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Abstract: Given a cardinal k£ and an E-completely regular space X, for a topolog-
ical space F/, we define a k-topology on X. When X is a right topological semigroup,
this process turns X into a topological semigroup. This is particularly true in the
case of the right topological semigroup (e, dg X ), the E-LMC compactification which
is characterized by the fact that it is maximal w.r.t. the properties that it is right
topological and that A, is continuous for each z € X.
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1. Introduction

The idea that any compact Hausdorff space can be characterized as a space that is
homeomorphic to some closed subspace of a topological product of the closed unit
interval {z : 0 < 2 < 1} in the real line, has been generalized by S. Mrowka and R.
Engelking [2], [3]. Thus a space is E-completely regular (respectively, E-compact) if
and only if it is homeomorphic to a subspace (respectively closed subspace) of some
topological power of E, where E is a topological space. A special instance of this
generalization is the class in which the space E is the real line. This class of spaces is
the class of real compact spaces. It has been shown that each E-completely regular
space has a maximum FE-compact extension, which is called E-compactifications.
For a properly chosen E, the maximal E-compactifications SpX is the space of all
E-Z-ultra-filters with suitable topology, see [4].

We have the theory of compact right topological semigroups. It is known that
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any Hausdorff semitopological semigroup X (i.e. one which is both left and right
topological) has a compactification (e, X') maximal with respect to the property that
it is right topological and the requirement that A.(,) be continuous for each z € X.

The above two different concepts are combined to introduce the notion of £-LMC
compactification of a topologized semigroup Xand it has been proved (see [5]) that
any Hausdorff semitopological semigroup X has an E-compactification (e, dp X )for a
topological space E maximal with respect to the property that it is right topological
and the requirement that A.(,) be continuous for each z € X.

In the above background we have shown that for a given a cardinal k£ and an
FE-completely regular space X, for a topological space E, we define a k topology
on X and when X is a right topological semigroup, this process turns X into a
topological semigroup. This is particularly true in the case of the right topological
semigroup (e, 0pX), the E-LMC compactification, which is characterized by the fact
that it is maximal w.r.t. the properties that it is right topological and that A.(,) is
continuous for each x € X.

2. Preliminaries
Let E be a given topological space.

Definition 2.1. (see [2], [3]) 1) A space X is E-completely regular if X is
homeomorphic to a subspace of a product of copies of £ and X is called F-compact
if X is homeomorphic to a closed subspace of a product of copies of E.

2) A subset U of X is called E-open if it is of the form f~1(V'), where V is an
open subset of some finite power E™ and f € C'(X, E™). A subset F' of X is E-closed
if and only if its complement is F-open, where

C(X,E")={f:X — E", f continuous}.

Theorem 2.2. (see [6]) Let X and E be spaces. The following are equivalent.
1. X is E-completely regular.

2. For each closed subset A of X and each p € X\ A, there is a positive integer n
and f € C(X, E™) such that f(p) not in clgn f(A).

3. E-open subsets of X form a base for the open subsets of X.
In general we cannot replace U{C (X, E") :n € N} by C(X, E).

Convention. 1. It is a topological field.
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2. We take w copies of E and name them {E; : i € w}. Then by E", we mean
FEy X Ey x E3 X -+ X E,. If n < m, there is an obvious embedding of E™ in E™,
namely
(1,22, ey Tp) —— (1,22, ..., 4, 0,0, ...,0).

This convention is needed for defining algebraic operations in our further develop-
ments. However this does not conflict with notation used in [6] since any rearrange-
ment of co-ordinates is a homeomorphism.

3. We consider the class of all spaces X such that for each closed set A C X and
a point x € X\ A, there is a positive integer n and f € C(X, E™) such that f(A) =0
and f(x) # 0 where 0 is the origin (0,0, ........ ,0) in E™, the additive identity. Such
spaces are called E-spaces.

Definition 2.2.
Cp(z) = U{C(X,E"):n € N},
Zpn(f) ={z € X : f(z) =0},

where f € C(X, E™) is called an E- zero set of f.

For f,g € Cp(X), define (f + g)(x) = f(z) + g(x), for z € X.

If fe C(X,E"),g € C(X,E™) and if n > m, then since E™ is embedded in
E™ as described above, g(x) can be taken as a member of E", i.e. g € C(X,E").
Sof(x) 4+ g(z) makes sense. Likewise (f o g)(z) = f(z)g(z)forz € X.

3. E-LMC Compactification

Let X represent a Hausdorff semitopological semigroup. Let K represent the disjoint
union HE"™ = U(E"X{n}).

Definition 3.1. A function f € Cg(X) is defined to be in E-LMC if:
1. {fAz:2 € X} CCp(X).
2. 0(Cp(X),Cr(X)*)-closure of {fop,:x€ X} C Cp(X).

3. For each y € X, 0(Cg(X),Cr(X)*)-closure of {foA,0p, : 2z € X} C Cp(X).
Put Ay = P, = i, the identity map. Then f € E-LMC if for each y € X U {1},
o(Cp(X),Cr(X)*)-closure of {foX,0X; : z € XU{1}} C Cgr(X), where
Cg(X)* denote the topological dual of Cg(X) and o(Cg(X), Cr(X)*) denotes
the weak topology induced on Cg(X) by Cg(X)* and

po s X — X s given by p,(y) = ya,

Az 0 X — X is given by A\, (y) = zy.
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Theorem 3.2. Let T' be an E-compact Hausdorff right topological semigroup
and ¢ : X — T be a continuous homomorphism such that A4 is continuous for
each x € X. If f € Cg(T), then fop € E— LMC(X).

Proof. Let t € X U {1} and
g€ 0(Crp(X),Cr(X)")—c{f -y pz:xe XU{1}}.

It suffices to show that there is some a € T such that for each x € X, f -
Ap(tz) (@) = g(z), for then, ift = 1, g = f-Ayq) = frpa-@p andift € X g = f-Ay4)-pa-®
In either case, g is the composition of continuous functions.

Let (24 )aer be an E-Z-net such that (f-¢-A\¢-px, )acr converges to g. By taking a
E-Z-subnet if necessary, we may assume (¢(X,))aer converges to some a € T'. Then
foreacht e X, a €1,

[ )‘¢(yt)(¢(xa)) =1IL(f-¢- )‘y “Pra)s
f- A (a) = g(t) as required. O
Definition 3.3.

1. Definee: X — H Ey, where Ey = E for every f € E — LMC, where
feE-LMC

e(z)(f) = f(x).
2. dpX = cle[X].
Then 05X is E-compact and Hausdorff and e[X] is dense in 6 X.
Theorem 3.4. Let f € E— LMC, x € X. Then fol, € E— LMC.
Proof. Let t € X U{1}. Then
{(f-A2) - Aepy iy € X UL} ={f Aat-py:y € XU{1}}. O

Definition 3.5. For f € E — LMC, v € 6gX, define h,y : X — K by
hy f(x) = v(f o Ax).

By Theorem 2.4 v is defined at f o A;.
Theorem 3.6. Let f € £~ LMC,v €épX. Thenh,yc E— LMC.
Proof. Let t € X U {1}. We show that for each x € X U {l},hy s A - ps €

c{f-M-ps:s€XU{1}} sothat cl{hy, ¢ N -ps:x€ XU{1}} C{clf -N-ps:se
X U{1}} € Cp(X)
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Let x € X U{1}, F a finite subset of X, for each y € F, Uy be a neighbourhood
of by, r- A pz(y) in KX. Then, U = NII,-1(U,) is a basic neighbourhood of h,, ¢- ;- ps
(here, II, : KX to K). Let V = ﬂ My, (Uy) (here gy, H E, — K,

yeF geE—LMC
where £, = E for every g € E-LMC).

Giveny € F, hy - Ai-pe(y) = hy f(tyx) = v(f-Aiy) so that V' is a neighbourhood
of v. Pick s € X such that e(s) € V. Then given y € F,

f ' )‘t ' st(y) = f(tyxs) = f ' )‘tyx(s) = 6(8)(f ' )‘tyx) S Uy-
Thus f- A\ - pzs € U as required. O
Definition 3.7. For u,v € 0gX, define pv € KE=IMC by yw(f) = p(hy, ).

Theorem 3.8. With the operation just defined, dpX is a right topological
semigroup and for each s € X, A5 Is continuous.

Proof. We first show that for u,v € dpX; uv € g X. Let F be a finite subset of
E-LMC and for each f € F, let F' be a finite subset of E-LMC and for each f € F|,
let Uy be a neighbourhood of pv(f). Then U = ﬂH;l(Uf) is basic neighbourhood
of pv. Now, given f € F.w(f.\s) = hy, f(s) = e(s)(h,,f) € Uy so that N H,_W{f(Uf)
is a neighbourhood of v. Pick s € X such that e(s) € ﬂH;jf(Uf). Then, given
f e Foe(st)(f) = f(st) = (f - A)(t) = et)(f - As) € Uy so that e(st) € U as
required.

To see that the operation is associative, let u,v,n € dgX and f € E-LMC. Then,
(w)n(f) = () (hys) = (b, ;) and p(en)(f) = p(hyy,y), so it suffices to show
hu,hmf - hun,f'

Let s € X. Then hyp, (s) = (hy g - As) and hyy p(s) = vn(f - As) = v(hg s - As)
so it suffices to show that

By p o As = hay g - As.

So let t € X. Then,

(g = As) () = P p(st) = n(f - Ast) = n(f - As - Ae) = oy g - As(2).
To see that dgX is right topological, let v € dpX, f € E-LMC and U open
in K. Then H;l(U) N dgX is a sub basic open set in dpX. H,_Lulf(U) NogX =

py I H(U) N opX). O

Theorem 3.9. The function ¢ : X — dg X is a continuous homomorphism.

Remark 3.10. e¢: X — 0pX is a homeomorphism of X into dgX if and only
if for every closed subset A of X and each z € X \ A, there exists f € E — LMC
such that f(A) =0 and f(x) # 0.
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4. k-Topologies on E-Compactifications

Definition 4.1. Let k be a cardinal number. We define s-topology as a topology
for which the intersection of any family of open sets with no more than x members
is again open.

Definition 4.2. Let X be E-completely regular space. Define V' = NU; where
{U; : i € I} is any family of E-open sets in X with cardl < k. Then a base of open
sets for a k-topology on X is provided by sets of the form V. This x-topology on X
is denoted by kg X and its members are called kg-open sets.

Remark 3.3.

1. Suppose that Y is an E-completely regular space with any x-topology and
f:Y — X is continuous, where X is F-completely regular. Then f:Y —
(X, 1) is continuous where 7 is the kg-topology on X.

2. Every E-open (E-closed) set in X is kg-open (kp-closed).

3. If k is finite, then s-topology is just the weak topology on X induced by Cg(X),
the original topology of X.

Result 4.4. Let X be an E-completely regular Hausdorff space. Let k be an
infinite cardinal. Then every point has a base of E-open neighbourhoods in kpX
that are E-closed in X (and are E-closed in kpX ).

Proof. Let G = NU; be any basic kg-open neighbourhood of X with each U;,
E-open in X and card I < k. For each i, choose inductively a sequence (W,*) of E-
open neighbourhoods of z with W? = U? C U; and clW;"™' C W for n > 0. Then,
AW = NclW* is k-open neighbourhood of = (since card I x N < k) contained in
G and is E-closed in X. O

Result 4.5. For £ — LMC compactification dp X of X, k, infinite and for
X C A(0gX), where X isdense in 6pX and card X < k, multiplication is continuous
from 6pX X k —0pX to dpX, where A(6pX) is the center of pX.

Proof. Take a,b € pX. Let U be an E-open neighbourhood of ab. Let Uy be
an FE-open neighbourhood of ab with clUy C U. Using the fact that g X is right
topological, find an F-open neighbourhood V' of a with Vb C Up. Since X C A(0gX)
for each x € X NV, we can find an E-open neighbourhood W, of b with zW, C U,.
Then G = N{W, : x € XNV} is a kg-open neighbourhood of b. Since X is dense in
0pX, XNV isdensein V. Therefore for v € V and g € G, vg € cl(XNV).g C clUy C
U, using the fact that dg X is right topological. Thus VG C U as required. O

Result 4.6. Under the hypotheses above, k — dp X Is a topological semigroup.
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Proof. Let a,b € g X and E be a kg-open neighbourhood ab, say F = N;c1U;
with each U;, E-open in dg X and card I < k. For each ¢ € I, use the result above
to find an E-open neighbourhood V; of a and xg-open neighbourhood G; of b with
ViG; C Us;.

Then F = NV;,G = NG; are kg-open neighbourhood of a, b respectively with
FGCE. O
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