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1. Introduction and Preliminaries

Let w be the set of all sequences of real or complex numbers and [, ¢ and ¢, be
respectively, the Banach spaces of bounded, convergent and null sequences x = (x)
with the usual norm ||z|| = sup |z]|.

k

An orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing and
convex function such that M(0) = 0, M(z) > 0 for x > 0 and M(x) — oo as
T — 00.

Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to define the Orlicz
sequence space as follows:

o0
lM:{xGw:ZM<@) <oo}.
k=1 P
Note that [j; is a Banach space with the norm
S
I|z|| = mf{p >0 ZM(—k> < 1}.
p

k=1

Also, it was shown in [4] that every Orlicz sequence space [j; contains a subspace
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isomorphic to [,(p > 1). The Ay—condition is equivalent to M (Lxz) < LM(z), for
all L with 0 < L < 1. An Orlicz function M can always be represented in the
following integral form

where 7 is known as the kernel of M and it satisfies the following properties
(i) n(t) >0,
(i) n(0) = 0,
(ii) n is right differentiable for ¢t > 0,
(iv) n is non-decreasing, and
(v) n(t) — o0 as t — oo.

A sequence M = (M) of Orlicz function is called a Musielak-Orlicz function
see (see [5], [6]). A sequence N' = (N}) defined by

Ni(v) = sup{Jofu — (M) 1w > 0}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space t o and its subspace
haq are defined as follows

tm = {x € w: Ip(cx) < oo, for some ¢ > O},

hat :{wa:IM(cx) < oo, for all c>0},

where I, is a convex modular defined by
Ipq(x) = ZMk(a;k), = (z1) € tpm.
k=1

We consider ¢t equipped with the Luxemburg norm
|| = inf{k >0 IM<%) < 1}
or equipped with the Orlicz norm
2]]° = inf{%(l + Iy(ka)) sk >0},

Let A = (\) be a sequence of non-zero scalars. Then for a sequence space F,
the multiplier sequence space E(A), associated with the multiplier sequence A is
defined as

E(A) = {z = (z) € w: (\gzx) € E}.
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Goes and Goes [2] defined the differentiated sequence space dE and integrated se-
quence space [ E for a given sequence space E, using the multiplier sequences (k1)
and k respectively. Kizmaz [3] defined the sequence spaces

X(A) = {x — (z3) : (Azp) € X}

for X = ly, cor ¢, where Ax = (Azy) = (zr — xk11) for all & € N. For more
details about sequence spaces see (see [7], [8], [9]).

Let A = (\;) be a non-zero sequence of scalars and M = (M) be Musielak-
Orlicz function. Then we define the following sequence spaces :

A
co(My, A, A) = {z = (zy) :liian(Lﬂ]:xH) =0 for some p >0},
(M, A, A) = {z = (zy) : llgle(M) =0 for some L
and p > 0}
and

loo(Myp, Ay A) = {x = (xg) : supMk( ) < oo for some p > 0},
k

where ANz = A\pZp — A\p112ka1, for all k € N. It is obvious that
CO(Mk7 A7 A) C C(Mk7 A7 A) - loo(Mk7 A7 A)

For the sequence spaces ¢y, ¢ and [, we denote it by Z throughout the paper. The
sequence spaces Z(Mj,) are Banach spaces normed by

) <1}

We will write A~lzy, =z, —xp_1, for all k € N. It is obvious that (AMyzy) € Z (M)
if and only if (A~ \pwg) € Z(My, A, A). For x € Z(My,, A, A™1), we define

) <1}

It can be shown that Z(Mj, A, A) is a BK-space under the norm ||z||a. Also ||x]|o-1
and the norm ||z||a and ||z|[po-1 are equivalent. Obviously A~! : Z(My, A, A) —
Z(My,), defined by A~lz = y = (A7'\pxy), is isometric isomorphism. Hence
co(My, A, A7V, ¢(My, A, A=) and Ioo(My, A, A~1) are isometrically isomorphic to
co(My), ¢(My) and lo (M) respectively.

l|z||a = |\12z1] + inf {p >0: sgpMk(

AL
|2][a-1 = inf {p >0 supMk(w
k



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 3, No. 3 (2011)

210 K. Raj, S.K. Sharma, A.K. Sharma

Now the spaces ¢o(My, A, A), é(Mg, A, A) and ioo(Mk,A, A) which is the sub-
spaces of co(My, A, A), ¢(My, A, A) and [ (M, A, A) respectively are define as fol-
lows :

A

co(Mi, A, A) = {a: = (zp) : llng(%) =0 for each d > 0},
(M, A, A) = {o = (xp) : llgle(’AMx%j_M) =0 for some L
and d > 0}
and
- A
loo (M, A, A) = {z = () : SupMk(| )\;:Ek|) < oo for each d > 0}.
k

It is obvious that é(Mpg, A, A) C &My, A, A) C loo(My, A, A).

Hence ¢o(My, A, A), ¢(Mg, A, A) and [oo(Mka A, A) are isometrically isomorphic
to éo(My), &(Mj,) and loo(My) respectively. Moreover Z(Mj, A) C Z(Mj, A, A) and
Z(My,, A) € Z(My,, A, A) which can be shown by using the following inequality :

Mk(i‘A;;xM) < %Mk(—’)\kxk’) + %Mk(*’)\kﬂxkﬂ‘).

Let F and F be two sequence spaces. Then the I’ dual of E is defined as
EFf = {2 = (v4) € w: (wpyx) € F for all (y) € E}.

For F'=1; and c¢g, the duals are termed as « (or Koéthe-Toeplitz) dual and N (or
Null) dual of E and denoted by E® and EV respectively. If X C Y, then Y* C X?
for z=a, N.

In this paper we study some relation on the above sequence spaces.

2. Main Results

Lemma 2.1. For x € lo(Mjy, A, A) implies that

|k A

supMk( ) < oo forsome p>0.
k

Proof. Let x € loo(My, A, A), then

Az — )\k—i-lxk—i-l’)
p

< oo for some p > 0.

supMk(
k
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Then there exists a S > 0 such that

Ae, — A
a2 p’““x’““‘) < S forall keN.

Taking o = kp, for an arbitrary fixed positive integer k, by the subadditivity of
modulus, the monotonicity and convexity of My

k
Mk(’)‘lxl — 2k+1xk+1\) - %ZMk(‘)\lxl — ;l+1wl+1’) <3
=1

Then the above inequality reduces to

| Net1 k1] 1 (\Alxll) kP\lxl - )\k+1xk+1\)
(k+1)p ~—k+1 kp

and the convexity of M} implies that

| Ak1Th41] 1 |A\11] IA\171 — N1k 41
(el < Ly (Rl g (o Al

|A\11]

Smax{Mk( ,S}<oo.

Hence the required result. O

Corollary 2.2. For z € ioo(Mk,A, A) implies that

]k‘l)\kxk]

p )<ooforeachd>0.

supMk(
k

Lemma 2.3. For x € lo(My, A, A) implies that

sup kA k| < oo.
k

Proof. It is obvious in view of Lemma 2.1. O

For the next theorem , let
Dy ={a=(ar): > kN ax| < oo},
k=1

Dy = {b=(bg) : Sl]ipk‘_lp\kbﬂ < oo}

Theorem 2.4. Let M = (M},) be a Musielak-Orlicz function. Then:
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(j) [C(Mk7A7 A)]a - [loo(MkyAa A)]a = Dy,
(ii) [E(My, A, A)]* = [l (Mg, A, A)]* = Dy,
(iii) DY = Ds.

Proof. (i) Let y € D;. Then Z kA Myk| < 0o. Now for any @ € o (M, A, A),
k=1
we have sup [k~ \px;| < co. Thus we have
k

[ee] [ee]
> lykae] < sup [k el Y [RAL  yr] < oo
k=1 k k=1

Hence y € [loo (Mg, A, A)]* and so
Dy C [loo(My, A, A))7. (1)
Moreover we know that

[lOO(MkvA7 A)]a - [C(Mk7A7 A)]a - [CO(Mk7A7 A)]a' (2)

Again suppose that y € [e(My, A, A)]*. Then Z lyrxr| < oo for each z € e( My, A, A).

k=1
If we take

z, =k\,', k>1, then

o0 [e.e]
Z A Ly = Z lypzr| < 0.
k=1 k=1

This implies that y € D;. Thus
[e(Mj, A, A)]* C Dy. (3)
On combining equation (1), (2) and (3), we get
[e(Mp, A, A)]* = [loo (M, A, A)]* = Dy.

This completes the proof of (i). The proof of (ii) is similar to that of part (i). We
omit the details.

Finally, we prove (iii). The proof of D{ D Dy is similar to that of D; C
oo (M, A, A,

For the converse part suppose y € D and y € Do. Then we have

Slllcp|k_1)\kyk| = 0.
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Hence we can find a strictly increasing sequence (k;) of positive integers k; such that
|k‘j_1)\kjykj| > j? forall j > 1.

We define the sequence x = () by

_1 . o .
xk:{ |ykj |, if k=k;

0, otherwise

Then x € Dy, because

> kA | = Zrk N <>
k=1 j=1 j=1

o o

Thus x € Dy but Z lypzr| = Z |lag; x| = co. This is a contradiction to y € DY.
= j=1

Hence y € Ds. [

Corollary 2.5. For Z = ¢ and Il
(1) [ (Mka )] [Z(Mka A)]oc = Hla
(ii) H{* = Hy, where

Hy = {a=(ax): Z kay| < oo} and
k=1

Hy = {b=(bg) : Sl]ip|k‘_1bk| < oo}

Proof. The proof follows by taking A\ = 1, for all k¥ € N and proceeding as in
theorem 2.4 so we omit it. O

Theorem 2.6. Let M = (M},) be a Musielak-Orlicz function. Then:

(i) [e(Mi, A, AN = [loo (M, A, A)]Y = G,

(ii) [e( My, A, AN = [loo (My, A, A)N = Gy, where G = {a = (ay) : lillgn kAt =
0}.

Proof.  Once again proof is on similar lines as the proof of Theorem 2.4 so we
omit it. [

Corollary 2.7. For Z = ¢ and .,
(i) [Z(My,, AN = [Z(My, AN = Ly, where Ly = {a = (ay,) : liinkak =0}.

~ Theorem 2.8. If My, satisfies the Ag-condition, then we have Z(Mg, A, A) =
Z (Mg, A, A), for every Z = ¢y, ¢ and l
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Proof. We prove for the case Z = [, and the other will be prove by applying
similar arguments.

To prove the theorem, it is enough to show that I (My, A, A) is a subspace of
loo (M, A, A).

Let € loo (Mg, A, 0), then for some p > 0,

supMk( ) < 00
k

Therefore,
|AN |

p

Choose an arbitrary o > 0. If p < o then Mk(m)‘gikmk') < oo for every k € N. Let
o<pandputl=2>1
Since M, satisfies the As-condition, there exists a constant K such that

ymka;k\) SK(B)logszk(’A)\kxk‘

o o

Mk( )<oo for every k € N.

Mk( ) < oo for every k € N.

Now let us denote

U:supMk( )<oo for fixed p > 0.
k

Then it follows that for every o > 0, we have
AN o
supMk(M) < K(B)1 &2 kU < 0.
k (2 (2

This completes the proof. [l
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