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1. Introduction

Suppose that 1 < p < oo and {3(n)} dAenotes a sequence of nonzero complex numbers
with 5(0) = 1. For a sequence f = {f(n)}>2,, we define

AL =11£ 1 = O 1Fm)PIBm)P) .
n=0

Furthermore, we shall use the notation f(z) = > f(n)z" regardless whether the
n=0

series converges for any complex value of z. Throughout this article, by the space
HP(3) we mean

HP(B) = {f : f(z) = > f(n)2" || fllp < oo}
n=0

which is Acalled a weighted Hardy space.
Let fr.(n) = 6pk. So fr(2) = 2¥ and then {f;.} is a basis such that || fx|| = |8(k)].
The operator M, on HP(3) given by (M.f)(¢) = (f(¢) is called the wunilateral
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forward shift operator. Clearly M, shifts the basis {fx}r. The operator M, is

bounded if and only if {8(k + 1)/6(k)}r is bounded and in this case |M7| =

SL;p |6 (ﬁn(:)k )| for each positive integer n. The unilateral backward shift operator on

HP([3) is defined by Bf(z) = > 7= Of(k:—{—l)z where f = Z f(k)fiw € HP(B). The

operator B is bounded if and only if { A k +1 } is bounded and in this case we have

|B™|| = sup| EG +n)| for each positive integer N. Without loss of generality, by
k

equivalence relations we can consider that {3(n)} C R*.
Let EF be a Banach space. It is convenient and helpful to introduce the notation
< z,z* > to stand for z*(x), for x € F and z* € E.

The space HP(3) is a reflexive Banach space and the dual of HP(() is H q(ﬂg)
where %—l—% = 1 and ﬂg = {5(n)%}n (o). If f = 220:0 f(n)fn e H?(3) and
9=>0r09(n)fn € (HP(3))", then

(o]
R P
llglld =D 1§(n)|(B(n) 4 q—Z!g
n=0

and g(f) =< f,g >= Zf(n)g(n)ﬁ(n)p Here for simplicity we use ||g||, instead of

llgl] For some Works on these spaces see [2-6].

HI(81)"
We say that a vector x in a Banach space X is a cyclic vector of a bounded

operator A on X if X = span{A"x : n = 0,1,2,...}. Here span{-} is the closed
linear span of the set.

2. Main Results

In the main theorem of this paper we give some sufficient conditions for a vector f
in HP(3) to be cyclic for the multiplication operator acting on HP(f3).

From now on we suppose that {3(n)} € R and also we suppose that M, is
bounded on HP([3).

Theorem 2.1. Let 1 5+ l = 1 and M, be power bounded. Also, let f € HP(3)

and f(0) # 0. If{ﬁg(?o tn G ¢4 for some j, € N, then f is a cyclic vector of M, on
HP(5).

Proof. Without loss of generality, assume that f(0) = 1. So there exists a formal
power series g(z) = E g(m)z™ such that g(z)f(z) =1 ([8 ]). Also let s, be the
m=0
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nth partial sum of g, i.e., s,(2) = >  g(m)z". Since
{MI(sj(M.)f):n >0}y C{Mf:n>0} (j€eN),
it is sufficient to show that for some j € N:
span{ M (s;(M:)f) : n = 0} = HP(3). (%)

Note that the relation f(z)g(z) = 1 implies that f(M,)g(M,) = I where I is the
identity operator on HP(3). Recall that f;(z) = 2* for all nonnegative integer i. So
we can see that

M2 (s (M) + Y g(k)MEf(M:)fy = M2 Sy = fo.
k>j+1
Since f(M.)f, = f, we get
M?Sj(Mz)f —fn= Z g(k')Mz]'H_nf (**)
k>j+1

and so M'sj(M,)f — fn € My4jt1 where for all nonnegative integer k, My, is
the closed linear span of the set {f; : j > k} in HP(f). Define the projection

P, : HP(8) — M, by
B> h(m)z™) = h(m)z
m>0 m>i
Note that P,M"* = M P;_,,. Thus by the relation (xx) we get
1

1M s (M) f = full = )||P3+n+1(M si(Mz)f = fu)ll

b
B(n) Bn

n)HPJ—i-n—HM SJ( z)f”

1 7
By 2

IN

Gm)[IM" Piia £l

()M |y

IA
<
G

: M“'

>

B(j4+n+i+1)
B(n)B(j +i+1—m)

= HfHZ]:\

m=0

QQ>

() sup

Note that ||M]'|| = sup B(ﬁn(zr)i) and M, is power bounded, thus
i

B(n +1)
B(i)

sup{ > 1, n>1}F < oo
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Clearly, for all j we obtain that

Bn+14)B()
B(n+7)6(i)

Now for the positive integer j, in the condition of the theorem we have

a; = sup{ n>1,i>j7+1} < 0.

B(j, +n+i+1)
P BmBG, +i+ 1—m)
sup S0 £+ i+ DBG,) Bl +i+ 1B, +n)
) ﬁ(jo + n)ﬁ(]o +i+ 1) ﬁ(n)ﬁ(jo)ﬁ(]o +i+1-— m)
o BUatn) o By i)
BB, i Bl +i+1—m)

Also, since
B, +i+1)
M| . = - <
IV i | P B, +i+1—m) OO
for m =0,1,...,7,, there exists a positive number c such that
dl B, +i+1)
> [g(m)| sup 2 <e
m—0 i ﬁ(]o+z+1_m)
Thus we have 1
W”M?S%(Mz)f — full < e

where )
c B, +n)

Cn = Hf”ajo 500) 5(n)

But {%}n € ¢4, hence {c,} € ¢ and so there exists a positive integer n, > j,

1
such that o = ( Y ¢})e < 1. Now for all nonnegative integer m define
nzng,

mziMzo Mz 5 bmzin m
By M Bln, +m) ™ot

and consider any finite linear combinations
m m
1
q —=

By using the Holder inequality we get
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Define Sby,, = €y, (m > 0). Then ||(S—1)¢| < afj9||. Since 0 < a < 1, the operator
S extends to a bounded operator on M, with |[S —I|| < 1. Thus S is invertible
on M,, , so the sequence {e,,} inherits the basis property of {by} ([1, page 100]).
Consequently, since {fn,+mtm>0 is a basis for M,, , it follows immediately that
{MZs; (M)f :mn > ng} is a complete set, i.e.,

My, = span{M]'s; (M.)f :n >n,}.
Now clearly one can see that
My, -1 =span{M]'s; (M.)f :n >n, — 1}

By continuing this process, we conclude that (%) holds and this completes the proof.
O
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