International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 3, No. 2 (2011)

International Electronic Journal of Pure and Applied Mathematics

Volume 3 No. 2 2011, 173-185

MULTIPLE FIXED POINT THEOREMS OF OPERATOR TYPE

Douglas R. Anderson', Richard I. Avery?, Johnny Henderson®, Xueyan Liu*

'Department of Mathematics and Computer Science
Concordia College
Moorhead, Minnesota 56562, USA
email: andersod@cord.edu
2College of Arts and Sciences
Dakota State University
Madison, South Dakota 57042, USA
email: rich.avery@dsu.edu
34Department of Mathematics
Baylor University
Waco, Texas 76798, USA
e-mails: Johnny_Henderson@baylor.edu
4e-mail: Xue_Liu@baylor.edu

3

Abstract: This paper presents multiple fixed point theorems of operator type
applying the compression-expansion fixed point theorem of operator type. An ap-
plication and example to a boundary value problem are provided to illustrate the
key arguments.

AMS Subject Classification: 47H10
Key Words: multiple fixed-point theorems, Leggett-Williams, expansion, com-
pression

1. Introduction

The Leggett-Williams triple fixed point theorem [11] and its generalization, the five
functionals fixed point theorem [2], have been the primary tools used to prove the
existence of at least three positive solutions to boundary value problems over the
past decade. There have been many different types of fixed point theorems involving
functionals and norms that have extended and further generalized these results in
recent years. See Kwong [10], Avery-Anderson-Henderson [4], and Sun-Zhang [16]
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to mention a few. Mavridis [12] published the first extension to the work of Leggett-
Williams [11] which replaced the arguments involving functionals with arguments
involving operators. Invariance arguments were key components in the paper by
Mavridis. Avery-Anderson-Henderson-Liu in [5] removed the invariance condition
in the spirit of the original work done by Leggett-Williams by working in a function
space to prove the existence of at least one fixed point for an operator.

The difficulty in replacing the arguments involving functionals in [2] and other
similar generalizations of the work of Leggett-Williams with arguments involving
operators lies in the ability to compare the output of an operator to a function
using the comparison generated by an underlying cone P. That is, for an operator
R and a specified function xg, one needs to be able to say, for any y € P, that
either Ry < zp or xg < Ry. In [12] this issue was dealt away with invariance
like conditions. However, in [5], by considering a cone P of a real Banach space
E which is a subset of F(K) (the set of real valued functions defined on a set K),
the spirit of the original work of Leggett-Williams [11] and the extensions to the
outer boundary by Avery-Anderson-Henderson [4] are maintained by avoiding any
invariance-like conditions in the arguments. This manuscript extends the existence
result of Avery-Anderson-Henderson-Liu in [5] to an existence of at least two and
at least three fixed points with a nontrivial application and example to a boundary
value problem.

2. Preliminaries

In this section we will state the definitions that are used in the remainder of the
paper.
Definition 1. Let E be a real Banach space. A nonempty closed convex set

P C E is called a cone if, for all z € P and A\ > 0, Az € P, and if x, —x € P then
z =0.

Every cone P C F induces an ordering in E given by z < y if and only if y—x €
P, and we say that © < y whenever x < y and = # y. Let K be a subset of real
numbers and F(K) the set of all real valued functions defined over K. If J C K
and x,y € F(K) we will say that:

x <yy if and only if x(t) < y(t) for all t € J,

and
x <jy if and only if z(t) <y(t) for all t € J.

Furthermore, we will say that

x <yy if and only if x <;y and there exists a ty € J such that z(tg) = y(to).
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Definition 2. An operator is called completely continuous if it is continuous
and maps bounded sets into precompact sets.

Definition 3. Let P be a cone in a real Banach space E. Then we say that
A: P — P is a continuous concave operator on P if A: P — P is continuous and

tA(z) + (1 - t)A(y) < Atz + (1 - t)y)

for all z,y € P and t € [0,1]. Similarly we say that B : P — P is a continuous
convex operator on P if B : P — P is continuous and

B(tz + (1 —t)y) <tB(z)+ (1 — t)B(y)

for all x,y € P and t € [0, 1].

Let R and S be operators on a cone P of a real Banach space E which is a subset
of F(K), the set of real valued functions defined on a set K. For Jg,Jg C K and
TRr,rs € ¥ we define the sets,

P (R,zr) ={y € P: R(y) <Js Tr}

and
P(R7 5733R7$S7‘]R7JS) = PJs(Sa$S) - PJR(R7$R)-

Definition 4. Let R be an operator on a cone P of a real Banach space F
which is a subset of F(K), the set of real valued functions defined on a set K. For
Jr C K and zp € E, we say that R is comparable to zz on P relative to Jp if,
given any y € P, either

R(y) <jp *r or xr <j, R(y).

Definition 5. Let D be a subset of a real Banach space E. If r : E — D is
continuous with r(z) = z for all x € D, then D is a retract of F, and the map r is
a retraction. The convex hull of a subset D of a real Banach space X is given by

conv(D) = {Z)\Z$Z cx; € D, A €10,1], Z)‘i =1, andn € N}.

i=1 i=1
The following theorem is due to Dugundji and its proof can be found in [13, p
22].

Theorem 6. Let F and X be Banach spaces and let f : C' — K be a continuous
mapping, where C' is closed in E and K is convex in X. Then there exists a
continuous mapping f : E — K such that f(u) = f(u), u € C.

Yet in establishing our main results, we will use the following form of Dugundji’s
theorem [6, p 44].
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Corollary 7.  For Banach spaces X and Y, let D C X be closed and let
F: D — Y be continuous. Then F' has a continuous extension F : X — Y such
that F'(X) C conv(F(D)).

Corollary 8. Every closed convex set in a Banach space is a retract of the
Banach space.

The following theorem, which establishes the existence and uniqueness of the
fixed point index, is from [7, pp 82-86]; an elementary proof can be found in [6, pp
58 & 238]. The proof of our main result in the next section will invoke the properties
of the fixed point index.

Theorem 9. Let X be a retract of a real Banach space E. Then, for every
bounded relatively open subset U of X and every completely continuous operator
A : U — X which has no fixed points on OU (relative to X ), there exists an integer
i(A,U, X) satisfying the following conditions:

(G1) Normality: i(A,U, X) =1 if Av =yo € U for any z € U;

(G2) Additivity: i(A,U,X) = i(A,U1,X) + i(A, Uz, X) whenever Uy and Uy are
disjoint open subsets of U such that A has no fixed points on U — (U U Us);

(G3) Homotopy Invariance: i(H(t,-),U, X) is independent of t € [0, 1] whenever
H :[0,1] x U — X is completely continuous and H(t,x) # x for any (t,7) €
[0,1] x 0 U;

(G4) Solution: If i(A,U, X) # 0, then A has at least one fixed point in U.

Moreover, i(A,U, X) is uniquely defined.

3. Main Results

The following two lemmas were the key components in the proof of the expansion-
compression fixed point theorem of operator type and their proofs can be found in
[5].

Lemma 10. Let F(K) be the set of real valued functions defined on K C R,
Ja and Jp be subsets of K with Jp being compact, and P be a cone of non-negative
functions in a real Banach space E which is a subset of F(K). Suppose that A is a
concave operator on P, B is a continuous convex operator on P, and T : P — P is
a completely continuous operator. Suppose there exist T a,xp € FE such that

(B0) A is comparable to x4 on P relative to Ja;

(Bl) {ye P :24 <y, Aly) and B(y) <j, zp} # 0;
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(B2) ify € P with B(y) <j, vp and x4 <;, A(y), then B(Ty) <, *p;
(B3) ify € P with B(y) <j, vp and A(Ty) <j, xa, then B(Ty) <j, =B.

If Py, (B, xp) is bounded, then i(T, P;,(B,zp),P) = 1.

Lemma 11. Let F(K) be the set of real valued functions defined on K C R,
Jo and Jp be subsets of K with Jo being compact, and P be a cone of non-negative
functions in a real Banach space E which is a subset of F(K). Suppose that C' is a
continuous concave operator on P, D is a convex operator on P, and T : P — P is
a completely continuous operator. Suppose there exist x¢,xp € E such that

(A0) D is comparable to xp on P relative to Jp;

(A1) {y € P :2z¢ <y C(y) and D(y) <y, zp} # 0;
(A2) ify € P with C(y) <, ¢ and D(y) <;, xp, then z¢ <;, C(Ty);
(A3) ify € P with C(y) <, z¢ and xp <j, D(Ty), then xc <;. C(Ty).

If Py (C,z¢) is bounded, then i(T, P;.(C,zc),P) = 0.

To simplify the statements of the multiple fixed point theorems of operator
type, in the following definition we define what it means to be LW-inward and LW-
outward (LW for Leggett-Williams). Note that the operator is void of invariance-
like conditions on the underlying sets in the spirit of the original Leggett-Williams
arguments [11] for the outward conditions and in the spirit of the Avery-Anderson-
Henderson arguments [4] for the inward conditions.

Definition 12. Let F'(K) be the set of real valued functions defined on K C R,
Ja, Jg, Jo and Jp be subsets of K, with Jp and Jo being compact, and P be a
cone of nonnegative functions in a real Banach space E which is a subset of F(K).
If A and C are concave operators on P, B and D are convex operators on P, with
B and C being continuous, x4,xp,xc,zp € F, and T : P — P is a completely
continuous operator then we say that:

(1) T is LW-inward with respect to I(A, B,z a,xp,Ja, Jp) if the conditions (B0),
(B1), (B2), and (B3) of Lemma 10 are satisfied,

and

(13) T is LW-outward with respect to O(C,D,x¢,xp,Jc, Jp) if the conditions
(A0), (A1), (A2), and (A3) of Lemma 11 are satisfied.

The following theorem is the operator type expansion-compression fixed point
theorem of Avery-Anderson-Henderson-Liu [5].
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Theorem 13. Let F(K) be the set of real valued functions defined on K C R,
Ja, Jg, Jo and Jp be subsets of K, with Jg and Jo being compact, and P be a
cone of nonnegative functions in a real Banach space E which is a subset of F(K).
Suppose that A and C' are concave operators on P, B and D are convex operators
on P, with B and C' being continuous, and T : P — P is a completely continuous
operator. Suppose there exist T a,xp,rc,xp € I such that

(D1) T is LW-inward with respect to I1(A, B,z a,xp,Ja, JB);

(D2) T is LW-outward with respect to O(C, D, x¢c,xzp,Jc, Jp).
If

(H1) Py, (B,zB) € Py, (C,zc) and Py (C,zc) is bounded, then T has a fixed point
Yy € P(B,C,$B,$C,JB,JC),

whereas, if

(H2) Py, (C,zc) C Pj,(B,xp) and Py, (B, xp) is bounded, then T' has a fixed point
Y€ P(C)Bax07xBaJ07JB)-

The following theorem is the double fixed point theorem of operator type.

Theorem 14. Let F(K) be the set of real valued functions defined on K C R,
Ja, JB, Jo,, I, Jo,, Jp, besubsets of K with Jg, Jc, and Jc, being compact and
P be a cone of nonnegative functions in a real Banach space E which is a subset
of F(K). Suppose that A, C; and C, are concave operators on P, B, D; and D,
are convex operators on P with B, C; and C, being continuous, andl' : P — P is
a completely continuous operator. If there exist x4,xp,xc,,*p,,*c,,Zp, € I such
that

(D1) T is LW-outward with respect to O(Cy, Dy, x¢,, xp,, Jo,, Tp,);
(D2) T is LW-inward with respect to I(A, B,z a,xp,J4,JB);
(D3) T is LW-outward with respect to O(C,, Dy, xc,,xp,,Jc,,TD,);

and if Py, (Cpxc,) C Pj(B,xp) and Pj,(B,xp) C Py, (Co,xc,) with
Pj., (Co,x¢,) being bounded, then T' has at least two fixed points x* and x** with

xt e P(Cl,B,l'cl,:EB,Jcl,JB) and ™" € P(B,CO,ZEB,QSCO,JB,JCO).

Proof. The operator T' is LW-outward with respect to O(Cy, Dy, z¢,, xp,, Jo,, Tp,)
and is LW-inward with respect to I(A,B,xa,xp,Ja,Jp) with Py, (Cr,z¢q,) C
Py, (B,zp). Thus by (H2) of Theorem 13, T" has a fixed point z* € P(C}, B, z¢,, zB,
Jc,, Jp). Similarly, the operator T is LW-inward with respect to I(A, B,z 4,2, Ja,
Jp) and LW-outward with respect to O(C,, Do, zc,,zp,, Jc,, Tp,) with P;,(B,zp) C
Pj. (Co,z0,). Thus by (H1) of Theorem 13, T' has a fixed point 2 € P(B, C,, v,
xe,, JB, Jo,).

[l
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The following theorem is the triple fixed point theorem of operator type.

Theorem 15. Let F(K) be the set of real valued functions defined on K C R,
Ja,, IB,s Ja,, IB,» Jo, Jp be subsets of K with Jp,, Jg, and Jc being compact and
P be a cone of nonnegative functions in a real Banach space E which is a subset
of F(K). Suppose that A;, A, and C are concave operators on P, B;, B,, and D
are convex operators on P with Bj, B,, and C' being continuous, and T : P — P is
a completely continuous operator. If there exist x4,,2B,,%4,,*B,,Tc,Tp € F such
that

(D1) T is LW-inward with respect to I(A;, Bj,xa,,xB,,JA,,%B,);
(D2) T is LW-outward with respect to O(C, D,xc,xp,Jc, JJp);
(D3) T is LW-inward with respect to I(A,, By, xa,,%B,, JA,, TB,);

and if PJBl (Bl, a;Bl) C PJC (C, xc) and PJC (C, xc) C PJBO (BO, LL’BO) with PJBO (BO,
xp,) being bounded, then T has at least three fixed points x*, ©** and x*** with

¥ e PJBl (Bi,zp,),x*" € P(B;,C,zp,,zc,Jp,, Jc), and
e P(C, Bo,xc,ﬂjBo, Jc, JBO)-

Proof. The operator T' is LW-inward with respect to I(A4;, Bi,za,,%B,,Ja,,ZB,)-
Thus by Lemma 10, (7T, Py, (B, xp,),P) = 1. Hence by the solution property
of the fixed point index, T has a fixed point z* € PJBZ (Bi,zp,). The operator
T is LW-outward with respect to O(C, D, x¢,zp,JJc, Jp) and is LW-inward with
respect to I(A;, B, xa,,2B,,Ja,,xp,) with PJBL (Bi,zp,) C Py, (C,zc). Thus by
(H1) of Theorem 13, T has a fixed point ™ € P(B;,C,xp,,xc, Jp,, Jc). Similarly,
the operator T is LW-inward with respect to I(A,, By, x4, B,,JA,,~pB,) and LW-
outward with respect to O(C, D, x¢,zp, Jo, Jp) with P;.(C,xc) C Py (Bo,B,)-
Thus by (H2) of Theorem 13, T has a fixed point 2*** € P(C, B,,x¢c,xp,, Jc, JB,)-

[l

4. Applications

Two-point right focal boundary value problems for differential equations have re-
ceived substantial interest by boundary value problem researchers for a long time,
see, [1, 3,4, 5, 8,9, 11, 14], and [15], to mention a few. In this section, we will apply
the double fixed point theorem of operator type to the second-order nonlinear right
focal boundary value problem,

‘T”(t) + f(x(t)) =0, te (07 1)7 (1)
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z(0) =0 = 2/(1), (2)

where f : R — [0, 00) is continuous.
It is well known that the Green’s function for —z” = 0 with the boundary
conditions (2) is given by

G(t,s) = min{t, s}, (t,s) €[0,1] x [0,1].

For any fixed s € [0,1], G(t, s) is nondecreasing in ¢ and satisfies G(t,s) > tG(1, s)
for t € [0,1].

Let the Banach space in this section be E = C[0, 1] with the maximum norm.
Define the cone P C E by

P :={z € E | z is nonnegative, nondecreasing, concave, and z(0) = 0} .

For any = € P, from its concavity, we have z(t;) > %x(tg) for 0 <t; <ty <1 with

ty # 0.
It is also well known that a fixed point of the operator T': E — E defined by

1
Tx(t) ::/O G(t,s)f(z(s))ds

is a solution of the boundary value problem (1), (2). Also, by properties of the
Green’s function, we have that 7' maps P to P. It is a standard exercise to show
T : P — P is a completely continuous operator by applying the Arzela-Ascoli
Theorem.

In the following theorem, we demonstrate how to apply the double fixed point
theorem (Theorem 14) to prove the existence of at least two positive solutions to

(1), (2).

Theorem 16. Suppose that 0 < 7,1, 75 < 1 and there are positive numbers
c1,dq,b,co,dy with % <dy <b<com, cg < domy, and f : R — [0,00) is continuous
such that

(a) f(x) > 71(36le2) for 0 <z < ¢y, and f(z) > 71(26—1712) for ¢y < x < dj,

(b) f(x) < 727—3—% fnl f(%s)ds for 0 < z < b, and f(x) is nondecreasing for x € [b, %],

(¢) f(z)> =221 forcy < x < dy.
T2(1-73)

Then the focal problem (1), (2) has at least two positive solutions x* and x™* such

that x*(n) < b and z*(t) > 2t for t € [r1, 1] and some ty € [, 1], 2**(t) < 2t for

t € [12,1] and x**(n) > b.
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Proof. Let A =B =C; = D; =C, = D, = I be the identity operator on P.
All are linear continuous operators mapping P onto P and hence concave or convex
operators as well. Let J4 = Jp, = Jp, = {1}, Jg = {n}, Jo, = [11,1], Jc, = [, 1],
which are all compact intervals. Let z4(t) = 2p(t) = b, zc, = £, zp, = dit,
xo, = %tv xp, = dat, for t € [0,1], which are all in the Banach space E.

Claim 1. T' is LW-outward with respect to O(Cy, Dy, zc,,xp,, Jc,, Jp,)-

D; is comparable to xp, on P relative to Jp, since Jp, is a degenerate interval.
Also, let zo(t) := at on [0,1] with a € (5, dy). Then, zo(t) > £t for ¢ € [r1,1] and
y(1) < di. So, wo €{y € P :z¢, <y, Ci(y) and Di(y) <j,, xp,} which implies
that the set is nonempty.

Subclaim 1.1. Ify € P with Ci(y) =, x¢, and Di(y) <,p, zp,, then x¢, <y,
Ci(Ty).

Suppose y € P with Cj(y) é]cl zc, and D;(y) <Jp, TD . From Cj(y) < SJe, TG
we have that y(t) < 2t for ¢ € [r1,1], and there is some to € [r1,1] such that
y(to) = #to. Hence y(11) = #y(to) = 1. From y(t) < £+t for t € [71,1], we have
y(71) < ¢1. Therefore, y(11) = 1.

For t € [0,71], we have that ¢; = y(r) > y(t) > %y(ﬁ) > 2t > 0. For
t € [r1,1], we have ¢; = y(m1) < y(t) < 2t < dit < dy. Hence for ¢ 6 [11, 1], from
condition (a) it follows that

1

(CTY() = (Ty)t) = / G(t, 5)f (y(s))ds
1 t 1
- /0 51 (y(s))ds + /ﬁsf(y(S))dH / HF (y(s))ds

> ﬁ(%—ﬁ){/g ()ds+/tsc1ds+/ltclds}
|

> b / —ds+/sds+/ tds]
(3 —17) [Jo
Cl 2
= —— (-3t +6t—7- >
7'1(3—7’1)( 1 T1

where the last inequality is true for ¢ = 71 and 1, and so is for t € [r1,1]. Hence,
zc, <Je, Ci(Ty).

Subclaim 1.2. Ify € P with Cj(y) < SJe, TC and xp, <Jp, Dy(Ty), then
‘TCI <JC Cl(Ty)

Suppose y € P with Cj(y) = SJe, TG, and zp, <Jp, D(Ty). From zp, <Jp,
Dy(Ty), we have that (Ty)(1) > d1 By the concav1ty of Ty, we get (Ty)(t) >
t(Ty)(1) > tdy > 2t for t € [, 1], Le., zc, <ye, Ci(Ty).
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It is easy to see that P, Je, (C,z¢,) is bounded. Therefore, we have verified that
T is LW-outward with respect to O(Cy, Dy, z¢,, zp,, Jc,, Jp,)-

Claim 2. T is LW-inward with respect to I(A, B,xa,xp,Ja,JB).

The operator A is comparable to x4 on P relative to J4 since J4 is degenerate.
Let yo(t) := pt with b < § < % defined on [0, 1]. Obviously yo € {y € P : x4 <,
A(y) and B(y) <y, xp} which means the set is nonempty. Also, if y € P with
B(y) <, vp and A(Ty) <, za, then (T'y)(1) < b. By the nondecreasing property
of Ty, we have that (T'y)(n) < (Ty)(1) < b, i.e., B(Ty) <, xB.

Subclaim 2.1. Ify € P with B(y) <y, *p and x4 <j, A(y), then B(Ty) <,
rB.

Suppose y € P with B(y) <;, zp and 24 <;, A(y). Then we have y(n) = b
and b < y(1). By the concavity of y, we have that for t € [0,7], 0 < %t = %y(n <
y(t) < b, and for t € [n,1], b =y(n) < y(t) < %y(n) = %t < %. By condition (b), we
have that

1
uwwm::wmmzéGmﬁmmwS
n 1
=:/sﬂmww+/nﬂwm@
0

n

20 2 [, (b n ! b
< <?—5/n f<gs>ds>/0 sals+/17 77f<58>d8
= b

Obviously, Py, (B,zp) is bounded. Therefore, we have verified that 7" is LW-
inward with respect to I(A, B,z a,x5,Ja, JB).

Claim 3. T is LW-outward with respect to O(Cy, Dy, xc,,xp,, Jc,, D, )-

D, is comparable to zp, on P relative to Jp, since Jp, is degenerate. Also,
let zo(t) := ~t on [0,1] with v € (2,d2). Then, 20 € {y € P : z¢, <y,
Co(y) and Dy(y) <y, *p,}, which is nonempty. Similarly as in Subclaim
1.2, we have that, if y € P with C,(y) =<j. wc, and wp, <y, D,(Ty), then
zc, <je, Co(Ty).

Subclaim 3.1. If y € P with C,(y) <., wc, and Do(y) <, zp,, then
xrc, <Jco Co(Ty)'

Suppose y € P with Co(y) Zj., 7c, and Dy(y) <j, Tp,. Similarly as in
Subclaim 1.1, we have that for ¢ € [0,72], 0 < y(t) < ¢9, and for ¢t € [m,1], c2 <
y(t) < da. Hence for t € [2, 1], by condition (c), we have

1
<@mm>=amwzécwww@w
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t

= [T s | s + [ 1r(w(s)as
> /tsf( (s ))ds+/tltf( (s))ds

> [/ sds+/ tds]
1_7—2 T2

= 2 _(ya-) >
(1_7'2) 2) T2

where the last inequality is true for t = 7 and t = 1, and so is true for ¢ € [, 1].
It is easy to see that Pj. (Co,zc,) is bounded. Therefore we have verified that
T is LW-outward with respect to O(Cy, Do, x¢,, D, , Jc,, ID,)-

Claim 4. chl (Ci,zc,) € Pjy(B,2p) and Py, (B,x) C Pj (Co,z0,).

Suppose y € Py, (Ci,z¢c,). Then, y € P and y(t) < %t for t € [m,1]. If 4 <,
then y(n) < %n < din < b, since dy <b. If n <71, then y(n) <y(n) < <dim <
b. Hence B(y) <y, zp, ie., y € Pjy(B,xp) and so Py, (C,z¢,) C Piy(B,xp).
Define ho(t) := dit on [0,1]. Then, ho(t) = dit > 2t for ¢ € [r, 1], and ho(n) =
d177 <b. So, hg € PJB(B,I'B) — PJCl (Cl,:ECl), i.e., PJcl (Cl,ajcl) - PJB(B,JL'B).

Suppose y € Py, (B,xzp). Then, y € P and y(n) < b. If n < 79, then y(t) <
%y(n) < %t <ot < Ztfort € [, 1] If 7o <7, then y(t) < y(n) <b<con<cp <
2t for t € [r9,n] and y(t) < %y(n) < %t < ot < 2t for t € [n,1]. Hence, y(t) < 2t
for t € [m,1], ie., Co(y) <y, Tc,, which means Py, (B,zg) C Py, (Co,7c,). Let
go(t) := ot for t € [0,1] with 6 € (c2,2). Then, go(n) > con > b and go(t) <
2t for t € [, 1]. Hence, go € Py, (Co,xc,) — Pip(B,xp), Le., Pj(B,xp) C

PJCO (CO7 x()o)-
By Theorem 14, we conclude that the operator T has at least two fixed points
z* and x** with

¥ e P(Cl,B,l'cl,:EB,Jcl,JB) and z™* € P(B,CO,ZEB,JSCO,JB,JCO).

For z* € P(Cy, B,z¢,,xB, Jc,, JB), we have that z* € P;,(B,zp) — Pc,(Cl, x¢,).
From z* € Py, (B, zp), we have that 2*(n) < b. From z* ¢ Pc,(Ci,z¢,), it follows
that there is some to € [r1,1] such that z*(to) > Z-to, which by the concavity of z*

implies z*(t) > %x*(to) > %t for t € [y, t9]. From «** € P(B,C,,zp,zc,, B, JC,),
we get that 2™ € Py, (Co,xc,) — Pyy(B,xp), ie., 2™(t) < 2t for t € [rp,1] and
x**(n) > b. O

Example. Consider the right focal boundary value problem,

2'(t) +|e” —2f| =0, te(0,1),
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We notice the function f(z) = |e* — z¢| has a unique local maximal value e — 1
at © = 1 and a unique local minimal value 0 at = e on [0,00). Choose 71 = 0.2,
n=208 1m =05 c¢=01,d =1, b=c¢e, co =44, do = 9. Then it is easy to
verify that all conditions in Theorem 16 are satisfied and hence the problem has at
least two positive solutions z* and z** on [0, 1] with z*(0.8) < e, x*(t) > 0.5t, for
t €[0.2,t0] and some ¢y € [0.2,1], and 2**(¢) < 8.8t for ¢ € [0.5,1], **(0.8) > e.
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