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Abstract: Given a cardinal k and an E-completely regular space X, for a topolog-
ical space E, we define a k-topology on X. When X is a right topological semigroup,
this process turns X into a topological semigroup. This is particularly true in the
case of the right topological semigroup (e, δEX), the E-LMC compactification which
is characterized by the fact that it is maximal w.r.t. the properties that it is right
topological and that λe(x) is continuous for each x ∈ X.
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1. Introduction

The idea that any compact Hausdorff space can be characterized as a space that is
homeomorphic to some closed subspace of a topological product of the closed unit
interval {x : 0 ≤ x ≤ 1} in the real line, has been generalized by S. Mrowka and R.
Engelking [2], [3]. Thus a space is E-completely regular (respectively, E-compact) if
and only if it is homeomorphic to a subspace (respectively closed subspace) of some
topological power of E, where E is a topological space. A special instance of this
generalization is the class in which the space E is the real line. This class of spaces is
the class of real compact spaces. It has been shown that each E-completely regular
space has a maximum E-compact extension, which is called E-compactifications.
For a properly chosen E, the maximal E-compactifications βEX is the space of all
E-Z-ultra-filters with suitable topology, see [4].

We have the theory of compact right topological semigroups. It is known that
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any Hausdorff semitopological semigroup X (i.e. one which is both left and right
topological) has a compactification (e,X) maximal with respect to the property that
it is right topological and the requirement that λe(x) be continuous for each x ∈ X.

The above two different concepts are combined to introduce the notion of E-LMC
compactification of a topologized semigroup Xand it has been proved (see [5]) that
any Hausdorff semitopological semigroup X has an E-compactification (e, δEX)for a
topological space E maximal with respect to the property that it is right topological
and the requirement that λe(x) be continuous for each x ∈ X.

In the above background we have shown that for a given a cardinal k and an
E-completely regular space X, for a topological space E, we define a k topology
on X and when X is a right topological semigroup, this process turns X into a
topological semigroup. This is particularly true in the case of the right topological
semigroup (e, δEX), the E-LMC compactification, which is characterized by the fact
that it is maximal w.r.t. the properties that it is right topological and that λe(x) is
continuous for each x ∈ X.

2. Preliminaries

Let E be a given topological space.

Definition 2.1. (see [2], [3]) 1) A space X is E-completely regular if X is
homeomorphic to a subspace of a product of copies of E and X is called E-compact
if X is homeomorphic to a closed subspace of a product of copies of E.

2) A subset U of X is called E-open if it is of the form f−1(V ), where V is an
open subset of some finite power En and f ∈ C(X,En). A subset F of X is E-closed
if and only if its complement is E-open, where

C(X,En) = {f : X −→ En, f continuous}.

Theorem 2.2. (see [6]) Let X and E be spaces. The following are equivalent.

1. X is E-completely regular.

2. For each closed subset A of X and each p ∈ X\A, there is a positive integer n

and f ∈ C(X,En) such that f(p) not in clEnf(A).

3. E-open subsets of X form a base for the open subsets of X.
In general we cannot replace ∪{C(X,En) : n ∈ N} by C(X,E).

Convention. 1. It is a topological field.In
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2. We take w copies of E and name them {Ei : i ∈ w}. Then by En, we mean
E1 × E2 × E3 × · · · × En. If n < m, there is an obvious embedding of En in Em,
namely

(x1, x2, ..., xn)←→ (x1, x2, ..., xn, 0, 0, ..., 0).

This convention is needed for defining algebraic operations in our further develop-
ments. However this does not conflict with notation used in [6] since any rearrange-
ment of co-ordinates is a homeomorphism.

3. We consider the class of all spaces X such that for each closed set A ⊂ X and
a point x ∈ X\A, there is a positive integer n and f ∈ C(X,En) such that f(A) = 0
and f(x) 6= 0 where 0 is the origin (0, 0, ........, 0) in En, the additive identity. Such
spaces are called E-spaces.

Definition 2.2.

CE(x) = ∪{C(X,En) : n ∈ N},

ZEn(f) = {x ∈ X : f(x) = 0},

where f ∈ C(X,En) is called an E- zero set of f .
For f, g ∈ CE(X), define (f + g)(x) = f(x) + g(x), for x ∈ X.
If f ∈ C(X,En), g ∈ C(X,Em) and if n > m, then since Em is embedded in

En as described above, g(x) can be taken as a member of En, i.e. g ∈ C(X,En).
Sof(x) + g(x) makes sense. Likewise (f ◦ g)(x) = f(x)g(x)forx ∈ X.

3. E-LMC Compactification

Let X represent a Hausdorff semitopological semigroup. Let K represent the disjoint
union ∐En = ∪(EnX{n}).

Definition 3.1. A function f ∈ CE(X) is defined to be in E-LMC if:

1. {f.λx : x ∈ X} ⊆ CE(X).

2. σ(CE(X), CE(X)∗)-closure of {f ◦ ρx : x ∈ X} ⊆ CE(X).

3. For each y ∈ X, σ(CE(X), CE(X)∗)-closure of {f ◦λy ◦ ρx : x ∈ X} ⊆ CE(X).
Put λ1 = P1 = i, the identity map. Then f ∈ E-LMC if for each y ∈ X ∪ {1},
σ(CE(X), CE(X)∗)-closure of {f ◦ λy ◦ λx : x ∈ X ∪ {1}} ⊆ CE(X), where
CE(X)∗ denote the topological dual of CE(X) and σ(CE(X), CE(X)∗) denotes
the weak topology induced on CE(X) by CE(X)∗ and

ρx : X −→ X is given by ρx(y) = yx,

λx : X −→ X is given by λx(y) = xy.In
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Theorem 3.2. Let T be an E-compact Hausdorff right topological semigroup
and φ : X −→ T be a continuous homomorphism such that λφ(x) is continuous for
each x ∈ X. If f ∈ CE(T ), then f ◦ φ ∈ E − LMC(X).

Proof. Let t ∈ X ∪ {1} and

g ∈ σ(CE(X), CE(X)∗)− cl{f · λy · ρx : x ∈ X ∪ {1}}.

It suffices to show that there is some a ∈ T such that for each x ∈ X, f ·
λφ(tx)(a) = g(x), for then, if t = 1, g = f ·λφ(a) = f ·ρa·φ and if t ∈ X g = f ·λφ(t)·ρa·φ
In either case, g is the composition of continuous functions.

Let (xα)α∈I be an E-Z-net such that (f ·φ·λt ·ρXa)α∈I converges to g. By taking a
E-Z-subnet if necessary, we may assume (φ(Xα))α∈I converges to some a ∈ T . Then
for each t ∈ X, α ∈ I,

f · λφ(yt)
(φ(xα)) = Πt(f · φ · λy · ρxα),

f · λφ(yt)
(a) = g(t) as required. �

Definition 3.3.

1. Define e : X −→
∏

f∈E−LMC

Ef , where Ef = E for every f ∈ E −LMC, where

e(x)(f) = f(x).

2. δEX = cle[X].

Then δEX is E-compact and Hausdorff and e[X] is dense in δEX.

Theorem 3.4. Let f ∈ E − LMC, x ∈ X. Then f ◦ λx ∈ E − LMC.

Proof. Let t ∈ X ∪ {1}. Then

{(f · λx) · λt · ρy : y ∈ X ∪ {1}} = {f · λxt · ρy : y ∈ X ∪ {1}}. �

Definition 3.5. For f ∈ E − LMC, ν ∈ δEX, define hν,f : X −→ K by
hν,f (x) = ν(f ◦ λ(x).

By Theorem 2.4 ν is defined at f ◦ λx.

Theorem 3.6. Let f ∈ E − LMC, ν ∈ δEX. Then hν,f ∈ E − LMC.

Proof. Let t ∈ X ∪ {1}. We show that for each x ∈ X ∪ {1},hν,f · λt · ρx ∈
cl{f · λt · ρs : s ∈ X ∪ {1}} so that cl{hν,f ·λt · ρx : x ∈ X ∪ {1}} ⊆ {clf · λt · ρs : s ∈
X ∪ {1}} ⊆ CE(X)In
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Let x ∈ X ∪{1}, F a finite subset of X, for each y ∈ F , UY be a neighbourhood
of hν,f ·λt ·ρx(y) in Kχ. Then, U = ∩Πy−1(Uy) is a basic neighbourhood of hν,f ·λt ·ρx

(here, Πy : Kχ to K). Let V =
⋂

y∈F

Πf ·λtyx
(Uy) (here Πf ·λtyx

:
∏

g∈E−LMC

Eg −→ K,

where Eg = E for every g ∈ E-LMC).
Given y ∈ F , hν,f ·λt ·ρx(y) = hν,f (tyx) = ν(f ·λtyx) so that V is a neighbourhood

of ν. Pick s ∈ X such that e(s) ∈ V . Then given y ∈ F ,

f · λt · ρxs(y) = f(tyxs) = f · λtyx(s) = e(s)(f · λtyx) ∈ Uy.

Thus f · λt · ρxs ∈ U as required.

Definition 3.7. For µ, ν ∈ δEX, define µν ∈ KE−LMC by µν(f) = µ(hν,f ).

Theorem 3.8. With the operation just defined, δEX is a right topological
semigroup and for each s ∈ X, λe(s) is continuous.

Proof. We first show that for µ, ν ∈ δEX;µν ∈ δEX. Let F be a finite subset of
E-LMC and for each f ∈ F , let F be a finite subset of E-LMC and for each f ∈ F ,
let Uf be a neighbourhood of µν(f). Then U = ∩Π−1

f (Uf ) is basic neighbourhood

of µν. Now, given f ∈ F ,ν(f.λs) = hν,f (s) = e(s)(hν,f ) ∈ Uf so that ∩ Π−1
hν,f (Uf )

is a neighbourhood of ν. Pick s ∈ X such that e(s) ∈ ∩Π−1
hν,f

(Uf ). Then, given

f ∈ F, e(st)(f) = f(st) = (f · λs)(t) = e(t)(f · λs) ∈ Uf so that e(st) ∈ U as
required.

To see that the operation is associative, let µ, ν, η ∈ δEX and f ∈ E-LMC. Then,
(µν)η(f) = (µν)(hµ,f ) = µ(hν,hη,f

) and µ(νη)(f) = µ(hνη,f ), so it suffices to show
hν,hη,f

= hνη,f .
Let s ∈ X. Then hν,hη,f

(s) = (hη,f · λs) and hνη,f (s) = νη(f · λs) = ν(hη,f · λs)
so it suffices to show that

hη,f · λs = hη,f · λs.

So let t ∈ X. Then,

(hη,f · λs)(t) = hη,f (st) = η(f · λst) = η(f · λs · λt) = hη,f · λs(t).

To see that δEX is right topological, let ν ∈ δEX, f ∈ E-LMC and U open
in K. Then Π−1

f (U) ∩ δEX is a sub basic open set in δEX. Π−1
hν,f

(U) ∩ δEX =

ρ−1
ν [Π−1

f (U) ∩ δEX].

Theorem 3.9. The function e : X −→ δEX is a continuous homomorphism.

Remark 3.10. e : X −→ δEX is a homeomorphism of X into δEX if and only
if for every closed subset A of X and each x ∈ X \ A, there exists f ∈ E − LMC

such that f(A) = 0 and f(x) 6= 0.
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4. κ-Topologies on E-Compactifications

Definition 4.1. Let κ be a cardinal number. We define κ-topology as a topology
for which the intersection of any family of open sets with no more than κ members
is again open.

Definition 4.2. Let X be E-completely regular space. Define V = ∩Ui where
{Ui : i ∈ I} is any family of E-open sets in X with cardI ≤ κ. Then a base of open
sets for a κ-topology on X is provided by sets of the form V . This κ-topology on X

is denoted by κEX and its members are called κE-open sets.

Remark 3.3.

1. Suppose that Y is an E-completely regular space with any κ-topology and
f : Y −→ X is continuous, where X is E-completely regular. Then f : Y −→
(X, τ) is continuous where τ is the κE-topology on X.

2. Every E-open (E-closed) set in X is κE-open (κE -closed).

3. If κ is finite, then κ-topology is just the weak topology on X induced by CE(X),
the original topology of X.

Result 4.4. Let X be an E-completely regular Hausdorff space. Let κ be an
infinite cardinal. Then every point has a base of E-open neighbourhoods in κEX

that are E-closed in X (and are E-closed in κEX).

Proof. Let G = ∩Ui be any basic κE-open neighbourhood of X with each Ui,
E-open in X and card I ≤ κ. For each i, choose inductively a sequence (W n

i ) of E-
open neighbourhoods of x with W 0

i = U0
i ⊂ Ui and clW n+1

i ⊆W n
i for n ≥ 0. Then,

∩W n
i = ∩clW n

i is κE-open neighbourhood of x (since card I × N ≤ κ) contained in
G and is E-closed in X.

Result 4.5. For E − LMC compactification δEX of X, κ, infinite and for
X ⊆ ∧(δEX), where X is dense in δEX and card X ≤ κ, multiplication is continuous
from δEX × κ− δEX to δEX, where Λ(δEX) is the center of δEX.

Proof. Take a, b ∈ δEX. Let U be an E-open neighbourhood of ab. Let U0 be
an E-open neighbourhood of ab with clU0 ⊂ U . Using the fact that δEX is right
topological, find an E-open neighbourhood V of a with V b ⊂ U0. Since X ⊆ ∧(δEX)
for each x ∈ X ∩ V , we can find an E-open neighbourhood Wx of b with xWx ⊆ U0.
Then G = ∩{Wx : x ∈ X ∩V } is a κE-open neighbourhood of b. Since X is dense in
δEX, X∩V is dense in V . Therefore for v ∈ V and g ∈ G, vg ∈ cl(X∩V ).g ⊆ clU0 ⊆
U , using the fact that δEX is right topological. Thus V G ⊆ U as required.

Result 4.6. Under the hypotheses above, κ− δEX is a topological semigroup.In
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Proof. Let a, b ∈ δEX and E be a κE-open neighbourhood ab, say E = ∩i∈IUi

with each Ui, E-open in δEX and card I ≤ κ. For each i ∈ I, use the result above
to find an E-open neighbourhood Vi of a and κE-open neighbourhood Gi of b with
ViGi ⊆ Ui.

Then F = ∩Vi,G = ∩Gi are κE-open neighbourhood of a, b respectively with
FG ⊆ E.
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