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1. Introduction and Preliminaries

Let EZ be the class of functions F(z) of the form
1 o0
F(2) = _F Z;)anz"Jr"_l, a>1,
-

which are analytic in the punctured unit disk U := {z € C, 0 < |z| < 1}. And let
E_ be the class of functions of the form

o0
F(z)—l—Za el >
_Z n 9 — )
n=0

which are analytic in the punctured unit disk U. Recalling the principle of subordi-
nation between analytic functions, let the functions f and g be analytic in the unit
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disk then the function f is subordinate to g if there exists a Schwarz function w(z),
analytic in A such that f(z) = g(w(z)). We denote this subordination by f < g.

Let £T be the class of analytic functions, in U, of the form f(z) = %—1—220:0 Ap 2"
And let £~ be the class of analytic functions, in U, of the form f(z) = 1 —
Yol panz", an >0, n=0,1,... Then we have the following classes:

Definition 1. Let ® be analytic function in a domain containing F(U) and

®(w) # 0 for w € F(U). Let q(z) be a fixed analytic function in U. The function

F € &EF(E)) is called ®—like with respect to g if — Z(F—gz))) <q(z), z € U.

Definition 2. Let F(z) € A, we define the meromorphic family &, (®,¥),
where ®(2) = 1 — 3% (2" L and W(z) =1 — 3% J4p, 2"t are analytic in

z

U under the conditions ¢, > 0, 1, > 0, ¢, > ¥, for n > 0 and F(z) * ¥(z) # 0.

Now we define differential operators as follows. Let F' € EX then
F(z)) 1 <«
DlF(z) = EF@E) = -+ E (n+a+1)a,2z"™ L ... DER(2)
z
n=0

=—+Z (n+ o+ 1)ka,z" "t (1)
n=0

DLF(z) = (a +1)F(2) + azF'(2),--- ,DEF(2)

a

- é + i[(a +1) +a(n+a—1Dfa,z"" 7 (2)
n=0

and
D} ,\F(2) = (20 = A+ 1)F(2) + (2a — \)2F'(2),- -+ , Dk \F(2) =

% + i[@a =N+ a) +1Faz" (3)

In this paper, we establish some sufficient conditions for functions ' € EI and

F € & to satisfy
_2(DEF(2))'(2)

SRR q(z), zel, (4)
k z
% a(z), zel, (5)
DR AF ()
_W <q(z), zeU n=12 .. (6)
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and

() < ale) = €U nto @

where ¢(z) is a given univalent function in U. We shall need the following known
results.

Lemma 1. (see [1]) Let q(z) be convex univalent in the unit disk /A and 1) and
v € C with R{1 + =2 ((§ + £} > 0. If p(2) is analytic in A and ¥p(z) + vzp'(z) <
Pq(z) +vz¢'(2), then p(2) < q(z) and q is the best dominant.

Lemma 2. (see [2|) Let q(z) be univalent in the unit disk A and 6 and ¢
be analytic in a domain D containing q(A) with ¢(w) # 0 when w € q(4). Set
Q(z) := 2¢'(2)p(q(2)), h(z) :== 0(q(2))+Q(2). Suppose that Q(z) is starlike univalent
in A, and ?)‘EZS((ZZ)) >0forze A I O(p(z)+2p (2)p(p(2)) < 0(q(2))+2¢ (2)P(q(2))
then p(z) < q(z) and q(z) is the best dominant.

£
Y
<

2. Subordination Results

In this section, we establish some sufficient conditions for subordination of analytic
functions in the classes E} and & .

Theorem 1 Let the function q(z) be convex univalent in U such that ¢'(z) # 0
and {1 + = q (Z zp} >0, v # 0. Suppose that —%
F € E} satisfies the subordination

_ADEF(2))'(2) (0 +~[1 + 2(DaF(2))"(2) 29" (DEF(2))
(DEF(2)) ! (DEF(2))(2)  ®(DEF(2))

is analytic in U. If

I} < vq(z) + 724 (2).

Then —(‘}%Dki(p)(zl)()z) < q(z), z € U, and q(z) is the best dominant.

Proof. Let the function p(z) be defined by p(z) := —% z € U. It can

easily observed that

2(DgF(2))"  2®(DyF(2))

(DL B(DLE(R)
< 1hq(z) + vzq'(2).

Yp(2) + 720’ (2) = —— o {1+

Then by the assumption of the theorem we have that the assertion of the theorem
follows by an application of Lemma 1. O

For ®(w) = w, in Theorem 1, we have the following result.
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Corollary 2. If the subordination

2(DEF(2)) 2(DEF(2))"  2(DEF(2)) /
Rl Gy~ B ) <)+ 25
(DEF(2))

satisfies then —W < q(z).
For ®(w) = w,k = 0 in Theorem 1, we have the following result.

Corollary 3. If the subordination

ARG AFC APy
Fl2) {v+901+ (F(2) Fl2) I} <q(z) + 724 (2)
satisfies, then —Z(gf(j)))/ =< q(z).

Theorem 4. Let the function q(z) be univalent in Usuch that q(z) #0, z € U,

Z;I(()) is starlike univalent in U and R{$q(z)+[1+ Z:I]’IES) Z:]I(Z 11>0,b#0,¢(z) £

0, z eU. If F € E_ satisfies

2D F (%)) 2(DaF(2)" 2% (DGF(2)) 2q'(2)
_Z\ e \F)) 1 —
amEe) T DG T iR TG
then —% =< q(z) and q(z) is the best dominant.
: — _z(DEF(z))
Proof. Let the function p(z) be defined by p(z) : SOEFG)) © € U. By

setting f(w) = aw and ¢(w) = %, b # 0, it can easily observed that 0(w) is
analytic in C, ¢(w) is analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also we
obtain Q(2) = = (:)6(a(2)) = b and () = 0a(2) + Q) = aa(2) + b
It is clear that Q(z) is starlike univalent in U and 3‘%{ Q(z } R{Faq(z)+[1+ % -
zq (z

]} > 0. Straightforward computation, we have

zp'(2) #(DYF(2)) 2(DEF(2))" 29/ (DEF(2))
b =a|l-————]| + b1 —
P~ amire) P DRy T S0k
2q'(2)
<aq(z)+b .
) q(z)
Then by the assumption of the theorem we have that the assertion of the theorem
follows by an application of Lemma 2. O

For ®(w) = w,k = 0 in Theorem 2, we have the following result.

Corollary 5. If the subordination a[— ZF((?] +0[1+ Zlf,/é)) Z;ES)] < aq(z) +

b T < a2).
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In the similar way, we have the following results:

Theorem 6. Let the function q(z) be convex univalent in U such that ¢'(z) # 0

20! (2 kEF(2)x®(z
and R{1 + ;1,(2)) + %} > 0, v # 0. Suppose that —%

F € A} satisfies the subordination

is analytic in U. If

* D(2) 2(DEF(2) x ®(2))  2(DEF(2) % ¥(2))
DR 0 T DR s 00 DEF(2) s u(s) P
< Pq(2) + 724 (2).

Then —% < q(z), z € U, and q(z) is the best dominant.

Theorem 7. Let the function q(z) be univalent in Usuch that q(z) # 0, z € U,
Z;](,S) is starlike univalent in U and R{3q(z)+[1+ Zg,(g) - ZZ(S)]} >0,b#£0,¢(z) #
0, z eU. If FF € A satisfies

DEF(2) x ®(2)

I Dk i) TUTDER) v () DEF(2)=9(s)
zq'(2)
<aq(z)+b ,
q(z) )
then —% =< q(z) and q(z) is the best dominant.

Theorem 8. Let the function q(z) be convex univalent in U such that ¢'(z) # 0

(s 2[Dy \F(2))
and R{1 + 5,(2)) + %} > 0, v # 0. Suppose that — Dfx:iF(z)

F € E} satisfies the subordination

is analytic in U. If

JDF (T JDE F ADF L F(2)]
_ [Da,)\F( )] {¢+7[1+ [Da,)\F( )] _ [Da,)\ ()]]}<1[)q(7:)+72q,(2)

D} F(2) [DE \F(2)) D} F(2)
z[D} \F(2)) : .
Then NGO q(z), z € U, and q(z) is the best dominant.
a, A z

Theorem 9. Let the function q(z) be univalent in Usuch that q(z) # 0, z € U,

Z;](,S) is starlike univalent in U and R{$q(z)+[1+ Zg,/é'j) — ZZES)]} >0,b#0, ¢'(2) #

0, z e U. If F € E_, satisfies the subordination

z[DF \F(2)] 2[DF \F(2)]"  2[DF F(2)] !
o[~ [ I(:,A (2)] T [ ]:l,,\ ( )]/ - [ ;:,,\ ( )]]<aq(z)+bzq(z)
Dy \F(2) [Dg \F(2)] D\ F(2) q(z)
z[D¥ 2)|
then —M =< q(z) and q(z) is the best dominant.
Da’/\F(z)
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Theorem 10. Let the function q(z) be convex univalent in U such that ¢'(z) #

0 and R{1 + Zq((z w} > 0, v # 0. Suppose that —( Pz ))“ is analytic in U. If

F € EJr satisfies the subordmatwn

2F'(2)
F(z)

~EC Dy L) e (2.

Then —(@)“ < q(z), z € U, and q(z) is the best dominant.

Theorem 11. Let the function q(z) be univalent in Usuch that q(z) #0, z € U,
Z;](()) is starlike univalent in U and R{%q(z)+[1+ Zg,(g) ZZ(Z 1} >0,0#£0,¢(2) #
0, z eU. If F € E satisfies

F(z) 2F'(2)

]+ bu| FG) 1] < aq(z2) + p2d

a[—(

then —(@)“ =< q(z) and q(z) is the best dominant.

Theorem 12. Let the function q(z) be convex univalent in U such that ¢'(z) #

0 and R{1 + Zq((z w} > 0, v # 0. Suppose that (W)M is analytic in U. If

F € EJr satisfies the subordmatwn

1

L F'(z)
2F(2)

P+ F(2) — Tl < () +0xd (@),

where p is a positive real number. Then —(Zpl(z))“ < q(z), z € U, and q(z) is the
best dominant.

Theorem 13. Let g(z) # 0 be univalent in U with Z;]ES) is starlike univalent

in U and ®{aq(z) + 1 + & — 28]} > 0,0 >0,¢(2) £0, 2 €U IfF € B
satisfies the subordination

o= (g 1+ ) = S < eal) +

then —( F( ))“ < q(z) and q(z) is the best dominant.

Note that the authors introduced and studied different classes of analytic func-
tions of fractional power in the unit disk (see [3-9]). Further, for different studies on
fractional power and other operators, see for examples in ([10]-[12]).
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