 ), 4 P ) = 0, (1.1)
with boundary conditions
u(1) = up(0) = 0, (1.2)

forl<p<2<nandp<qg+1<yp*= i(_f:_ﬁ 1)7’ corresponding to the Dirichlet
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problem
V- (|2 Va2 V) + [2] [u] " u =0, (1.3)

u|8B” = 07

on the unit ball B" = {z € R" : || < 1}.

I use a shooting argument to prove the existence and nonuniqueness of radial so-
lutions to (1.3) in WhP(B™, |z|*)NLIT(B", |2]7), where for ¢+1 < p*, p* = Z(f—:fz))’
the following inequality HUHL‘Hl(B”,MB) < C|[Vull po(pn 2oy holds and the embed-
ding Wh?(B", |z|%) < Li+1(B™,|z|®) is compact, [1]. This was established for the
case p=2, a,, 3 = 0 in [2], [3] and the case p # 2,a,3 = 0 in [4]. I prove the non-
existence of radial and general solutions on a star shaped domain using Pohozaev’s
identity for ¢ + 1 > p*. I also prove that the class of all nontrivial solutions are
bounded below for p < g+ 1 < p* = #ﬁ?}, 1<p<2,g>1,a,8 >0 by a constant
dependent on p,n, «, B.

Equation (1.3) serves as a generalization to the Lane-Emden equation which has
attracted great interest in the literature and has undergone extensive research due
to its frequent use in mathematics and astrophysics. The Lane-Emden equation was
first introduced by Homer Lane in his attempt to compute both the temperature
and the mass density in portions of the sun, [5]. In spite of the fact that the results
he obtained were incorrect near the surface of the sun, the values for both quantities
were reasonable at the interior, [6]. As a result the Lane-Emden equation is still in
use today to compute the structure of the interior of polytropic stars.

Chandrasekhar subsequently introduced the Lane-Emden equation to astro-
physics, for star equilibrium problems with n = 3, in 1937, [7]. Later, mathe-
maticians including Nirenberg, Ni and Serrin, [8], [9], studied detailed properties of
the Lane-FEmden equation in R", for general n. The Lane-Emden Dirichlet problem
on a unit ball with the condition © = 0 on 0IB™ for u > 0, has also been studied
extensively by Serrin, [10]. He was able to prove that the Sobolev critical exponent
Z—J_rg “sets up a dividing number” for the existence and nonexistence of positive so-
lutions. He showed that only for ¢ < Z—J_rg there exist radial positive solutions, while
for ¢ > Z—J_rg, the Lane-Emden equation has neither radial nor non radial solutions on
a ball of radius r > 0, [10]. Extensive research on the Lane-Emden equation followed
after that by a number of researchers, [11], [12], [13], [14]. In 1973, Henon proposed
a more general form of the Lane-Emden equation, involving the weight function |x|l,

to study rotating stellar systems, [13], referred to as the Emden-Fowler equation
Au+|z['u? =0, in Q, (1.4)
u>01in Q and v = 0 on 02,

where €2 is a bounded smooth domain in R™. It was shown that the Sobolev exponent
in this case was changed to q = %Em and classical radial solutions on a ball exist
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for ¢ < %ngl, [13]. Several other generalizations of the Lane-Emden equation

followed to cover more applications arising in geometry and physics, astrophysics
and engineering, [14], [15], [16], [17], [18], [19].

The generalized Lane-Emden equation appears as an application in fluid me-
chanics as a physical phenomena related to equilibrium of anisotropic media which
possible are perfect insulators. For instance, if T is the sheer stress and Vpu is the ve-
locity gradient then these quantities obey a relation of the form T'(z) = a(x)Vyu(z)
where Vyu = |Vulf ~2Vu is the p-laplacian operator, p > 1 is an arbitrary number.
The case p = 2 (respectively p < 2, p > 2) corresponds to a Newtonian (respectively
pseudo plastic, dilatant) fluid. The resulting equations of motion then involve the
nonlinear, inhomogeneous expression V - (aVu), which reduces to aV - (Vu) for a
being a constant, [18], [20], [21].

In this paper I generalize the model proposed by Henon in (1.4) by considering
the p-laplacian operator on the function v and introducing the two weight functions
|2|* and |2|® where o, 8 > 0. Analyzing the generalized form of the Lane-Emden
equation and its solutions develops a better understanding of how results involving
non-weighted Sobolev spaces can be extended to the weighted context and for the
application to new classes of physical models.

I start by providing terminology for the weighted Sobolev spaces involved fol-
lowed by preliminary results in Section 2. In Section 3, I prove the non-existence
of solutions, radial and general, for ¢ + 1 > p* using Pohozaev’s identity on a star
shaped domain. A Proof of the existence and non-uniqueness of an infinite number
of solutions for the GLE equation using a shooting argument is provided in Section 4.
In Section 5, I prove that the class of all nontrivial solutions to the GLE, radial and
general, are bounded below uniformly by a constant dependent on the parameters
p,n,a and [.

2. Terminology and Preliminary Results

I define p*, the critical exponent for the Lane-Emden equation (p* = -2, [10],

where p* = Z(f—:f; for the generalized Lane-Emden equation.

Theorem 2.1. Weighted Sobolev Embedding Theorem.

Letoz,ﬁzo,1<p§2andp<q+1§p*,p*:§(_f:_ﬁl)). Then

lull pari (g jagey < CNVUl Lo o)

and the embedding W'P(B", |z|*) — L4Y(B" |z|’) is continuous. If the upper
bound for q + 1 is strict then the embedding is compact.

This theorem is a consequence of theorem 2.3 of [1].
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Next, I define the weighted ¢ 4+ 1 norm to be

1 _1
s oty = el o) )

for 1 < g+ 1 < oo and the weighted p norm as

1
IVl ey = ([ Jal” [Vu(a)? do)?

for 1 <p < 0.
Finally, I define the following function spaces.

Definition 2.1

loc

a 1
IVl gy = S 21 (ul? + [Vl )dar) 7 < o0}

Lo whe(B, j2*) = {ue WiP(B") ;

9. LI (B", |z%) = {u e Witi(Bn)

loc

1 1
”u”Lqul(Bn,Mﬁ) = an |x‘6\u|q+ dr)ati < oo}

The generalized Lane-Emden equation (1.3) may be considered as the Euler-
Lagrange equation for the functional

F(u) = /(1 2| [Vuff — —— |2]” [u] ") da.. (2.1)
QP q

Upon taking the first variation of the functional F(u) in (2.1) we have
SF(u) = 5/(1 12 [VulP — —— 2] [u] ™) da. (2.2)
Qp q+1

where 6F(u) = LF(u + ew)|emo,YVw € C§(Q) and ew = Jdu. Since §|Vul’ =
p|VulP 2 Vu - Véu and 6 [u|"™ = (¢ + 1) |u|?" udu, we have

SF(u) = / (2| VP2 V- Vou — |2 [ul'" udu)de, (2.3)
Q

then
SF(u) = — / V- (|2 [VulP 2 Va) + 2] [ul?~" u]sudz. (2.4)
Q

I consider radial solutions regular at the origin satisfying

< F'(u),u >=0, (2.5)
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that is
/ w(V - (2] |VuP~2 V) 4 |2|? [u|T! w)dz = 0. (2.6)
Q
This simplifies in to
[T ol (9P~ + ol e =0 (27)
Q
hence
/ 2| [Vul? do = / &) ) da. (2.8)
n Bn

In this paper I examine solutions for which the terms in this relation are finite.
Next, the following analysis leads to introducing two lemmas. Consider expand-
ing the radial form of the generalized Lane-Emden equation (1.1), we then have

(p— 1)r® Jup P2y + (0 + 1 — D)ro ™ P 2wy 4+ 78 Ju)T u = 0. (2.9)

Multiplying (2.9) by u, gives

(p — D)r® Jup P2 wpptty + (0 +n — 1) g [P+ 72 [u] 7w, = 0. (2.10)
Since
_ d p—1 -1, 4
(p = 0 ™ gy = o [ =0 ] = o =), (200)
and 41 5
P Ty, = —[—— P || T — 1T (2.12)
drq+1 q+1
equation (2.10) becomes
d p—1 e —
gl el g ) = (= e

- Hilrﬁ—l |7, (2.13)

Integrating both sides of equation (2.13) with respect to r from 0 to r we obtain

"d p—1 1
/ —[p—Sa lus|P + ——§F ]u\qH]ds
o ds  p qg+1
B B—11, 1g+1

—s5 U ds (2.14
L s (214)

LeY
— /0 [—(; +n— 1)30‘_1 lus|? +

and letting F(r) = ijlro‘ lu, [P + q_+17"ﬁ lu|7", we then have
g

"«
E(r =/ —(=+n—1)s* " u P + ——=s"1 u]7"ds + E(0). 2.15
(r) 0[(p )7 s A s T (0) (2.15)
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I examine bounded solutions such that «(0) and w,(0) are both finite, with o, 3 > 0,
1 <p<2q>1. In particular, let u(0) = o,|o] < 00,u,(0) = 0,u(l) = 0,
ur(1) = =§,—6 € (—00,00), consequently F(0) = 0 for o, > 0. For o, = 0,

1
E(r) = ijl lur|? + q% |u|qul and E(0) = %. For reference on the case a, 3 = 0
see [4].
Therefore
B0 = [ -0+ Lo s (210
’ 0 P ° g+1 . .

Consider (2.13) again, integrating both sides from € to 1 with respect to r we have

p

-1
L P |2 — gl

q+1

1
:/ [—(% +n—1)r* Hu, P+ —qf 1rﬁ—1 u| T dr. (2.17)

Letting € — 0 in (2.17), for 1 < p < 2,¢ > 1,u(0) = |o| < 00, u,(0) = 0,u(1) = 0,
ur(1) = —0,—d € (—00,00), the integrand fol —(§+n-— Dro=tju,|” dr is finite for

a > 0 and the integrand fol q%rﬁ_l lu|7" dr is finite for § > 0.
Let Ey(r,0) =rPE(r,0) = %ra_ﬁ ]ur\p—kqﬁ lu|?t", now I prove that Ey(r, o)
is a monotone decreasing function for a fixed value of o.

Lemma 2.1. %El(r,a) <0fora,f>0,1<p<2 ¢g>1,u(0)=|o| < oo,
u-(0) =0, r > 0.

Proof. Consider multiplying (2.9) by r~Pu,, we then have
(p — D)r* P Ju P2 gt + (a0 + 1 — Dro 7 g P + |ul7 wu, = 0. (2.18)

After simplification and collecting like terms equation (2.18) gives

dp—1 5 g+1 o= s
- + =—(n+8—-1+ a=B=Lyy, P, (2.19

Observethatn—l—i—%—kw>0f0ra,ﬁ20and1<p§2, hence

% <0 for r>0. (2.20)

Integrating (2.20) from 0 to r gives

Ey(r) < E1(0) for r>0. (2.21)
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Observe that the function, Ej(r), is bounded provided that o, > 0, 1 < p < 2,
qg > 1, u,(0) = 0 and u(0) = |o]| are finite, which in return implies that u(r) and
ur(r) are bounded. We therefore have

Ei(r) < o2t (2.22)

T qg+1

Integrating (2.20) with respect to r from r = 0 to r = 1 gives the following estimate
for u,(1) = =9

Ei(1) < Eq1(0), (2.23)
hence »
P o q+1 ] ]
e e 220

Lemma 2.2. Let u(r) satisfy (1.1), u(0) = o, u,(0) = 0,a,5 >0, 1 < p < 2,

Pt = ﬁ(f:_ﬁ;, then
1 n " n+65—1 q+1 1 n+a—1 p—2
- +ﬁ7‘ E(r,o) = A ; s Jul""" ds — —r | [P upu, (2.25)
for r € [0,1] and \ = q%—#.
Proof. Consider
(r"E), =" (rE, + nk) (2.26)
where
E, = —(g +n—1)ro b u, [P + —ﬂ rP=1 |u|qul (2.27)
p q+1
and
«
E,=—(—+n—1)7r"u|P + —=—rFul?T. 2.28
rE, (p+n ) |y +q+17‘ |l (2.28)
Hence
-1
rE, +nk = [—(g +n—1)+ np—1) )]ro‘ lup |P + it 57‘6 |t (2.29)
p q+1
which simplifies in to
rE, +nkE = —(w)ro‘ Juy [P + wrﬁ |u|th (2.30)
qg+1
Then
("B = (PP patnt i PO et (2.31)

p q+1
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Now consider equation (2.9), upon multiplying by "~ we have

(p—D)r T P 2wy + (0 — D)ot 2y, P2, = —rP Ty (2.32)
note also that

(" P ), = (p—=1)r" MO e P2 A (na—1)r" 02 [, [P ., (2.33)

hence equation (2.32) can be written as

(rta=t |ur|p_2 Uy )y = —pPtn—l |u|q_1 u. (2.34)
And so
(e | P2 ) pu = —r BT g1 (2.35)
Next
n—1+ao p—2 o a+n—1 p—2 a+n—1 p—2
(r lur P upw) = (1 [ [P up ) + (r lur P % up)uye,  (2.36)
and so
(P [P ), = (P P ) T P (2.37)
Equations (2.35) and (2.37) together give
(prite |ur\p_2 Uptl)y = —pBtn—l \u|q+1 + ey, P (2.38)
Now
(Wlﬁr”E + Z%T”Jra_l [P~ 2 wpr),
_ L B+ e P ) (2.39)
- T T T T .
n+f p*
_ _ _ 1
_ ﬁ[_nﬁ—g P ynta—1l |u,«|p + %frm-ﬁ 1 |u|q+ ]
1
F [Ty [P — Ay 1. (2.40)
p

Collecting like terms we have
(3™ E + e u P ), =

n+p8
L nta—p i1, 1 Lo =1, jg+1
S N o 2.41
o7 — S P 4 [ — (241)
since p* = Z(J::_ﬁ;, then [# - z‘&i—ﬁ’)’] = 0. Hence we have
1 1 _ 1 1 _
(n + ﬂrnE + ]?Tn_l—’—a || QUTU)T = [q +1 ]?]Tn—i_ﬁ ! ‘u|q+1 . (2.42)
Integrating both sides of equation (2.42) from 0 to r with respect to r gives
1 1 L | 1
- 67‘”E + Er"“‘_l lur P2 upu = /0 (q—i-—l — E)S"Jrﬁ_l lu(s)|"t ds.  (2.43)

Rearranging equation (2.43) gives the desired result.
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3. Non-Existence Results
Theorem 3.1. For o, > 0,1 < p < 2,q > 1,u(0) = |o] < oo,u,(0) = 0,

qg+1> prpr =12 (f:f 1)7’ no radial solutions exist for the generalized Lane-Emden
equation (1.3).

Proof. Let r =19 > 0 denote the value of r at which u(r) has its first zero such
that u(rg) = 0. Substituting this value in (2.25) gives the equation

1 1 "o
rgE(rg) = (—— — — B u(r)| 7T dr 3.1
) = (- ) [ ) 1)
If g +1=p* p* = pn—$:f;, then E(rg) = p—;1r8‘ [ur(ro)|” + —qilrg\u(ro)\“l =0

and consequently wu,(rg) = 0. Since rg > 0, then u(rg) = 0 on (rg — €,79 + €) for
some € > 0, which violates the assumption on ry being the first zero of u(r). If
g+ 1> p* then E(rg) < 0 for nontrivial solutions, which is a contradiction since
E(r) is positive for all » > 0 and 1 < p < 2, ¢ > 1,a,8 > 0. Therefore either
u(r) = 0, which implies that all possible solutions are trivial solutions, or no radial
solutions exist for ¢ +1 > p*. This leaves us with the case ¢ + 1 < p* to examine
existence of solutions.

I also establish the nonexistence of more general solutions for ¢ + 1 > p* by
applying Pohozaev’s identity to the GLE equation (1.3).

Corollary 3.1. Fora,8>0,1<p<2,qg>1,qg+1>p" p*= Z(f—ﬂ, there

exist no solutions to the generalized Lane-Emden equation over any domain which
is smooth and star-shaped with respect to the origin.

Proof. Multiplying the generalized Lane-Emden equation (1.3) by - Vu on both
sides of the equation and integrating by parts gives (see appendix)

1 _
i |z|* |VulP z - ndS + w/ |z |Vul? dx
P n

p oB"
:/ %WWH@ (3.2)
B 4

Combining the two identities (2.8) and (3.2), we obtain
1 _
L |z|* |VulP - vdS + w/ |2|? |u| T da
p Bn

p oB"
:/ %WWHM (3.3)
Bn 4
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Hence we have

1 _
P2 [ 2 VufPe-vds = —[2FATP "*51/ 2 [ de. (3.4)
P Jopn p qg+1°" /pn

It is clear that for "if = "+a AP that is for g+1 = p* —fl(f:ﬁl)),q>1 1<p<2,

n > 2, a, 3 >0, only trivial solutlons exist for (1.3). For ("+Z‘ P ”+ﬁ) >0,q>1,
1<p<2 a,0 >0, we have a contradiction since the right hand 81de of the equation
is positive and so is the left hand side for the absolute values. This implies that for
nta=p o m48 thatis for g+ 1 > 208 — p* provided that p < n+ a, no nontrivial

D q+1° n+a—p
solutions exist.

4. Existence and Nonuniqueness Result

Proving the existence of infinitely many radially symmetric solutions to the boundary
value problem

(p— D)1 |upP 2t + (@ + 1 — Dre P 2wy + [P Julf™ u =0 (4.1)

u(l) =u,(0) =0 (4.2)

is done using the shooting argument which relates (4.1), (4.2) to the initial value
problem (4.1) with initial conditions (4.3),

u(0) = o,u,(0) =0 (4.3)

The value of o is chosen in a manner that the solution to (4.1), (4.3) also satisfies
u(1) = 0. This solution exists for 1 <p <2, o, >0, p < ¢+ 1 < p* and is unique
for r € [0, 1], as will be shown next. Using the shooting argument I will be able to
show that there exists a sequence {0, }, n = 1,2,3, ... of values of o, each of which
gives rise to a corresponding solution of (4.1), (4.2). Thus the o, parametrize an
infinite sequence of solutions, {u,(r)}, n = 1,2,3, ... to the boundary value problem
(4.1), (4.2), with o, = u,(0) — o0 as n — oo. I start by proving the existence of a
unique radial solution to the corresponding initial value problem (4.1), (4.3). This
is done by defining an integral operator and proving the existence of a unique fixed
point of this operator.

Definition 4.1. Let ®,(z) = |z’ 2z , for z € R, p > 1 and denote its inverse
’ 1,1 _
by @,(z), where  + o= 1.
Consider multiplying (1.1) by »"~! and integrating with respect to r from 0 to
r we then have,
1 T
lup P2y = ———— / ST ()| uds. (4.4)
0

Tn+a—1
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Note that ®,(u,) = |u, [P ?u, and ®,11(u) = |u|? " u, hence applying @, to both
sides of equation (4.4) gives

) = @y ey [ 97 a5 (4.5)
Since )
-2
Dy ( ,,,.'I’L—‘rla 1) = ‘_rn—i-la 1 ' ( rn—i-la 1) (Tn;a11)v (4.6)
then (4.5) gives
) = = | (w5}, m

Integrating (4.7) on the interval (0,7) leads to defining the mapping 7" given by

Tu(r) = - | (e )y / ", (u(s))ds)dt. (48)

o

Next, I prove the existence of a fixed point of T'(u(r)) of (4.8), for the initial value
problem (4.1), (4.3), and show that this fixed point is continuously dependent on
the initial data uniformly on [0, 1].

Let R > 0, o be a real number and Bf(0) = {u:u e C[0,€],||u — 0| < R}

where e < 7177 %—EH pHh—g/ qpl,l, such that for 5 —a+1 > 0, u,(0) = 0.

It is clear that Bf(o) is a closed subset of C[0,€]. I show that T leaves Bf (o)
invariant and is a contraction on Bf (o) with respect to the sup-norm.
Suppose that u € Bf (o) then by (4.8)

Tu(r) - o] <

r 1 t
/ W(I)p’(/ s"HTLD L u(s)ds)dt (4.9)
0 t pT 0

Jr ot (|fufl o) 7T (4.10)

LN SR R (4.11)

(n+ Byt PFO-a
This inequality holds if and only if e < 7?‘/ W)}(gﬁ—ﬁ_f‘w pHB—af W which

follows since »+6- ;1/ = 1 T > PtA- ,a/ rande < PR ("+ﬁ)}§£ﬂ3, P g 2/ qpl,l

therefore T' leaves B$ R ) invariant.
Let u,v € Bg(0), then

IN
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Tu(r) —To(r) = for tnﬁil,f[@p/(fg s”+ﬁ_1<I>q+1(u(s))ds)—

By ([ 5 05 (112
0
and so -
[Tu(r) = To(r)| < / —ra—r (X[u](t) — x[v](¢))dt (4.13)
0 ¢t »-1
where y[u](t) = @, ([ 8" 71 @441 (u(s))ds) and x[v](t) similarly.
Let G(\;t) = [)\u + (1 — \)v](¢t) then x[u](t) — x[v](t) = G(1;t) — G(0;t).
GMJ%:%NAEMﬁA¢MﬂMMﬁ+O—AW@»%) (4.14)
Since L@, (2) = (p' — 1) 12”2 and p' = 557 then .
Ga(\it) ( JEsmB-1d, 1y (Au(s) + (1 — A)u(s))ds|” "
-/0 s Au(s) + (1 — A)o(s)| 7 (u(s) — v(s))ds. (4.15)
By the mean value theorem
x[ul(t) — x[v](t) = Ga(A\;t)  for some 0 <A< 1. (4.16)
Therefore by (4.13), (4.15), (4.16) we have )
[Tu(r) = To(r)] < 5 f7 sgbmr (5 5 g (o (1= No)ds|
-/0 SO Au(s) 4 (1 — No(s)]97F [u(s) — v(s)| ds]dt. (4.17)
Therefore
Tu Tv d ! i Rq;:prpﬁ;a U—v 4.18
[Tu(r) = To(r)| < R T lu — vl (4.18)
for r € [0,¢€]. Hence,
[Tu(r) = To(r)|l < Cllu = vl (4.19)
where
q 1 atl-p ptb-a

= R Tt <1,
pHB—a g )

i pto—af(4B)(p+B—a)P~! 5 ) 1
since € < \/ T D p+B T
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So T is a contraction on Bf (o) and has a unique fixed point in Bf (o). It can be
verified that a fixed point of (4.8) is a solution of (4.1), (4.2). Using the monotonic
property of the energy inequality, F1y,(r,a) < 0, in lemma 2.1, observe that this
solution is uniformly bounded on [0, 7] for any r and therefore can be extended to
[0, 1].

Suppose that u(r), v(r) satisfy (1.1), then

u(r) - o(r) = u(0) — v(0)
r; / ts"+ﬁ_1 u(s))ds) — @, ts”+ﬁ_1 v(s)ds
n /O M[cbp(/o By (u(s))ds) — By /0 Byro(s)ds)d. (4.20)

t r—1
And so
T 1
[u(r) —o(r)] < |u(0) —v(0)] +/ —ra Ix[u](t) — x[v](t)] dt. (4.21)
0 ¢t »-1

Hence

u(r) = v(r)] < [u(0) = v(0)]

q "ol
Ry
p_l 0 t;:ill[

X / s Au(s) + (1= Nu(s)| u(s) — o(s)| ds]dt. (4.22)
0

/Ot s"PLD L (u(s) 4 (1 — No(s))ds

Using Lemma 2.1, we may bound u(s) and v(s) uniformly on [0, 1] by a constant C
and so by (4.22) we have

u(r) —v(r)| < |u(0) — v(0)]
/t sn—i—,@—lds pTZlJ
0

< |u(0) — v(0 y+c/ —n— (e 2)[/0 S u(s) — o(s) dsldt (4.24)

T

1
+C | =l
0 ¢t »-1

. /Ot S u(s) — v(s)| ds]dt  (4.23)

< [u(0) — v(0)| + C /0 e /0 lu(s) — v(s)| dsdt (4.25)

B—«a r
< [u(0) = v(0)] + Cr"F5 / lu(t) — v(t)] dt (4.26)
0
where C is a generic constant. By Gronwall’s inequality and (4.26) we have

|u(r) = v(r)] < C'u(0) — v(0)] (4.27)
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for all r € [0,1] and the proof is complete.
Next I introduce a quantity measure which I refer to as
x(r, o) = (r* |uT|2(p_1) + 7‘2ﬁu2)1/2 (4.28)
I will use the property that
x(r,o) — 00, as |o|— oo, (4.29)

uniformly for » € [0,1]. It is clear from the definitions of (4.28) and the Energy
function E(r,o) that x(r,0) — oo if and only if E(r,0) — oo, hence one may
establish (4.29) by showing

E(r,o) — o0, as |o| — o0, (4.30)

uniformly in » > 0.
Suppose that 0 < p <1 and r = r,(0) are such that, for a finite o, then

u(rp(o)) = po,|u(r)| = |o| p,¥0 < r,<1y(0) (4.31)
u(ro(e)) =0, ri(o)=0. (4.32)

As a result, I introduce the following estimate for r,(o).

Lemma 4.1. Let r,(0) be as defined above. Then for some positive constant
C= C(pa n,a, ﬁ); rp(O') satisfies

_1 _p=1 1 __q _p=1
0|77 (1= p)Ftr=e < Cry(o) < lo| 70 p r¥o=a (1 — p)Ftra (4.33)

—1 1

— —1 D
where 0 = gi’f_;‘ and C' = (pfﬁ_a)ﬁﬂfa(niﬁ)ﬂpw,

Proof. Integrating with respect to r both sides of equation (4.7) from 0 to r,(o)
we have

7p(0) 7p(0) 1 r

/ up(r)dr = —/ ﬁq)p’(/ s”+6—1¢>q+1(u(8))ds)dr (4.34)
0 0 r p—1 0

where

rp(0)
/0 up(r)dr = u(ry(0)) —u(0) = po —o = —o(1 - p). (4.35)

Hence we have

7p(0) 1 T
o= = [ ([ ) (4360

r p-1
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Since |u(r)| > |o|p for all 0 < 7 < r,(o), then |u(0)| > |u(r)] > |u(r,(c))| and

therefore |o| p < |u(r)| < |o| for 7 € [0,7,(c)]. Hence we have

7p(0) 1 r
/0 Lo /0 1 (| p)ds)dr < o] (1 — p)
T

p—1
7p(0) 1 T
< [T ([ o ds)ar
0 r 0

p—1

where ®q11(l0| p) = |op|"™ |o| p = (|o] p)?, similarly @41 (|o]) = [o]".
Evaluating the inside integrals of equation (4.37) gives

O 1 (ol
D, A dr < |o] (1 —
| e (s ke < bl

ro(@) |o|?
S / nt+a—1 (I)P'[ 8n+6|6]dr7
0 r p—1 n+ ﬁ

which for n+ 3 > 0 gives

(o) 1 q
/ 2, (W 1 <o (1 - )
0

U
rp(0) 1 q
S / nta—1 (I)P'[ |U| r”""/@]dr‘
0 r p—1 n + ﬁ

Equation (4.39) in turn simplifies to

rp(0) 1 q
/ 7L o) st g < ol (1 - p)
0 T

n«;g;l n+ﬁ
TP(U) 1 o q 1
S/ m[ir%ﬁ]ﬁdr
0

rop—1 n+p
where
lelp)? sy _ [Ua]P)? nis 7172 (lo1p)? nigy  (olp) n+0] 57
(I)p[n%—ﬁr I= n+ 3 ] (n+ﬁr ) [n+ﬁr ]
and .
/[ ’O-’ n—i—ﬁ] _[ ’O-’ n—l—ﬁ]%l
Pin+ 1 n+ 0

Hence we have

q 70(0)  (5-a q To(0)  5_q
e yzts [ 58 0 < ol 1 — ) < g7 [
0 n 0

n+ g

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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For p > a— B,p > 1, we have

p—1 | (lo[p)? -1 (p5 )
- bre) B
(p+5—a)(n+ﬂ)p (rp(e)) >~ <ol (1 —p)
p—1 ol 1 (p+B—a)
< LT 0,0, @y
hence
1 _(=1) 1o a4 (p—1)
lo]7 e (1 —p)Brr=a) < Cry(o) < |o|" ¢ p Err=a) (1 — p) Brr=a) (4.45)

here C' = (—1)ssa (—2=1_\3tsa and § = 28—
where C' = (;5) (=) and 0 = .
1/6

It is evident now that as o — oo, |o|” /" — 0 for # > 0 or |o| /" — oo for
§ < 0. Hence r,(0) — oo or 0 as |o| — oo, for p € [0,1], depending on the sign of
0. Next, I prove that radial bounded solutions approach the origin with zero slope
for # —a+ 1 > 0, which in turn implies that § = {’1:[13:;‘ is positive for 1 < p < 2,
g>1,a,3>0.

1/6

Theorem 4.1. For §—a+1> 0,1 < p < 2,q > 1, radial solutions of (1.1)
satisfying the boundary condition in (1.2) approach the origin with zero slope such
that u,(0) = 0.

Proof. For simplicity use the convention \a!7_1 a=a" in (1.1), we then have

(r"+°‘_1uff_1)r — _pntB-1,a (4.46)

Integrating both sides of equation (4.46) from e to r with respect to r gives

prtelyp=lp) — entolyp=l(c) = —/ A Lud () dt. (4.47)

€

I am interested in bounded radial solutions in C'[0,1], in particular, bounded
at the origin with u,(0) = 0. Letting limc_oe"t* 1ul ™ (e) = 0 as € — 0, therefore

prralyp=l() = / FrEB=1 3 (1) d. (4.48)
0

Adding for t"+A=149(0)dt and applying the absolute value to both sides of equation
(4.48) gives

Tn—l—a—lugz—l(r) _|_/ t"+ﬁ_1uq(0)dt' <
0

/ ' LW (t) — wd(0))dt|,  (4.49)
0

which for n 4+ 3 > 0 and near zero gives

,r,n+a—1u£)—1(r)+ ol ,r,n—i-ﬁ

< COr" B, .
s <Cr (4.50)
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Therefore .
WP~ (r) + ni—ﬁrﬁ—aﬂ < Orf-etl, (4.51)

The condition u,(0) = 0 requires u2~*(r) to decay at least as fast as ﬁqﬁrﬁ_o‘ﬂ

and 6 —a+ 1> 0, hence
B—a+1
lur(r)] < O(r »=17). (4.52)

Using Lemmas 2.2 and 4.1, I now prove (4.30).

Corollary 4.1. Let u(r) satisfy (1.1), (4.2), (4.3) and a,3 > 0,1 < p < 2,

g+1#p,0 =12 <0, then

B(r,0) = B2 jur " + g [uf ™ — 00 as o] — o0

uniformly for r € [0, 1].
Proof. By (2.25), for all r € [0, 1]
(n+ ﬁ))\/ §OHF=L |1 ds = n;_—*ﬂrnﬂ‘_l lur [P~ upu + " E(r, o). (4.53)
0

Therefore for r € [0,1] and o > 0 then |[r"T*~!| < |r®|, we have

+ 8

(n + B))\/ §OHn=L |1 ds < HTTO‘ lu, [P u] + E(r, 0). (4.54)
0

Using the arithmetic-geometric inequality a®b® < ca +db, c+d = 1, a,b > 0, taking
a=|ul?,b=1ulf,ce=1- %, and d = % we have,

" -1 1
(n + B))\/ §AHnL ) ds < n;—*ﬂro‘[pT lu, [P + p |ul’] + E(r,o).  (4.55)
0

Multiplying by # and using the arithmetic-geometric inequality again taking a =

\‘ﬂrl,c:q_”i%1 ,bzl,dzl—q%, for « > (3, and r € [0, 1], we have

lu
T

)\/ P (YL AR P
0

1 p—1 11 P 1
< — r |u, P + P ||+ =P (1 — + E
< LB+ el - L

(r,o). (4.56)

Equation (4.56) implies that for any r € [0, 1] and arbitrary r,(0) <r

/

AP g ds < [0 B0 4 © 4.57
s s < [ ) (4.57)
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By (4.31), then for all 7 > r,(c), and n 4+ 3 > 0 we have

A (N B (o] )0t < Y e oy 4 o
n+5(p( )" (o] p) S[(nJrﬂ)p]E(,)JrC- (4.58)

Using the inequality (4.33), for all » > r,(c), we have

(B+n)(p—1) 1
T (1= p) Tt (jo] ) < (]

’U’q+1

n—+ o /
m]E(r, o)+ C). (4.59)

It is clear that for 8 < 0,¢q+ 1 > 0,8 +n > 0, the energy function of solutions
E(r,0) — oo as |o| — oo for any 7,(0) < r since p € [0,1].

The fixed point u(r,o) of T in (4.8) is a continuous function of the initial data
o and r since the conditions 1 < p <2 <n,8>0and p < g+ 1 < p* guarantee
that the functional @, ( [y s"T0~1®,41(u)ds) is locally lipschitz. This and equation
(4.7) imply that u,(r,0) is also a continuous function of o and r.

Let x = (2 |u, 2P~ 4 12042)1/2 Define O(r, o) such that

n—+ 0

rPu(r, o) = xcosO(r, o) (4.60)

and
—1|uy (1, 0) [P 2 up(r, o) = xsinO(r, o). (4.61)

Lemma 4.2. ©(r,o) is a uniformly continuous function of o for 0 < r < 1.

Proof. A natural consequence of the uniform continuity of u(r,o) and w,(r,o)
onr € [0,1].

Lemma 4.3. O(r,0) >0 for all r € [0,1] and o > 0.

Proof. Suppose that there exists an r € (0, 1] such that ©(r,0) < 0 (note that
©(0,0) = §). Since u(r,o) is continuous in r and u(0,0) = ¢ > 0 then by (4.4)
there exists € > 0 such that O(r,0) > 0 for 0 < r < e. Then for a fixed ¢ > 0,
by the continuity of O(r,o) and the Mean Value Theorem, there exists r* > ¢ > 0
satisfying O(r*,0) = 0 and thus some 6 > 0 such that

1. in (r* = 6,7%), u(r,o) > 0 and wu,(r,0) < 0.
2. in (r*,r* +0), u(r,o) > 0 and u,(r,0) > 0.

3. u(r*,o) >0, uy(r*,o) = 0.
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If u(r) > 0 for all r € (0,7*), then let 7 = 0. If u(r,o) < 0 for some r € (0,7*), then
(1) implies that u has a local maximum at some s € (0, ), where u,(s,0) =0, and
we let 7 be the largest of possible values of s. Therefore there exists an 7 in (0, r*)
such that u,(7,0) = 0 and u(r,o) > 0 in [, r*].

Using (4.4) we have

*

1

By, (17,0)) = =gy [ R (u(s)) s

1

:—7)/0 s L (u)ds

1 %
r*(n—i-a—l )/ 8"+5_1<1>q+1(u)d8. (4.62)

T x(nta—1)
T*(n—i—a ;

And so
fn—i—a—l 1

ey 2p(ur(,0)) —

B, (up (r*, ) = ) / TG (u)ds. (4.63)

,r.*(n—l—a—l ;
Since both u, (7, 0) and u,(r*,o) = 0 we have,

%

1 T
] / s L (u)ds, (4.64)

0= ———
rr(nta—1 ;

which implies u(r) = 0. Since u(r) > 0 by assumption on [7,7*], this leads to
O(r,0) > 0 by contradiction.
By differentiating ©(r, o) with respect to r and using (1.1) we obtain:

(n+4 p —1)roth-1 |u,«|p_2 wu, + 128 |u|qul + 7ot |y, P

®r(r7 J) = X2

(4.65)

Theorem 4.2. O(1,0) — o0 as 0 — 0.

Proof. Write [sg, 1] as U™ [r, 7x+1], where m is a positive integer, 0 < sg < 1,
ry < Tgtl, SO = T1,"m+1 = 1 and the set {Tk}?zl contains all the zeros of u in
[s0,1]. Since as a function of r, © is continuous in [rg,7;11] and differentiable in
(rg, Tk+1), we have,

O(1,0) = O(s0,0) = Y _(O(rps1,0) — O(ry, 7)) (4.66)
k=1
= (%iné (O(rky1 — 0,0) — O(r +6,0)) (4.67)
k=1
w3 [ Pty 729 [ 4 o P
= lim iy dr

(4.68)
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L(n+ 8= 1)ro 0 u, [P 2 w4 720 |ul 7 4 70t (P
_ / r o gy (4.69)
S0 X
1 ra—l—ﬁ w.|P + ,r.2ﬁ u q+1 _ nt+p-1 7,,20c w 2(p—1) + r2ﬁu2
s [T P e )
S0 X
1 .a+p3 ‘ ’p + 23 ’ ‘q—l-l + /8 -1 1
r U =P lu n
_ / " ar — )= - 1) (4.71)
S0 0
which can be rewritten as
_ 1 1 1 oc-i-ﬁ p 25 q+1
o(l,o)+ 0L Ly / re un] - ™ g (4.72)
2 80 S0 X

The integrand in (4.73) equals

a+0 p 203 q+1
1=" ‘“7”2’ . [ (4.73)
720 || (p—1) + 1282

by definition of x2. Since p > 2(p — 1) and |u.(r)|, |u(r)] — oo if and only if
E(r,0) — oo then, from corollary 4.1 and lemma 4.2, the integrand above approaches
infinity uniformly on [sg, 1] as ¢ — oo for ¢ > 1 and «, 3 > 0. Therefore

O(l,0) 00 as o — 0. (4.74)
By the continuity of ©(1,0) in o and by (4.75) there exists a sequence of pairs
{ok, k} such that ©(1,04) = @ as a result we have this theorem.

Remark. O(1,0) — oo as ¢ — —oo can be shown in the same manner.

%« _ p(n+B)
Theorem 4.3. Let a,0 > 0,1 <p <2ip<qg+1<p* = atn_p" Then

(1.1),(1.2) has infinitely many radially symmetric solutions lying in

WhP(B", [2[*) N LT (B", []”).

5. Bounded Solutions

In this section I prove that the class of all nontrivial solutions of (1.3), general and

radial, are bounded below for p < q+1 < p* = 2248 1 « <92 4> 10,3 >0 by

n+a—p’
a constant dependent on p,n, a, (.

Theorem 5.1. General solutions for the generalized Lane-Emden equation
(1.3) are bounded below by a constant C = C(p,n,«a,f3) for a,f > 0,1 < p < 2,
p<q+1<ph
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Proof. Consider (2.8)

S (2 [VuP)dz = [, ()" Ju* T )dz.  (2.8)

When both sides of equation (2.8) are raised to the power q% we have

o 1
( /B R L T P—— (5.1)

The weighted Sobolev inequality Hu|]Lq+1(Bn7|x‘ﬁ) < CIVull po(gn gy forp < g+1 <

p*, p* = %,a,ﬁ > 0,1 <p<2<n, where C is a constant dependent on p,n, «

and (3, is in fact the inequality

([ 1l laptdn) ([ el (FuP da)F. (52)
Br Br
Putting the equations (2.8) and (5.2) together we have,
([ Jalr19upds) < ([ ol [Vap )T (53)
mn Bn
Therefore, for v not equal to zero
([ Jar1vupyn) = < € (5.4)
and
+1
( / @l [ul"™ dz)' ) < (5.5)
BTL

The exponent simplifies to —(M). Observe that for ¢ + 1 > p the exponent is

negative and hence the class of all non trivial solutions are bounded below by a
constant.

I also prove in a similar manner the same property for radial solutions of (1.3)
fora,3>0,1<p<2;p<qg+1<p’.

Corollary 5.1. Radial solutions for the generalized Lane-Emden equation (1.3)
are bounded below for o, 3 > 0,1 < p < 2,p < q+1 < p* by a constant C(n,p, a, 3).

Proof. The weighted radial norm is defined as

1 e
”u”Lqul(Bn’Mﬁ) = (/0 rﬁ—i-n—l ‘U‘Q—l-l dT) q+1 (5_6)

where u = u(r), and

1 1
IVl ogey = (77 ) (5.7)
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The weighted Sobolev inequality (5.2) in radial form for p < ¢+ 1 < p* and C, a
constant dependent on p,n,a and (3, is in fact the inequality

1 1
([ ettt an s < o[ oot (58)

Applying the same analysis used for the proof of theorem 5.1, Observe that

the class of all nontrivial radial solutions in LI*!(B", \x\ﬁ ) is bounded below by a
constant dependent on p,n,« and f3.
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Appendix

Consider the GLE equation, [22]
V- (|2 Va2 Vu) = = |27 [ul* (A-1)
on the domain Q5 = Q\ {x € R" : |z| < 6}. Multiplying by = - Vu and integrating

both sides of the equation we have

/ V(|2 | VulP 2 V) (z - Vuyde = — [ |2 |ulf™ w(z - Vu)d. (A-2)
Qs Qs

Integrating by parts the left hand side of (A-2) gives the result of the LHS

= / 2| [VulP 2 (Vu - v)(z - Vu)dS — 2| [VulP 2 Vu - V(z - Vu)dz (A-3)
695 Q&

where v is a unit outer normal vector. Consider part I of (A-3)

/ 2| VP2 (Vu - v)( - Va)dS
09

= / 2|* |VulP (x - v)dS + / 8 |Vl (Vu - v)(z - Vu)dS.  (A-4)
Qs |z|=8
Part IT of (A-3) is simplified as follows

ya;\a\vuyp—zvu.V(x.vu)dx:/ 2| VP2 (|Vu> + (z- V) |Vul*)dz (A-5)
Qs Qs

1
- \x\a\vuypda;+/ 2 (2 - V)2 [Vul do (A-6)
Qs Qs p

1 1
- yx\a\vuyde/ yx\a(x.y)—\vuypdS—(am)/ 2 2 |VuP dz (A7)
Qs Qs p Qs p

a+n

1
=(1- )/ |z|* |Vul|P de + —/ |z|* (z - v) |VulP dS. (A-8)
Q(; p 895

Then the LHS (I-II) gives

1
(1__)/ 2| |Vul? (w-u)dS+/ 6 | VulP ™2 (Vu - v)(z - Vu)dS
P Joqs |x|=6
1
——/ 5z - v) [VulP dS — (1 —
P Jz|=s

a—+n
p

)/95 @[ [VulP de. (A-9)
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Now consider the right hand side of (A-2)

q+1
s Qs qg+1
Ju " |7t
- _/ ol 1)y —dS+ | V(o 0)—da (A-11)
092 q+ Qs q+1
u wldtt
=~ Jon, |$|ﬁ($"/)|q|+1 dS + (n+p) [o, |* |ﬁ|q‘+1
s Ju)
/x ) ds (A-12)
On |z| = 6, * = —dv, then z - v = —§ and therefore §%(z - v) = —5°*! and

6% (x - v) = —6°+1 hence equations (A-2), (A-9) and (A-12) give

1
(1__)/ 2| |Vul? (w-u)dS+/ 6 |VulP ™2 (Vu - v)(z - Vu)dS
P Joqs |x|=6

1
+—/ 5T | VulP dS — (1 — ‘””)/ |2|% [Vul? do

P Jiz|=6 Qs

b z|? (- u)|u|q+1ds+"+5 |a:|ﬁ|u|q+1dx
q+1 Qs +1
1
+ S |1t ds.  (A-13)
q+1Jjz=s

Next we need to get rid of the boundary integrals along |z| = § in (A-13). In
fact let u be a solution of (1.3), from Caffarelli-Kohn-Nirenberg inequality

(/ \x]_bq\u\qu)gngb/ 2~ | Dul? da (A-14)
R Rn

and the compact embedding theorem, we know that [, [2|* [Vu|’ dz and

xﬁuq 1d.’1§
”
Q

are finite. Therefore by the mean value theorem there exists a sequence {d,,},
dm — 0 such that integrals flr|=5 |z|* |Vul? (z - v)dS and flr|=5 z|? [u| T (2 - v)dS
go to zero as m — oo. Letting m — oo in (A-13) we obtain

—/ *Vulf (z - v)dS—i—w/ |z|* |VulP da

= Zif/ 2|7 |u|T . (A-15)
Q
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