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Abstract: The main aim of this paper is to determine the ranks and subdegrees of
the symmetric group .S, acting on unordered r-element subsets of X = {1,2,3,...,n}.
These areas have not received much attention, in fact most of the research has been
focused on the action of S,, on unordered pairs. In this paper it has been shown
that the action of S,, on X (") is transitive. The ranks and suborbits of S,, acting on
X@ and X©®) are determined, after which it is proved that the rank of S, acting
on X is r + 1 if n > 2r. It has been shown that the suborbits of S,, acting on
X () are self paired. It is also proved that the subdegrees of S, acting on X () are
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1. Introduction

In 1970, Higman [3] gave a characterization of families of rank 3 permutation groups
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by the subdegrees. He proved that the symmetric group S, on X = {1,2,...,n},
n > 4 acts as a rank 3 group on the set X2, 2-element subsets of X, with subdegrees
n—2
1, 2(n —2), 9
In this paper we generalize Higman’s work to .5, acting on r-element subsets;
X,

2. Preliminary Definitions and Results

A permutation of X is a one-to-one mapping of X onto itself. The symmetric group
of degree n and denoted by S, is the group of all permutations of X under the
binary operation of composition of maps. The order of S, is n!.

Let X be a nonempty set and G be a group. We say that G acts on the left on
X if for each x € X and g € G there corresponds a unique element gr € X such
that, for all x € X and ¢g1,99 € G

L. (9192)7 = g1(g2)7;
2. l.x = x, where 1 is the identity in G.

The action of G from the right can be written in a similar way.

Let G act on a set X. Then X is partitioned into disjoint equivalence classes
(with respect to an equivalence relation) called orbits or transitivity classes of the
action. For each z € X, the orbit containing x is denoted by Orbg(x). Thus,

Orbg(z) = {gzlg € G}

The action of a group G on X is said to be transitive if for each pair of points
z,y € X, there exists g € G such that gr = y; in other words, if the action has only
one orbit.

Let G act on X and let z € X. The stabilizer of x in G, denoted by Stabg(z)
or GG, is given by

Stabg(z) = {g € Glgx = x}.

Let G be transitive on X and let G be the stabilizer of a point € X. Suppose
Ay ={x},Ay,Ag, ..., A,_1 are the orbits of G, on X, the rank of G is then r. The
sizes n; = |A;|, (i = 1,2,...,7 — 1), are known as the subdegrees of G,.. The orbits of
G, on X are also called the suborbits of G.

Theorem 2.1. (Orbit-Stabilizer Theorem, see [5], p. 72) Let G be a group
acting on a finite set X and x € X. Then

|Orbg(z)| = |G : Stabg(x)|. (1)
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Let G act on a set X. The set of elements of X fixed by g € G is called the fixed
point set of g, denoted by Fixz(g). Thus

Fiz(g) = {z € X|gz = z}.

If a finite group G acts on a set X with n elements, each g € G corresponds to a
permutation o of X, which can be written uniquely as a product of disjoint cycles.
If o has ag cycles of length 1, ao cycles of of length 2,..., «,, cycles of length n, we
say that o and hence g has cycle type (aq, @9, ..., ay)

Theorem 2.2. (see [4], p. 68) Two permutations in S, are conjugate if and
only if they have the same cycle type; and if g € G has cycle type (a1, e, ..., ay),
then the number of permutations in S,, conjugate to g is

n!
n A PLe?]
I, oli®

(2)

Theorem 2.3. (see [1], 1969, p. 98) Let G be a finite group acting on a set
X. The number of orbits of G is

ﬁ%rwg)\. (3)

This theorem is referred to as Cauchy-Frobenius Lemma.

Let A be an orbit of G, on X. Define A* = {gz|g € G,z € gA}, then A* is
also an orbit of G, and is called the G -orbit paired with A. If A* = A, then A is
called a self-paired orbit of G.

3. Main Results
3.1. Order of Stabe{1,2,3,...,7}

Let G = S, act on X = {1,2,...,n}. Then the action of G on X induces an
action of G on X(); the set of all unordered r-element subsets of X defined by
g{ai, g2, ...,a,} = {g(a1),g9(a2),...,g(a,)}. If Stabs{1,2,3,...,r} is the stabilizer of
{1,2,...,7}, the order of Stabs{1,2,3,...,r} is determined in this section. The result
is given by the following Theorem.

Theorem 3.1.
|Staba{1,2,3,....,7} = (n—r)lr! (4)

Proof. Clearly, the stabilizer of unordered r-element subset {1,2,3,...,r} is iso-
morphic to S, x S;,_, whose order is r!(n — r)!. Thus

|Stabc{1,2,3,...,r}| = (n —r)lr!

We next give some results which will be used extensively in this section.
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Lemma 3.2. Let g € S, be a permutation with cycle type (a1, aq,...,ay).
Then the number of permutations in S,, fixing {1,2,3} € X®) and having the same
cycle type as g is given by

(n—3)! n 3(n —3)!
(o = 3 =3TI" L oli% (e — 1)11@1=D) (ag — 1)1202 717, o, lic
2(n —3)!

()

ap!191 g 1202 (Oé3 - 1)!30‘3_11_[?:4611'!1'0” ’

Proof. Consider a permutation g € S,, that fixes {1,2,3} € X)) Then g fixes
S ={1,2,3} if either each member of S comes from a 1-cycle of g or if one element
of § comes from a 1-cycle and the other two elements come from a 2-cycle in g or if
all the three elements of S come from a 3-cycle of g. We consider the three cases as
follows:

1. When each of the members of S comes from a 1-cycle, we apply Theorem 2.2
to a permutation of S,,_3 with cycle type (ay — 3, a9, a3, ..., ap,) to get

(n—3)!
(cq — 3)11( =317, ;i

permutations.

2. If one of members of S comes from a 1-cycle, and the other two from a 2-cycle,
the number of elements coming from the 1-cycle can be chosen in three ways.
We apply Theorem 2.2 to a permutation of S,,_3 with cycle type (a; — 1, a9 —
1,3, ..., ) and considering the three possible ways to get

3(n —3)!
(al — 1)!1(0‘1—1)(a2 — 1)!2@2_11_[?:3%!2'0%

permutations.

3. Finally, if all the elements of S come from a 3-cycle, there are two different
permutations from a cycle of length three. Applying Theorem 2.2 to a permu-
tation of S, _3 with cycle type (a1, a2, a3 — 1, ..., ) and considering the two
cases, we get

2(n —3)!
o191 g 1202 (Oég — 1)!30‘3_11_[?:4611'!2'0”

permutations. Summing up all the three cases (a), (b), and (c) gives the
required result.
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Lemma 3.3. Let g € S, be a permutation with a cycle type (a1, ag, ...,ap)
Then the number of permutations in S,, fixing {1,2,3,4} € X@ and having the
same cycle type as g is given by

(n—4)! . 6(n —4)!
(a1 — 4)!1_[?:2%!2'0‘1' (041 — 2)!(&2 — 1)!20‘2_11_1? oy i
8(n —4)! 3(n —4)!
+
(a1 — Dlan!292 (o — 1)1393 I ali% gl — 2)1202 72107 500

6(n —4)!

o292 31393 (a4 — 1)!4“4_11_[?:5%!2'0%

(6)

Proof. The idea of proof of this Lemma is given. We consider the five cases in
which g fixes S = {1,2,3,4}. The first case is when all of the four elements of S
come from 1-cycles of g. Second case is when two of the members of S come from
1-cycles while the other two come from a 2-cycle. Case number three is when one of
the members come from a 1-cycle while the other three come from a 3-cycle. Case
number four is when the members of S come from two 2-cycles. Lastly we consider
the case where all the members come from a 4-cycle. The proof can be completed
by proceeding as in Lemma 3.2.

Lemma 3.4. Let g € S, be a permutation with cycle type (a1, aq,...,ay).
Then the number of permutations in S,, fixing {1,2,3,4,5}€ X©) and having the
same cycle type as g is given by

(n—5)! n 10(n — 5)!
(o = B =BTI7 ,o;li% (g — 3)11(0173) (ap — 1)12(c2= DI ;15
n 20(n —5)!
(= 2)1121 2091202 (g — 1)13(@s—DIIT_, ol
15(n — 5)!
+ —
(o — D=0 (g — 2)12(02=2TI1_ ol
30(n — 5)!
(o — =D (g — 1)14(a=DII3 i TP ;i
20(n — 5)!
+ 1o 19(a2—1) 13(az—1)TT5 10
a1l (ag — 1)12(e2=D (g — 1)!13(es=DII2_, ;i
24(n — 5)!

+ .
(a5 — 1)15(s =D oy lio I a;lic
The proof for this Lemma is similar to that of Lemma 3.2 and Lemma 3.3.

Remark 3.5. Any of the summands in Lemmas 3.2, 3.3, and 3.4 yields a zero
whenever (a; — j) < 0. This is because («; — 7)! does not exist when (a; — j) < 0,
consequently

b

e
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Permutation type | No. fixing {1,2,3} | Permutation type | No. fixing {1,2,3}
I 1 (a b)(c d)(e f)(gh) 0

(ab) 13 (a b)(cd) 45
(abc) 22 (ab)(cde) 100
(abcd) 30 (ab)(c d)(ef) 45
(abcde) 24 (ab)(cd)(efg) 90
(abcdef) 0 (abcd)(efgh) 0
(abcdefg) 0 (abc)(def) 40
(abcdefgh) 0 (abce)(defg) 60
(ab)(cdefgh) 0 (abc)(defgh) 48
(ab)(cdefg) 72 (abc)(def)(gh) 40
(ab)(cdef) 90 Total 720

Table 1: Number of permutations fixing {1,2,3}

Some examples on the order of Stabg{1,2,3,...,r} are now given.
Example 3.6. Consider G = Ss acting on X ).
Then by Theorem 3.1

|Staba{1,2,3}| = 513! = 720.

Alternatively, the problem may solved by using Lemma 3.2 and coming up with
Table 1. The second and fourth columns give the number of permutations in Sg
fixing {1, 2,3} and having the same cycle type, which are obtained by using Lemma
3.2

From Table 1, the order of Stabs{1,2,3} is 720.

Example 3.7. Let G = Sy acting on X®.
Then by Theorem 3.1

|Stabe{1,2,3,4}| = 514! = 2880.

Table 2 may also be used to find |Stabs{1,2,3,4}| where the second and fourth
columns are obtained by using Lemma 3.3.
The total sum entries in the second and fourth columns of Table 2 gives the

order of Stabg{1,2,3,4} as equal to 2880.
3.2. Transitivity of S,

We next show that S, acts transitively on X ().

Theorem 3.8. S, acts transitively on X )
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Permutation type No. fixing {1,2,3,4} | Permutation type | No. fixing {1,2,3,4}
I 1 (a b) 16

(abc) 28 (abce) 36
(abcde) 24 (abcdef) 0
(abcdefg) 0 (abcdefgh) 0
(abcdefghi) 0 (ab)(cdefghi) 0
(ab)(cdefgh) 0 (ab)(cdefg) 144
(ab)(cdef) 240 (ab)(cde) 220
(ab)(cd) 78 (ab)(cd)(ef)(gh) 120
(ab)(cd)(ef) 45 (ab)(cde)(fgh) 60
(ab)(cd)(efghi) 300 (ab)(cd)(efgh) 180
(ab)(cd)(efg) 72 (ab)(cde)(fghi) 0
(ab)(cd)(ef)(ghi) 160 (abc)(def)(ghi) 360
(abec)(def) 192 (abe)(defg) 0
(abc)(defgh) 180 (abe)(defghi) 144
(abcd)(efgh) 120 (abcd)(efghi) 160
Total 2880

Table 2: Number of permutations fixing {1,2, 3,4}

Proof. It suffices to show that |Orbg{1,2,3,...,7}| = |X)| = nC,. By using
Orbit-Stabilizer Theorem (Theorem 2.1) and Theorem 3.1,

|0Orbc{1,2,3,...,r}| = |G:Stabc{1,2,3,...,r}|
Gl
|Stabg{1,2,3,...,r}|
n!

= nC,. (8)

3.3. Number of Fixed Points

Derivation of some formulas for finding the number of elements of X () fixed by a
permutation g € S, is given in this section. The formulas are given in the following
results.

Lemma 3.9. Let the cycle type of g € S,, be (a1,aa,...,ay, ). Then |Fix(g)| in
X ) is given by the formula

|Fix(g)| = (‘?) +aras + as. (9)

Proof. Let g € Sy, have cycle type (a1, as,...,a,) and let S € X®) S is fixed
by g if each member of S comes from a 1-cycle in g or one of members of S comes
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from a 1-cycle in g and the other two from a 2-cycle in g or if all members of S come
from a 3-cycle in g. From the first case, the number of unordered triples fixed by

g is <C§1> , while in the second case the number of unordered triples fixed by g is

a1ag and in the third case the number of unordered triples fixed by g is a3. Adding
up the results from the three cases gives the required result.

Lemma 3.10. Let the cycle type of g € S,, be (a1, e, ...,a,). Then |Fix(g)]
in X® is given by the formula

|Fix(g)| = <Ojf> + o @1) +aras + <O§> +au. (10)

Proof. Let g € S, be a permutation with cycle type (a1, a9, ...,ay) and let
S e XW. S is fixed by g if each member of S comes from a 1-cycle in g; if two
members of S come from 1-cycles in g and the other two members from a 2-cycle;
if one element of S comes from a 1-cycle in g and the other three from a 3-cycle; if
four elements of S come from two 2-cycles in g; if all the elements of S come from a
4-cycle in g. From each of the cases, the number of unordered quadruples fixed by

. aq aq o .
g is <4>, e%) < 9 >, aras, ( 9 >, and a4 respectively.

Lemma 3.11. Let the cycle type of g € S,, be (a1, qq,...,a,). Then |Fix(g)]
in X®) is given by the formula

|Fix(g)| = (‘?) + s <‘§1> + s (‘?) +ajoy + o (‘f) +asas + a5 (11)

The proof of this Lemma is similar to that of Lemmas 3.9 and 3.10.
3.4. Ranks and Suborbits of S,

The results on the ranks of S,, acting on X () are proved in this section.

Lemma 3.12. Let G = Sg acting on X . The number of orbits of G234
acting on X is 5.

Proof. Lemma 3.3 and Lemma 3.10 are applied to get the values in columns two
and three in Table 3 respectively.

Applying Cauchy-Frobenius Lemma (Theorem 2.3), we get: Number of orbits of
G11,2,3,4) acting on X@ is given by:

1 1
G 2 @l = gl X T04 1230442 X 14416 x 10+
{1,2,3,4} 9€Gy1,2,3,4)

12Xx2+36Xx6+96x6+72x24+9%x6+



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 3, No. 2 (2011)

RANKS AND SUBDEGREES OF THE SYMMETRIC GROUP...

Permutations in G{; 234y | No. of permutations | [Fix(g)| in X®
(MR)B)A)G)O6)(TB) | 1 70
DRBAE6)(7S) |12 30
D@ B)WE0)(Ts) |1 i1
D@EAE678) |16 0
(1)(2)(3)(4)(5 6 7 8) 12 2
(1)(2)(34)(5 6)(7 8) 36 6
123 4)(5)(6 7 8) 96 6
D2 BH(5678) 72 2
12)3 4)(5 6)(7 8) 9 6
12)34)(5)(6 7 8) 18 2
12)34(56789) 36 )
1)(234)(5)(6 7 8) 64 1
M(230(56789) 96 )
1234)(5678) 36 2
Total 576

Table 3: Permutations in G 534y and the number of fixed points

The five orbits of Gy 234y are:

48 X 2+ 36 X 2+64 x4+ 96 x 2+ 36 x 2]

1
576

2880

D76
O.

L. Gpasatl, 2,3,4} = Ao, the trivial orbit.

[70 + 360 + 588 + 160 + 24 + 216 + 576
+144 + 54 4+ 96 + 72 + 256 + 192 + 72]

155

2. G{1,2,3,4}{17 57 67 7}:{{17 57 67 7}7 {17 57 67 8}7 {17 57 77 8}7 {17 67 77 8}7 {27
5,6, 7} {2, 5, 6,8}, {2, 5,7, 8}, {2, 6, 7, 8}, {3, 5,6, 7}, {3, 5, 6, 8}, {3, 5,
77 8}7 {37 67 77 8}7 {47 57 67 7}7 {47 57 67 8}7 {47 57 77 8}7 {47 67 77 8}}:A17 the
orbit containing exactly one of 1, 2, 3, 4.

3. G{1,273’4}{1, 2,5,6}={{1, 2, 5, 6}, {1, 2, 5, 7}, {1, 2, 5, 8}, {1, 2, 6, 7}, {1, 2,
67 8}7 {17 27 77 8}7 {17 37 57 6}7 {17 37 57 7}7 {17 37 57 8}7 {17 37 67 7}7 {17 37 67
8}, {1, 3, 7,8}, {1,4, 5,6}, {1,4, 5,7}, {1, 4, 5, 8}, {1, 4, 6, 7}, {1, 4, 6, 8},
{17 47 77 8}7 {27 37 57 6}7 {27 37 57 7}7 {27 37 57 8}7 {27 37 67 7}7 {27 37 67 8}7 {27
3, 7,8}, {2, 4,5, 6}, {2,4,5, 7}, {2, 4, 5, 8}, {2, 4, 6, 7}, {2, 4, 6, 8}, {2, 4,
7,8} {3, 4,5, 6}, {3,4,5, 7}, {3,4,5,8}, {3,4,6, 7}, {3, 4, 6,8}, {3, 4, 7,
8}}=A,, the orbit containing exactly two of 1, 2, 3, 4.
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4. Gposadl, 2,3, 5}={{1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 3, 7}, {1, 2, 3, 8}, {1,
27 47 5}7 {17 27 47 6}7 {17 27 47 7}7 {17 27 47 8}7 {27 37 47 5}7 {27 37 47 6}7 {27 37
4,7}, {2, 3, 4, 8}, {1, 3, 4, 5}, {1, 3, 4, 6}, {1, 3, 4, 7}, {1, 3, 4, 8} }=Ag, the
orbit containing exactly three of 1, 2, 3, 4.

5 Gpasail,2,3,4} = {5,6,7,8} = Ay, the orbit containing none of 1, 2, 3, 4.

Lemma 3.13. Let G = Sg acting on X®). The number of orbits of G1,2,3.4,5)

acting on X©®) js 6.

Proof. Lemma 3.4 and Lemma 3.11 are applied to get the values in columns two
and three in Table 4 respectively.

[Fix(g)] in X®)

Permutations in G123 .45} No. of permutations
WEB@E)O)0)()(9)(10) | 1 252
L@ E)DE)E)D)E)O 10) | 20 112
(1)(2)(3)(4)(5)(6)(7 8)(9 10 130 52
(1)(2)(3)(4)(5)(6)(7)(8 9 10 40 42
(1)(2)(3)(4)(5)(6)(7 8 9 10) 60 12
(1)(2)(3)(4)(5)(6 7)(8 9 10) 440 22
(1)(2)(3)(4)(5)(6 789 10) 48 2
(1)(2)(3)(4 5)(6)(7 8)(9 10) 300 24
(1)(2)(3)(4 5)(6)(7 8 9 10) 600 8
(1)(2)(3)(4 5)(6 7)(8 9 10) 1000 10
(1)(2)(3)(4 5)(6 789 10) 480 2
(1)(2 3)(4 5)(6)(7 8)(9 10) 225 12
(1)(2 3)(45)(6)(7 8 9 10) 900 4
(1)(2 3)(45)(6 7)(89 10) 600 6
(1)(23)(45)(6 789 10) 720 2
(1)(2)(345)(6)(7)(8 9 10) 400 12
(1)(2)(34 5)(6)(7 8 9 10) 1200 6
(1)(2)(345)(6 7)(8 9 10) 800 4
(1)(2)(34 5)(6 789 10) 960 2
(1)(2345)(6)(789 10) 900 4
(1)(2345)(6 7)(8910) 1200 2
(1)(2345)(678910) 1440 2
(12)(345)(67)(8910) 400 4
(12)(345)(678910) 960 2
(12345)(678910) 576 2
Total 14400

Table 4: Permutations in Gy 3345 and the number of fixed points

Applying Theorem 2.3, the number of orbits of G123 45} acting on X0) is given
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by:

! > [Fix(g)| ! [1 % 252 +20 x 112 + 130 x 52 4 40 x 42
- @ @ @ @ @@ 1X g e
|G{1,2,3,4,5}| 14400

9€G (12,345}
460 x 12 + 440 x 22 + 48 x 2+ 300 x 24
+ 600 x 8 + 1000 x 10 4 480 x 2 + 900 x 4
+ 225 x 124600 x 6 + 720 x 2 4400 x 12
4 1200 x 6 4+ 800 x 4 + 960 x 2 4 900 x 4
+ 1200 x 2 + 1440 x 2+ 400 x 4 4+ 960 x 2 4 576 x 2]

:m[252 + 2240 + 6760 + 1680 + 720 + 9680 + 96

+ 7200 + 4800 + 10000 + 960 + 3600 + 2700 + 3600
-+ 1440 + 4800 + 7200 + 3200 + 1920 + 3600 + 2400

+ 2880 + 1600 + 1920 + 1152]
86400

14400
=6

The six orbits of Gy 5345} are:
L. Gi2345111,2,3,4,5} = Ay, the trivial orbit.

2. G{1,273,475}{1, 6,7, 8,9}={{1, 6, 7, 8 9}, {1, 6, 7, 8, 10}, {1, 6, 7, 9, 10}, {1,
67 87 9? 10}7
{1, 7, 8, 9, 10}, {2, 6, 7, 8, 9}, {2, 6, 7, 8, 10}, {2, 6, 7, 9, 10}, {2, 6, 8, 9,
10}7 {27 77 8> 95 10}7 {37 67 7> 85 9}7 {37 67 7> 8> 10}7 {37 67 77 9> 10}7 {37 6> 8
9, 10}, {3, 7, 8, 9, 10},
{47 67 77 8> 9}7 {47 67 7> 85 10}7 {47 67 77 9> 10}7 {47 67 87 9> 10}7 {47 77 8> 95 10}7
{5, 6, 7,8, 9},
{5, 6, 7,8, 10}, {5, 6, 7,9, 10}, {5, 6, 8,9, 10}, {5, 7, 8,9, 10} }=A1, the orbit
containing exactly one of 1, 2, 3, 4, 5.

9

3. Gpasasil, 2,6, 7, 8y={{1,2,6,7,8}, {1,2,6,7,9}, {1,2,6,7, 10}, {1, 2
6,8, 9}, {1, 2, 6,8, 10}, {1, 2, 6,9, 10}, {1, 2, 7,8, 9}, {1, 2,7, 8, 10}, {1, 2,
7,9, 10}, {1, 2, 8,9, 10}, {1, 3, 6, 7, 8}, {1, 3,6, 7, 9}, {1, 3, 6, 7, 10}, {1, 3,
6,8, 9}, {1, 3, 6,8, 10}, {1, 3, 6,9, 10}, {1, 3, 7,8, 9}, {1, 3, 7, 8, 10}, {1, 3,
7,9, 10}, {1, 3, 8,9, 10}, {1, 4, 6, 7, 8}, {1, 4,6, 7, 9}, {1, 4, 6, 7, 10}, {1, 4,
6,8, 9}, {1, 4, 6, 8, 10}, {1, 4, 6, 9, 10}, {1, 4, 7, 8, 9}, {1, 4, 7, 8, 10}, {1, 4,
7,9, 10}, {1, 4, 8,9, 10}, {1, 5, 6, 7, 8}, {1, 5,6, 7, 9}, {1, 5, 6, 7, 10}, {1, 5
6,8, 9}, {1, 5, 6, 8, 10}, {1, 5, 6, 9, 10}, {1, 5, 7, 8, 9}, {1, 5, 7, 8, 10}, {1, 5,
7,9, 10}, {1, 5, 8,9, 10}, {2, 3, 6, 7, 8}, {2, 3, 6, 7, 9}, {2, 3, 6, 7, 10}, {2, 3,
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6,8, 9}, {2, 3,6,8, 10}, {2, 3, 6,9, 10}, {2, 3,7, 8, 9}, {2, 3, 7, 8, 10}, {2, 3
7,9, 10}, {2, 3, 8,9, 10}, {2, 4, 6, 7, 8}, {2, 4, 6, 7, 9}, {2, 4, 6, 7, 10}, {2, 4,
6, 8, 9}, {2, 4, 6, 8, 10}, {2, 4, 6, 9, 10}, {2, 4, 7, 8, 9}, {2, 4, 7, 8, 10}, {2, 4
7,9, 10}, {2, 4, 8,9, 10}, {2, 5, 6, 7, 8}, {2, 5, 6, 7, 9}, {2, 5, 6, 7, 10}, {2, 5,
6,8, 9}, {2, 5,6, 8, 10}, {2, 5, 6,9, 10}, {2, 5, 7. 8, 9}, {2, 5, 7, 8, 10}, {2, 5,
7,9, 10}, {2, 5, 8,9, 10}, {3, 4, 6, 7, 8}, {3, 4, 6, 7, 9}, {3, 4, 6, 7, 10}, {3, 4,
6,8, 9}, {3, 4, 6,8, 10}, {3, 4, 6,9, 10}, {3, 4, 7. 8, 9}, {3, 4, 7, 8, 10}, {3, 4,
7,9, 10}, {3, 4, 8,9, 10}, {3, 5, 6, 7, 8}, {3, 5, 6, 7, 9}, {3, 5, 6, 7, 10}, {3, 5,
6,8, 9}, {3, 5,6, 8, 10}, {3, 5, 6,9, 10}, {3, 5, 7. 8, 9}, {3, 5, 7, 8, 10}, {3, 5,
7,9, 10}, {3, 5, 8,9, 10}, {4, 5,6, 7, 8}, {4, 5, 6, 7, 9}, {4, 5, 6, 7, 10}, {4, 5,
6,8, 9}, {4, 5,6, 8, 10}, {4, 5, 6,9, 10}, {4, 5, 7. 8, 9}, {4, 5, 7, 8, 10}, {4, 5,
7,9, 10}, {4, 5, 8, 9, 10} }=A, the orbit containing exactly two of 1, 2, 3, 4,
)

. G%ngAﬁ}{1,2,3,6,7}:{{1,2 3,6, 7}, {1, 2, 3, 6, 8}, {1, 2, 3, 6, 9}, {1, 2,
3,6, 10}, {1,2,3, 7,8}, {1,2 3,79}, {1, 2, 3,7, 10}, {1,2, 3,8 9}, {1,2, 3,
8, 10}, {1, 2, 3,9, 10}, {1, 2,4, 6, 7}, {1, 2, 4, 6, 8}, {1, 2, 4, 6, 9}, {1, 2, 4,
6,10}, {1, 2,4, 7,8}, {1,2,4, 7,9}, {1, 2,4, 7, 10}, {1, 2, 4, 8, 9}, {1, 2, 4,
8, 10}, {1, 2, 4, 9, 10}, {1, 2, 5, 6, 7}, {1, 2, 5, 6, 8}, {1, 2, 5, 6, 9}, {1, 2, 5,
6, 10}, {1,2, 5,7, 8}, {1,2, 5,7, 9}, {1, 2, 5, 7, 10}, {1, 2, 5, 8, 9}, {1, 2, 5,
8, 10}, {1, 2 5,9, 10}, {1, 3,4, 6, 7}, {1, 3, 4, 6, 8}, {1, 3, 4, 6, 9}, {1, 3, 4,
6, 10}, {1, 3, 4, 7, 8}, {1, 3,4, 7, 9}, {1, 3, 4, 7, 10}, {1, 3, 4, 8, 9}, {1, 3, 4,
8,10}, {1, 3, 4,9, 10}, {1, 3,5, 6, 7}, {1, 3, 5, 6, 8}, {1. 3, 5, 6, 9}, {1, 3, 5,
6, 10}, {1, 3, 5, 7, 8}, {1, 3, 5, 7, 9}, {1, 3, 5, 7, 10}, {1, 3, 5, 8, 9}, {1, 3, 5,
8,10}, {1, 3, 5,9, 10}, {1, 4, 5, 6, 7}, {1, 4, 5, 6, 8}, {1, 4, 5, 6, 9}, {1, 4, 5,
6, 10}, {1, 4, 5,7, 8}, {1, 4, 5, 7, 9}, {1, 4, 5, 7, 10}, {1, 4, 5, 8, 9}, {1, 4, 5,
8,10}, {1, 4, 5,9, 10}, {2, 3,4, 6, 7}, {2, 3, 4, 6, 8}, {2, 3, 4, 6, 9}, {2, 3, 4,
6, 10}, {2, 3, 4, 7, 8}, {2, 3,4, 7,9}, {2, 3, 4, 7, 10}, {2, 3, 4, 8, 9}, {2, 3, 4,
8,10}, {2, 3, 4,9, 10}, {2, 3,5, 6, 7}, {2, 3, 5, 6, 8}, {2, 3, 5, 6, 9}, {2, 3, 5,
6, 10}, {2, 3, 5,7, 8}, {2, 3,5, 7, 9}, {2, 3, 5, 7, 10}, {2, 3, 5, 8, 9}, {2, 3, 5,
8,10}, {2, 3, 5,9, 10}, {2, 4, 5, 6, 7}, {2, 4, 5, 6, 8}, {2, 4, 5, 6, 9}, {2, 4, 5,
6, 10}, {2,4, 5,7, 8}, {2, 4,5, 7,9}, {2, 4,5, 7, 10}, {2, 4, 5, 8, 9}, {2, 4, 5,
8, 10}, {2, 4, 5, 9, 10}, {3, 4, 5, 6, 7}, {3, 4, 5, 6, 8}, {3, 4, 5, 6, 9}, {3, 4, 5,
6,10} (3,4,5,7,8), {3,4, 5, 7,9}, {3, 4, 5, 7, 10}, {3, 4, 5, 8, 9}, {3, 4, 5,

8, 10}, {3, 4, 5,9, 10} }=Ag, the orbit containing exactly three of 1, 2, 3, 4, 5
CﬁlgﬁAﬁ}{l,2,3,4,6}:{{l,2 3, 4,6}, {1, 2,3,4, 7}, {1, 2, 3, 4, 8}, {1, 2
3, 4,90}, {1, 2, 3,4, 10}, {1, 2, 3, 5, 6}, {1, 2, 3, 5, 7}, {1, 2, 3, 5, 8}, {1, 2, 3,
5,9} {1, 2, 3, 5, 10}, {1, 2, 4, 5, 6}, {1, 2,4, 5, 7}, {1, 2, 4, 5, 8}, {1, 2,4, 5,
9}, {1, 2,4, 5,10}, {1, 3,4, 5, 6}, {1, 3, 4, 5, 7}, {1, 3, 4, 5, 8}, {1, 3, 4, 5,
9}, {1, 3, 4, 5, 10}, {2, 3, 4, 5, 6}, {2, 3, 4, 5, 7}, {2, 3, 4, 5, 8}, {2, 3, 4, 5,
9}, {2, 3, 4, 5, 10} }=Ay, the orbit containing exactly four of 1, 2, 3, 4, 5.
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6. G1,2345416,7,8,9,10} = {6,7,8,9,10} = A5, the orbit containing none of 1,
2,3, 4, 5.

From Lemmas 3.12 and 3.13, we deduce the following result:
Theorem 3.14. If n>2r, the rank of G = S, acting on X is r 4 1.
Proof. To start with, Gy 23 .,y has r +1 orbits. The r + 1 suborbits are:

1. OTbG{l,ZS,...,r}{l’ 2,3,...,7} = Ay, the trivial orbit.

2. OrbG{1’273MT}{1,r +1,r+2,...,2r — 1} = Ay, the orbit containing exactly
one of 1, 2, 3,..., r.

3. OTbG{l,ZS,...,r}{l’ 2,r+1,...,2r — 2} = A, the orbit containing exactly two of
1,2, 3,01

4. OTbG{l,ZS,...,r}{l’ 2,3,r +1,...,2r — 3} = Ag, the orbit containing exactly three
of 1,2, 3,...; r.

5. Orbg{l’ww’r}{l, 2,..,r—1,7r4+ 1} = A,_1, the orbit containing exactly r — 1
of either 1, 2, 3,..., .

6. OrbG{1,2,3,...,r} {r+1,r+2,..,2r} = A,, the orbit containing none of 1, 2, 3,...,
T.

Finally, the proof that this is possible only if n>2r is given. Suppose n —r = 0,
then Gy 93, . has only one orbit, the trivial one; and if n —r =1, G123 ) has
two orbits, namely, the trivial orbit and the one containing exactly r — 1 of 1, 2,
3y..yand r. If n —r =2, Gy 93, has three orbits, namely, the trivial orbit, the
one containing exactly r—1of 1, 2, 3,. .., and r, and the one containing exactly r —2
of 1, 2, 3,..., and r. Continuing with this argument, we find that if n —r =r — 1,
then G123, has r orbits i.e the trivial one, the one containing exactly r — 1 of

1, 2, 3,...,and r, the orbit containing exactly » — 2 of 1, 2, 3,...,r and so on up to
the orbit containing exactly one of 1, 2, 3,..., r. In a similar manner, if n — r>r,
G123,y Will have an additional orbit, the one containing none of 1, 2, 3,..., and

r. This makes it have » 4+ 1 orbits in total. We can rewrite n — r>r as n>2r and
thus completing the proof.

Example 3.15. Let G = Sg acting on X, Then rank of G = 4.
The four suborbits of G are:

L Gp23{1,2,3}={{1,2,3}}=Ao, the trivial orbit.
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2. G{1,2,3}{17475}:{{17475}7 {17476}7 {17576}7 {27475}7 {27476}7
{2,5,6}, {3.4,5}, {3,4,6}, {3,5,6}}=A1, the orbit containing exactly one of 1,
2, and 3.

3. G{1,2,3}{17274}:{{17274}7 {17275}7 {17276}7 {17374}7 {17375}7
{1,3,6}, {2,3,4}, {2,3,5}, {2,3,6}}=As, the orbit containing exactly two of 1,
2, and 3.

4. Gyi233{4,5,6} = {{4,5,6}} = A3, the orbit containing none of 1, 2, and 3.

Example 3.16. Let G = Sy acting on X©) Rank of G = 5.
The five suborbits of G are:

L. Gr23456)11,2,3,4,5,6} = Ay, the trivial suborbit.

)

2. G{1,273,475’6}{1,2,7, 8,9,10}={{1, 2, 7, 8,9, 10}, {1, 3, 7, 8, 9, 10}, {1, 4,
97 10}7 {17 57 77 87 97 10}7 {17 67 77 87 97 10}7 {27 37 77 87 9’ 10}7 {27 47 7
10}, {2, 5, 7, 8, 9, 10}, {2, 6, 7, 8, 9, 10}, {3, 4, 7, 8, 9, 10}, {3, 5, 7,
10}7 {37 67 77 8’ 97 10}7 {47 57 7? 87 9’ 10}7 {47 67 7? 87 97 10}7 {57 67 77
10} }=As, the suborbit containing exactly two of 1, 2, 3, 4, 5, and 6.

) )

7,8
a8>9a
8,9
8,9

9 I

3. Grosase{l,23,7,8,9)={{1, 2,3, 7,8 9}, {1,2,3,7,8 10}, {1,2,3,7, 9
10}, {1,2,3,8,9, 10}, {1, 2, 4,7, 8 9}, {1,2, 4,7, 8,10}, {1, 2, 4, 7, 9, 10},
{1, 2,4, 8,9, 10}, {1, 2,5, 7,8, 9}, {1, 2,5, 7, 8 10}, {1, 2,5, 7, 9, 10}, {1,
2,5,8,9, 10}, {1, 2,6, 7, 8, 9}, {1, 2,6, 7, 8 10}, {1, 2,6, 7,9, 10}, {1, 2, 6,
8,9, 10}, {1, 3,4, 7,8, 9}, {1, 3,4, 7, 8, 10}, {1, 3, 4, 7, 9, 10}, {1, 3, 4, 8, 9,
10}, {1, 3,5, 7, 8, 9}, {1, 3, 5, 7, 8, 10}, {1, 3, 5, 7, 9, 10}, {1, 3, 5, 8, 9, 10},
{1,3,6,7,8 9}, {1, 3,6, 7,8, 10}, {1, 3, 6, 7, 9, 10}, {1, 3, 6, 8, 9, 10}, {1,
4,5,7,8 9}, {1, 4,578, 10}, {1,4,5,7,9, 10}, {1, 4, 5, 8, 9, 10}, {1, 4, 6,
7,8, 9}, {1,4,6,7,8, 10}, {1, 4,6, 7,9, 10}, {1, 4, 6, 8, 9, 10}, {1, 5, 6, 7, 8,
9}, {1, 5, 6,7, 8 10}, {1, 5,6, 7,9, 10}, {1, 5, 6, 8, 9, 10}, {2, 3,4, 7, 8, 9},
(2,3,4,7,8 10}, {2,3,4,7, 9,10}, {2, 3, 4, 8, 9, 10}, {2, 3, 5, 7, 8, 9}, {2,
3,5,7,8, 10}, {2, 3,5, 7,9, 10}, {2, 3, 5, 8,9, 10}, {2, 3, 6, 7, 8, 9}, {2, 3, 6,
7,8, 10}, {2, 3, 6,7, 9, 10}, {2, 3, 6, 8,9, 10}, {2, 4,5, 7, 8, 9}, {2, 4, 5, 7, 8,
10}, {2, 4, 5, 7,9, 10}, {2, 4,5, 8, 9, 10}, {2, 4, 6, 7, 8, 9}, {2, 4, 6, 7, 8, 10},
(2,4,6,7,9,10}, {2, 4, 6, 8,9, 10}, {2, 5, 6, 7, 8, 9}, {2, 5, 6, 7, 8, 10}, {2,
56,7, 9,10}, {2, 5,6, 8,9, 10}, {3, 4,5, 7, 8, 9}, {3, 4, 5, 7, 8, 10}, {3, 4, 5,
7,9,10}, {3, 4,5, 8, 9, 10}, {3, 4, 6, 7,8, 9}, {3, 4,6, 7, 8, 10}, {3, 4, 6,7, 9,
10}, {3, 4, 6, 8, 9, 10}, {3, 5,6, 7, 8, 9}, {3, 5, 6, 7, 8, 10}, {3, 5, 6, 7, 9, 10},
(3,5,6,8,9, 10}, {4,5,6,7,8,9}, {4, 5,6, 7,8, 10}, {4, 5, 6, 7,9, 10}, {4, 5,
6, 8, 9, 10} }=Ag, the suborbit containing exactly three of 1, 2, 3, 4, 5, and 6.

4. G{1,2,3,475,6}{17273747 77 8}:{{17 27 3> 45 7> 8}7 {17 27 3> 45 7a 9}7 {17 27 37 4> 7a
10}, {1, 2, 3, 4,8, 9}, {1, 2, 3, 4, 8, 10}, {1, 2, 3, 4, 9, 10}, {1, 2, 3, 5, 7, 8},
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{1,2,3,5,7, 9}, {1, 2, 3,5, 7, 10}, {1, 2, 3, 5, 8, 9}, {1, 2, 3, 5, 8 10}, {1, 2,
3,5,9, 10}, {1, 2, 3,6, 7, 8}, {1, 2, 3,6, 7,9}, {1, 2, 3, 6, 7, 10}, {1, 2, 3, 6,
8,9}, {1, 2, 3, 6, 8, 10}, {1, 2, 3, 6,9, 10}, {1, 2,4, 5, 7,8}, {1, 2,4, 5,7, 9},
{1, 2,4, 5, 7,10}, {1, 2, 4, 5, 8, 9}, {1, 2, 4, 5, 8, 10}, {1, 2, 4, 5, 9, 10}, {1,
2,4,6,7, 8}, {1, 2, 4,6, 7,9}, {1, 2,4, 6,7, 10}, {1, 2, 4, 6, 8, 9}, {1, 2, 4,
6, 8, 10}, {1, 2, 4, 6, 9, 10}, {1, 2, 5, 6, 7, 8}, {1, 2, 5,6, 7, 9}, {1,2,5,6, 7,
10}, {1, 2, 5, 6, 8, 9}, {1, 2, 5, 6, 8, 10}, {1, 2, 5, 6, 9, 10}, {1, 3, 4, 5, 7, 8},
{1,3,4,5,7,9}, {1, 3,4, 5, 7, 10}, {1, 3, 4, 5, 8, 9}, {1, 3, 4, 5, 8, 10}, {1, 3,
4, 5,9, 10}, {1, 3,4, 6, 7, 8}, {1, 3, 4,6, 7, 9}, {1, 3, 4, 6, 7, 10}, {1, 3, 4, 6,
8,9}, {1, 3, 4, 6, 8, 10}, {1, 3,4, 6, 9, 10}, {1, 3, 5, 6, 7, 8}, {1, 3,5, 6, 7, 9},
{1, 3, 5, 6, 7, 10}, {1, 3, 5, 6, 8, 9}, {1, 3, 5, 6, 8, 10}, {1, 3, 5, 6, 9, 10}, {1,
4, 5,6, 7,8}, {1, 4, 5,6, 7, 9}, {1, 4, 5, 6, 7, 10}, {1, 4, 5, 6, 8, 9}, {1, 4, 5,
6, 8, 10}, {1, 4, 5, 6,9, 10}, {2, 3,4, 5, 7, 8}, {2, 3,4, 5, 7,9}, {2,3,4,5, 7,
10}, {2, 3, 4,5, 8, 9}, {2, 3, 4, 5, 8, 10}, {2, 3, 4, 5, 9, 10}, {2, 3, 4, 6, 7, 8},
(2,3,4,6, 7,9}, {2,3,4,6,7,10}, {2, 3, 4, 6, 8, 9}, {2, 3, 4, 6, 8, 10}, {2, 3,
4,6,9,10}, {2,3,5,6, 7,8}, {2,3,5,6, 7,9}, {2,3,5, 6, 7, 10}, {2, 3, 5, 6
8,91, {2, 3,5, 6,8, 10}, {2,3,5,6,9,10}, {2, 4,5, 6, 7, 8}, {2, 4, 5, 6, 7, 9},
(2,4, 5,6,7,10}, {2, 4, 5, 6, 8, 9}, {2, 4, 5, 6, 8, 10}, {2, 4, 5, 6, 9, 10}, {3,
4,5,6,7, 8}, {3,4,5,6,7 9}, {3, 4,5 6,7, 10}, {3, 4, 5, 6, 8, 9}, {3, 4, 5, 6,
8, 10}, {3, 4, 5, 6, 9, 10} }= A4, the suborbit containing exactly four of 1, 2,
3, 4, 5, and 6.

5. Gp23456011,2,3,4,5, 7}={{1, 2, 3, 4,5, 7}, {1, 2, 3, 4,5, 8}, {1, 2, 3, 4, 5,
9}, {1, 2, 3, 4, 5, 10}, {1, 2, 3, 4,6, 7}, {1, 2, 3, 4, 6, 8}, {1, 2, 3, 4, 6, 9}, {1,
2,3, 4,6, 10}, {1, 2, 3, 5,6, 7}, {1, 2, 3, 5, 6, 8}, {1, 2, 3, 5, 6, 9}, {1, 2, 3,
5, 6, 10}, {1, 2, 4, 5, 6, 7}, {1, 2, 4, 5, 6, 8}, {1, 2, 4, 5, 6, 9}, {1, 2, 4, 5, 6,
10}, {1, 3, 4, 5, 6, 7}, {1, 3, 4, 5, 6, 8}, {1, 3, 4, 5, 6, 9}, {1, 3, 4, 5, 6, 10},
{2, 3,4,5,6, 7}, {2, 3,4, 5, 6, 8}, {2, 3, 4, 5, 6,9}, {2, 3, 4, 5, 6, 10} }=As,
the suborbit containing exactly five of 1, 2, 3, 4, 5, and 6.

In this example, G does not have the suborbit Ay and Ag. This is because n < 2r.
This stresses the fact that for the rank of G to be r + 1, then n > 2r.

3.5. Self Paired Suborbits of S,

In the next Theorem we show that all the suborbits of S, are self paired.

Theorem 3.17. Let n > 2r, then the suborbits Ag, A1, Ao, ..., Ar_1, A, of S,
acting on X") are self paired.

Proof. The proof for Ag is trivial. Consider an arbitrary member of A; say
{1, +1,...,2r — 1}. By the definition of a self paired suborbit (see Section 2) if
g{l,r+1,..,2r—1} = {1,2,...,r}, then we can take g to be (1)(r+1 2)(r+2 3)...(2r—
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17)and g{1,2,....,7} ={1,r+ 1,7+ 3,...,2r — 1} € Ay. This shows that A; is self
paired.

Similarly consider an arbitrary member of Ag say {1,2,r + 1,...,2r — 2}. If
g{1,2,r+1,...,2r—2} = {1,2,...,r}, then we can take g to be (1)(2)(r+1 3)...(2r —
2r)and g{1,2,...,r} ={1,2,r +1,...,2r — 2} € Ay, showing that A, is also self
paired. Using similar arguments, we can show that As, Ay, ..., A,_1 are self paired.

Finally, consider an arbitrary member of A, say {r + 1,7 + 2,...,2r}. If g{r +
1,r+2,..,2r} ={1,2,...,r}, then we can take g to be (r+1 1)(r+22)...(2r r) and
g{l,2,..,r} ={r+1,r+2...,2r} € A,, showing that A, is a self paired.

Example 3.18. Let G = S; acting on X®) | then A, Ay and Ag are self paired.

This is because {1,4,5} € Ay, and we can take g = (1)(4 2)(5 3). Consequently
gxr ={1,4,5} € Ay, where x = {1,2,3}. Similarly {1,2,4}€ Aq, g = (1)(2)(4 3) and
gr ={1,2,4} € Aqy. Lastly {4,5,6}€ Ag, g = (41)(52)(6 3) and gz = {4,5,6} € As.

3.6. Subdegrees of S,, Acting on X (")

The rank and the subdegrees of a group G are closely related in that while the rank
is the number of the suborbits of (G, the subdegrees are the sizes of these suborbits
of G. The subdegrees of S, acting on X (") are given by Theorem 3.19.

Theorem 3.19. Let n > 2r, then the subdegrees of S,, acting on X") are:
1 n—r r\ (n—r r\ (n—r
T\r-1)\2)\r=2)3)\r=3)

r n—r n—r
r—1 1 ’ r

Proof. The r + 1 suborbits of G obtained in Theorem 3.14 are considered.
The length of Ag = 1. Consider the suborbit Aj, which contains exactly one of
1,2,3,..,and r. One of 1, 2, 3,..., and r may be chosen in r ways while the remaining

r — 1 elements may be chosen from n — r elements of X in <n _I ways. This

n-—r

. 1). For the suborbit Ao, the two

makes the total number of selections to be r <

elements may be chosen in g ways while the remaining r — 2 elements may be

r

chosen in (: : g) ways, making a total of <2

> <Z : ;) ways. Continuing with the

same argument, in the suborbit A, _1, the » — 1 elements may be chosen in . i 1

and the remaining 1 element in (n I T> ways making a total of <n I 7’> (r i 1)
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ways. Finally, for A, which does not contain any of elements from {1, 2, 3,..., 7},

the r elements from X can be chosen in (n ; T> ways.

Example 3.20. If G = S; acting on X®), the subdegrees of G are:
4 3 4
2(2) 4 ()-()
that is 1, 18, 12, 4.

The four suborbits of G are:
1. Ao ={1,2,3}

2. Ay = {{145}, {146}, {147}, {1,5,6}, {1,5,7}, {1,5,7}, {2,4,5}, {2,4,6},
{2,4,7}, {2,5,6}, {2,5,7}, {2,6,7}, {3,4,5}, {3,4,6}, {3,4,7}, {3,5,6}, {3,5,7},
{3.6.7}}.

3. Ay = {{1,24}, {1,2,5}, {1,2,6}, {1,2,7}, {1,3,4}, {1,3,5}, {1,3,6}, {1,3,7},
{27374}7 {273’5}7 {27376}7 {27377}}'

4. Ag = {{4,5,6}, {4,5,7}, {4,6,7}, {5,6,7}}.

Ao = 1,|A1| = 18, |Ag| = 12, and|A3| = 4. So that the subdegrees are 1, 4, 12,

and 18 as expected.

Example 3.21.
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g) ,( > < > < > that is 1,25, 100, 100, 25, 1.
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