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234 G. Valkov, R. Petkov
1. Introduction

Determining the added mass and wave damping for bodies submerged into fluid is
directly relevant to calculation of the hydrodynamically induced forces upon them
due to wave agitation or due to constrained motion of the bodies in still fluid (from
the mathematics point of view, both phenomena are identical). Studying of this
problem has been conducted for a long time but results have been obtained mainly
for single spatial bodies or plane figures. In need of hydrodynamic calculation for
a system of bound bodies, the superposition method has been applied [1]. Never-
theless, this method reduces finding of the added mass and damping (respectively
forces) of the system to simple superposition without accounting for hydrodynamic
bodies’ interaction. In the published subsequently works, determining the hydro-
dynamic characteristics of systems of two cylinders (catamaran type) crossing the
free water surface [2], [3], [4], or submerged below it [5], [6] has shown that neglect-
ing interaction between bodies could lead to significant quantitative and qualitative
inaccuracies.

With progress of computers’ development, solving the problem of hydrodynamic
body interaction in systems of cylindrical members became possible numerically.
However, solutions of hydrodynamic characteristics of multiple horizontal cylinders
have been published mainly for catamaran type systems [7].

In the present paper, numerical solutions of 2-D added mass and damping coeffi-
cients for vertically axially symmetrical systems of three and four horizontal parallel
circle cylinders are presented. The cylinders are considered of infinite length, oscillat-
ing harmonically below the free surface of inviscid fluid of infinite depth. Hypothesis
of plane cross-sections as well as the method of source singularities of W. Frank in
the linear free-surface theory [8] are applied, which reduces the problem to numerical
solution of the Fredholm integral equations. The results are obtained in frequency
domain codes. Analysis of factors influencing the hydrodynamic coefficients, such
as level of submersion, numbers of cylinders, distance between axes, direction and
frequency of sway and heave oscillation is performed.

2. Problem Formulation

Let examine a system of three horizontal circle cylinders of infinite length with equal
radius R, submerged below the free surface of infinite depth fluid. The longitudinal
cylinders’ axes are parallel and in equal distance 2A among them, and lie in the
same horizontal plane parallel to the free surface (see Figure 1).

Let choose right-handed Cartesian coordinate system OXYZ, oriented in a man-
ner that plane XY coincides with the free surface plane, axis X is the intersection of
the vertical plane of symmetry for the cylindrical system and the free surface plane,
and axis Z is oriented vertically up. Let consider two types of oscillatory motions:In
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 235

Figure 1: Cross-section of three circle cylinders’ system submerged below
the free surface of infinite depth fluid

vertical or heave, and horizontal or sway, supposing that the cylinders are forced to
oscillate in still fluid (no swell presumed). Furthermore, the following assumptions
are imposed:

• fluid is inviscid, gravitational, homogeneous and incompressible;

• fluid motion due to forced oscillation is vortex-free and intact;

• the motion amplitudes are supposed small enough comparing to the cylinder
diameter 2R;

• flow around the cylinders caused by oscillating is parallel-plane, i.e. occurring
in the cross-section planes.

The first three assumptions allow using of the potential small-amplitude waves
theory, and the fourth – the hypothesis of plane cross-sections. Hereby, the spatial
wave-body interaction problem could be reduced to two-dimensional potential flow
around circle cylinders.

3. Solution Method

Determining the added mass and damping resolves itself into finding the velocity
potential of interaction of a forced in motion cylinders’ system with the fluid. The
velocity potential of the forced oscillation Φm will be searched among the complex
functions:

Φm(y, z; t) = ϕm(y, z) .e−i σ t, (1)

where y, z are complex coordinates of the field points in the fluid domain;
ϕ (y,z) – radiant function, the core of which is complex amplitude of the unsteady

potential of forced oscillation;In
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236 G. Valkov, R. Petkov
σ – angular frequency of oscillation;

t – time;

i – unit imaginary number;

m – subscript, accounting for oscillation direction (according to the conventional
notation in hydrodynamics, m= 2 corresponds to sway oscillation, i.e. along axis Y
; and m= 3 – to heave motion, i.e. along axis Z).

Henceforth, let us agree when deal with complex functions to take into account
only their real parts.

The radiant function must satisfy the following conditions:

• Laplace’s equation in the field points of the fluid domain:

∆ϕm = 0 (2)

• the linearized boundary condition of the small-amplitude waves theory on the
free surface:

∂ϕm

∂z
− Kϕm = 0 at z = 0, (3)

where K = σ2
/

g is the wave number for infinite depth fluid

• the boundary condition on the infinite depth:

∇ϕm = 0 at z → −∞ (4)

• the kinematic boundary condition on the cylinders’ contours:

(~n · ∇)ϕm = −iσnm on C, (5)

where C is the wet perimeter of all cylinders in the system in rest position
(in Figure 1 – the perimeter of the three circles); nm – the m-th projection of
the outward normal to contour C (at m = 2: n2 ≡ ny ; at m = 3: n3 ≡ nz).

• the Sommerfeld radiation condition representing attenuation of the outgoing
forced waves at infinity:

lim
y→±∞

(
∂

∂y
ϕm ∓ iKϕm) = 0 (6)

In solution of the problem, it is presumed that an external harmonic exciting
force is applied to the cylinders’ system in order to set it in motion. Therewith,
displacement of the cylinders s is going on harmonic law with unit amplitude:

sm = e−i σ t (7)In
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 237

The method of source singularities in modification of W. Frank is to be used
in order to find the radiant function ϕm . According to this method, impact of
the cylinders upon the ambient fluid is substituted for a system of hydrodynamic
sources, distributed continuously over the submerged body contours in rest position.

The radiant function for m-th mode of oscillation ϕm is searched on the basis
of Green’s function for unit hydrodynamic sources, which strength of distribution q
on the wet perimeter C is unknown function:

ϕm(y, z) =

∫

c

q(ξ)G(x, ξ)dc (8)

Above, G(x,ξ) is complex potential in point x = y + iz, induced by unit hydrody-
namic source, placed in point ξ = η + iζ ; its core is Green’s function (in Figure 1,
axis η coincides with axis Y , and axis ζ – with axis Z); q(ξ) – complex strength of
source singularity distribution, which is function of its location on contour C.

Using symmetry conditions, integration over the three contours could be reduced
to integrating over one-and-half contours (right or left to the axis Z in Figure 1).
Symmetry conditions on the axis Z are stipulated as [5]:

∣

∣

∣

∣

∣

∂
∂y

ϕm(0,z) = 0 at m = 3,

ϕm(0,z) = 0 at m = 2.
(9)

Adjusted for symmetry conditions (9), equation (8) is transformed into:

ϕm(x) =

∫

C+

q+(ξ+) · G+(x+, ξ+)·dc, (10)

where C+ is the wet perimeter of the right half (to the axis Z) of the symmet-
rical cylinders’ contours (see Figure 1); superscript + shows positive abscissas (y-
coordinates) of the Cartesian plane Y 0Z.

Green’s function for infinite depth fluid is obtained in work [9] ; using the sym-
metry conditions, it could be written as:

G+(x, ξ) =
1

2π
Re{ln

x − ξ

x − ξ
− (−1)m ln

x + ξ

x + ξ
+ 2P. V.

∞
∫

0

e−ik(x−ξ)

K − k
dk−

− (−1)m2P. V.

∞
∫

0

e−ik(x+ξ)

K − k
dk} − iRe

{

e−iK(x−ξ) − (−1)me−iK(x+ξ)
}

, (11)

where ξ = η − iζ is complex conjugate source singularity in the upper semi-plane
ηζ; P.V. – notation of the Cauchy principal value of integral.In
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238 G. Valkov, R. Petkov
Green’s function G+ in the form of (11) satisfies Laplace’s equation (2) and the

boundary conditions (3), (4), (6), except the kinematic boundary condition on the
contour (5). The last is necessary for determining the source distribution strength
q+(ξ). Considering the symmetry conditions, equations (5) must be satisfied on
contour C+ ; substituting (10) into (5) and separating the real and imaginary parts
of the complex expressions, a system of the Fredholm integral equations of second
kind is obtained:

∣

∣

∣

∣

∣

∣

∣

(~n.∇)Re
∫

C+

q+(ξ+) · G+(x+, ξ+) · dc = 0,

(~n.∇)Im
∫

C+

q+(ξ+) · G+(x+, ξ+) · dc = −σ n+
m.

(12)

Here, x+, ξ+ are the points of the fluid and the source, respectively, both adherent to
contour C+. The equations system (12) could be solved numerically by the Fredholm
method, according to which contour C+ is to be divided into N small segments, in
the extent of which the source strength q+, respectively the integrand, keep constant
value. As a result, two-integral-equations system (12) could be reduced to a system
of 2N algebraic linear equations with 2N variables q+. Taking into account that
q+(ξ) and G+(x, ξ) are complex functions, i.e.

q+ = Re
{

q+
}

+ i Im
{

q+
}

,

and
G+ = Re

{

G+
}

− i Im
{

G+
}

(see (11))

equations system (12) passes on to (13):
∣

∣

∣

∣

∣

∣

∣

∣

∣

N
∑

j=1
Re

{

q+
j

}

· Iij +
N
∑

j=1
Im

{

q+
j

}

· Jij = 0,

−
N
∑

j=1
Re

{

q+
j

}

· Jij +
N
∑

j=1
Im

{

q+
j

}

· Iij = −σn+
m |x=xi

.

(13)

Here Iij and Jij are matrix influence coefficients on the i-th contour point due to
the j-th contour segment in the m-th mode of oscillation, in phase with acceleration
and velocity, respectively. They are expressed as:

∣

∣

∣

∣

∣

∣

∣

∣

Iij = (~n · ∇)
∫

C+

j

Re {G+(x, ξ)} · dc |x=xi
,

Jij = (~n · ∇)
∫

C+

j

Im {G+(x, ξ)} · dc |x=xi
.

(14)

Applying this approach, we can transform the radiant function ϕm from equation
(10). For the purpose, the values of ϕm in the midpoint xi of the ith segment are
to be computed using the already found values of q+ :
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 239

ϕm(xi) = Re {ϕm} |x=xi
+ i Im {ϕm} |x=xi

=

N
∑

j=1

[

Re
{

q+
j

}

· Aij + Im
{

q+
j

}

· Bij

]

+ i

N
∑

j=1

[

Im
{

q+
j

}

· Aij − Re
{

q+
j

}

· Bij

]

. (15)

Above,
∣

∣

∣

∣

∣

∣

∣

∣

Aij =
∫

C+

j

Re {G+(x, ξ)} · dc |x=xi
,

Bij =
∫

C+

j

Im {G+(x, ξ)} · dc |x=xi
.

(16)

If the segments number N is sufficiently large, the curvilinear segments could be
replaced with rectilinear ones. In this case, equations (14), (16) can be defined
analytically [2], [8].

Hydrodynamic force, acting on the cylinders’ system in the m-th mode of oscil-
lation, is to be determined by integrating pressures on the contour:

Fm.e−iσt = −

∫

C

P (y, z; t).nm.dc. (17)

In (17), the hydrodynamic pressures P along the cylinders’ contours could be ob-
tained from the velocity potential Φm by means of the linearized Bernoulli equation:

P (y, z; t) = − ρ
∂

∂t
Φm(y, z; t) = iρσΦm(y, z; t). (18)

Substituting (18) into (17) with consideration for (1), (19) is obtained:

Fm.e−iσt = − iρσe−iσt

∫

C

ϕmnmdc. (19)

The symmetry conditions for ϕm and nm are given in the form of [10]:

ϕm(x+) = − (−1)mϕm(x−), (20)

nm |x+ = − (−1)m nm|x− (21)

(above, superscript – shows negative abscissas y of the Cartesian plane Y 0Z).
Analysing the above expressions, it is evident that the product (ϕmnm) is always

even function. Thus, we can pass to integrating of the right half of the contours:

Fm.e−iσt = − 2iρσe−iσt

∫

C+

ϕm (x+).nm |x=x+ · dc. (22)
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240 G. Valkov, R. Petkov
On the other hand, hydrodynamic force is expressed through the added mass λmm

and damping bmm in the form of [2]:

Fme−iσt = − λmm
∂2

∂t2
sm − bmm

∂

∂t
sm. (23)

Differentiating (7) and equalising the coefficients of cos(σt) and sin(σt) in the real
parts of the complex expressions (22) and (23), and in respect of the contours sym-
metry, the following formulae for the added mass and damping are obtained:

λmm =
2ρ

σ

∫

C+

Im {ϕm} ·nm · dc |x=x+ , (24)

bmm = − 2ρ

∫

C+

Re {ϕm} · nm · dc |x=x+ . (25)

The same assumptions, allowing to replace integration over curvilinear segments
with integration over rectilinear segments, are valid for formulae (24) and (25).
Considering (15), expressions for λmm and bmm are obtained in the form, convenient
for numerical solution:

λmm =
2ρ

σ

N
∑

i=1





N
∑

j=1

(Im
{

q+
j

}

· Aij − Re
{

q+
j

}

· Bij)



 · nm · ∆li, (26)

bmm = − 2ρ

N
∑

i=1





N
∑

j=1

(Re
{

q+
j

}

· Aij + Im
{

q+
j

}

· Bij)



 · nm · ∆li (27)

(here ∆li is length of the i-th segment).
In conclusion, we can notice that the above given formulae are correct for any

vertically axi-symmetrical plane system of n contours. Cross-section of a vertically
symmetrical system of four circle cylinders with equal radius R is shown in Figure
2 as example.

4. Numerical Results and Analysis

The boundary-element method has been applied for numerical solution of 2-D poten-
tial problem of forced oscillation of multiple parallel horizontal cylinders in inviscid
infinite depth fluid. A FORTRAN-based programme, named SHELF, for calculat-
ing the hydrodynamic characteristics of systems of three (trimaran type) and four
(tetramaran type) circle cylinders with a vertical plane of symmetry has been devised
(see Figures 1 and 2).In
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 241

Figure 2: Cross-section of four circle cylinders’ system submerged below the
free surface of infinite depth fluid

For range of various non-dimensional wave numbers K.R, contours geometry
and oscillating mode, dimensionless added mass and damping coefficients have been
computed in the form:

λmm =
λmm

ρS
, (28)

bmm =
bmm

ρσS
, (29)

where ρ is fluid density; S – total area of the cylinders cross-section.

Programme SHELF calculates hydrodynamic characteristics of axi-symmetric
multiple cylinders in or below the free surface for all 2-D oscillation modes: sway (λ22

and b22), heave (λ33 and b33), and roll (λ44 and b44) motion, as well as mixed sway-
roll added mass (λ24 = λ42) and damping (b24 = b42) coefficients. Moreover, SHELF
computes the hydrodynamic forces acting upon the cylindrical system submerged in
a heavy inviscid fluid, particularly into water.

From our numerical experiment and based on recommendations [11], [12], the
optimum number of segments for each circle N1 has been found as N1 = 24 for
computing (for the right half of the middle circle in Figure 1, N1/2 = 12). Increase
of this number has led to unimportant amelioration of solution precision at the
expense of computing time augmentation

The heave and sway computed added mass and damping coefficients for the
systems shown in Figures 1 and 2 are presented in graphical form as function of non-
dimensional wave numbers K.R, level of submersion H/2R, and distance between
axes A/R. The geometry of the cylindrical systems has been defined by following
dimensionless parameters: level of submersion H/2R (equal to 0.25, 0.5 and 0.75),
and distance between axes A/R (equal to 1.5, 2, 3 and 4). All combinations of the
above parameters have been inputted to compute the hydrodynamic characteristicsIn
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242 G. Valkov, R. Petkov

Figure 3: Heave water added mass coefficients λ33 of trimaran type circle
cylinders at A/R = 1.5

Figure 4: Heave water damping coefficients b33 of trimaran type circle cylin-
ders at A/R = 1.5

of three and four cylinders’ systems submerged into water (for brevity sake, only
some of them are shown in graphical form in Figures 3, 4, 5, 6, 7, 8, 9 and 10).

Considering the computed variants, common analysis of the results has been
performed and the following relations are observed.

• All graphs show oscillating character, in which the number of peaks corre-In
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 243

Figure 5: Heave water added mass coefficients λ33 of trimaran type circle
cylinders at A/R = 4

Figure 6: Heave water damping coefficients b33 of trimaran type circle cylin-
ders at A/R = 4

sponds to the number of cylinders in the system (three or four). At small
axes’ distance, A/R = 1.5, they are slightly noticeable and become more de-
lineated with enlarging of A/R (2 or 3); while at A/R = 4, a second series of
peaks appears.

• Qualitatively, the graphs for sway oscillation λ22 and b22 repeat the depen-In
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244 G. Valkov, R. Petkov

Figure 7: Sway water added mass coefficients λ22 of tetramaran type circle
cylinders at A/R = 1.5

Figure 8: Sway water damping coefficients b22 of tetramaran type circle
cylinders at A/R = 1.5

dence of λ33 and b33 for heave (their extrema are at the same frequencies) but
quantitatively the heave extrema are larger (it is not evident from the graphs
in Figures 3 to 10 because oscillations are presented for different system type –
trimaran and tetramaran, for brevity sake). This tendency is well observed at
small axes’ distances (A/R = 1.5 or 2); diminishes at A/R = 3, and practically
vanishes at A/R = 4.In
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Figure 9: Sway water added mass coefficients λ22 of tetramaran type circle
cylinders at A/R = 4

Figure 10: Sway water damping coefficients b22 of tetramaran type circle
cylinders at A/R = 4

• At small distances between the cylinders axes, A/R = 1.5, the maximum
value of the hydrodynamic characteristics is reached at the first peak. WithIn
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246 G. Valkov, R. Petkov
enlarging the axes’ distance, A/R = 2, the third peak starts to raise for three
cylinders’ system and the forth peak – for four cylinders’ system; those peaks
reach maximum at A/R = 3 or A/R = 4. At that, with growth of parameter
A/R, a common shift of all the peaks to the range of low frequencies takes
place. In result of such horizontal flattening of the peaks, the added mass
coefficients for three and four contours can obtain negative values (see Figures
5 and 9). This phenomenon could be explained with the complex character
of the hydrodynamic cylinders interaction as well as with the existence of the
irregular frequencies effects [13], [14]. (It should be noted that negative values
of the added mass have been computed also in the cases of two, three and four
cylinders crossing the free water surface, [4], [11].)

• With increase of level of submersion H/2R, fading of the extrema and smooth-
ing of the curves (without frequency shift) are observed. This tendency is well-
marked at small axes’ distances (A/R = 1.5 or 2) as well as at sway motion.
In the limit of H/2R → ∞, the added mass coefficients λmm tend to a con-
stant value in all frequency range, equal to the value of the contours system
in infinite fluid, while the damping coefficients bmm tend to zero (there is no
wave generation in infinite fluid).

• At equal other parameters (H/2R and A/R), the common character of the
curves modifies slightly with variation of the number of circle contours n (2, 3
or 4): qualitatively, insignificant lag occurs with increase of n due to appear-
ance of small local extrema; quantitatively, the magnitudes of the maximal
extrema amplify with increase of n that is well-marked at large axes’ distances
(A/R = 3 or 4).

Based on the abovementioned relations, we can conclude the following.

A) Main factor influencing quantitatively the added mass λmm and damping bmm

coefficients at predetermined frequency range is the level of submersion H/2R :
with increase of H/2R smoothing of the added mass λmm as well as approach-
ing to zero of damping bmm are observed. This tendency could be explained
with diminishing of the free surface influence, i.e. in the limit of infinite fluid
λmm = const and bmm ≡ 0. Other quantitatively influencing factors are
the distance between axes A/R, the mode of oscillation m, and the number
of contours in the cylindrical system n: at small axes’ distances (A/R = 1.5
or 2), the oscillation mode is more influencing, while at large parameters A/R
(3 or 4) – more significant factor is the number of contours in the cylindrical
system.

B) In qualitative aspect, main factor of influence on the hydrodynamic charac-
teristics is the axes’ distance A/R. With enlargement of the latter, oscillationIn
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2-D NUMERICAL SOLUTION TO THE ADDED MASS... 247
amplification and extrema magnification are evidenced. Similar trend, but to
a lesser degree is found with increase of the contours number n (when A/R =
const) – this could be interpreted in way that with increasing of the contours,
the distance between the outermost contours increases.

C) At A/R = 4, the added mass λmm and damping bmm curves for heave and
sway motion almost coincide. Such coincidence is typical for ordinary sub-
merged circle. This observation implies the conclusion that at axes’ distances
A/R > 4, hydrodynamic interaction among the cylinders ceases. Hence, we
recommend using computer programme SHELF in the range A/R ≤ 4.Referen
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