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1. Introduction

Let X, denote the class of functions of the form
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f(z)zé—zakzk (ap > 0,peN={1,2,...}) (1)
k=p

which are analytic and multivalent in the punctured open unit disc
A*={z:2€Cand 0 < |z| <1} = A\{0}.

For functions f(z) in the class 3, we define an analogue of the familiar Ruscheweyh
derivative [10] by

ﬁ*f(z)(n>—p,p6N, fexy)

2P(1
1 Zn+2p_1f(z) n+p—1
2P < (n+p—1)! >
1 o0
= 5(n, k)agz",

Dn—i—p—lf(z) —

k=p

where here and in what follows n is assumed to be an integer (> —p) and f € 3,

o(n, k) = (Mt

The linear operator D"TP~! was studied by many researchers including Joshi
and Srivastava [8] and Liu and Owa [7].

Further, various subclasses of 3, were studied by Aouf et al [1, 2, 3], Srivastava
et al [12], Uralegaddi and Ganigi [15] and Chen et al [4]. Motivated by the works
of Kamali et al [9], we aim at investigating various properties and characteristics of
a new class M*(n,p, A\, @) of meromorphically multivalent functions, which is given
as follows.

Definition 1. A function f € ¥, is said to be in the class M*(n,p, A, «) if

— 1z n+p—1 P / 22 n+p—1 P "
R[N D) DO G, o)

(0<a<ppeN)

for some suitably restricted real parameter \.
We note that
(i) M*(0,p, A, ) = 3

3p.a Studied by Kamali et al [9].

(i) M*(0,p,0,a) = B5(a) = {f(2) € T, : R (‘Jﬂ{%’) > a2 € A0 < a<p)

where Y7 () is the class of meromorphically p-valent starlike functions of order
a (0 <a<p).

(iii) M*(0,1, A, @) is closely related to the class studied by Suchithra et al [14].
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2. Coeflicient Estimates and Closure Theorem

We first establish a necessary and sufficient condition for a function f(z) given by (1)
to be in the class M*(n,p, A\, @) and obtain the coefficient estimates, by restricting
the parameter A as A > %.

Theorem 2. A function f(z) given by (1) is in M*(n,p, \, ) if and only if
> 5 k){EAp + k) — 1] — ala, <p—a, (3)
k=p
WhereO§a<p,)\>%,p€N.
Proof. Suppose f(z) is in M*(n,p, A\, «). Then from (1) and (2),

(A(p £ 1) — V(D=L f(2)) + A2(DP=1f(2))"
" [ O 11(2)) } - o

1
O<a<pA>7)

or equivalently,

. > e, 0(n, K)[E(A(p + k) — 1)]agzF*?
L= Zz‘;p 5(71, k,‘)akzk—i—p > Q.

Choosing z to be real and letting z — 1~ through real values, we obtain

P = ey 0(n, K)E(A(p + k) — D)ay,

= e
1= 52, 0(n, k)ay
which implies
>0 k) {k[A(p + k) = 1] —a}ay <p—a, proving (3).
k=p

Conversely, assume that (3) is true.
Then if we let z € OU = {z: z € C and |z| = 1}, we find that

‘ AP +1) = Da(D™P71f(2)) + A2(D" P71 (2)" ’

(Dtp=1f(2))
_ SR ARG+ ) — 1)~ p}on, a1+
- 1= 3702, 6(n, k)ag|z|FP
_ o)+ S, el B 3 pagdn, k)21
- 1= 3702, 6(n, k)ag|z[F+P
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1
=(p-a); (0<a<p, A>Z—), peN).

Hence, by maximum modulus theorem, we have f(z) € M*(n,p, A\, ).
This completes the proof of Theorem 2. O

Corollary 3. Let the function f(z) defined by (1) be in the class M*(n, p, A, «).
Then
p—«
(n, K){E[A(p + k) = 1] — o}’

The equality in (4) is attained for the function f(z) given by

fork >p, peN. (4)

ak§5

1 pD—
&)= ST -1 FzprEN )

Theorem 4. The class M*(n,p, A\, «) is closed under convex linear combina-
tions.

Proof. Let each of the functions f(z) = & — D ey agz® and g(z) = & —
hp br2" be in the class M*(n, p, \, ).
It is sufficient to show that the function defined by h(z) = (1 — ) f(2) + vg(2),
0 <~ <1 is also in the class M*(n,p, A, ).

Since

 R— J—
h(z) =(1—7) Z—p—Zakzk + Q_Zbkzk
k=p k=p

e e}

1
=5 = 2 [0 =ap+ablet, 0<y <1
k=p

With the aid of Theorem 2, we have

> 8(n k) {k(A(@ + k) = 1) = a}[(1 = 7)ar, + 0]
k=p

= (1=7)D_d(n, k) {k[A(p + k) — 1] — a}ay

k=p
+9 > {kAp + k) — 1] — a}d(n, k)b
k=p
<A-7p-—a)+vp-a)
=p—a; (0<a<p; peN),

which shows that h(z) € M*(n,p, A, a).
Hence Theorem 4 is proved. [l
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3. Distortion Theorem

In this section, we prove the following growth and distortion theorem for the class

M*(n7p7 )\7 a)'

Theorem 5. If a function f(z) defined by (1) is in the class M*(n,p, \, a),
then

(p+m—1)!_ p! D — 20\ —(pm) (m)(,
{ -1 <p—m>![5<n,p>[p<2Ap—1>—aJ } <1

(p+m—1)! p! p—« 720\ —(pm)
S{ G-l m-m) [6<n,p>[p<2Ap—1>—a]] } ’(6)

(O<\z[:r<1;0§a<p,)\>%,p€N,p>m).
The result is sharp for the function given by
p—a

1 K
&= o(n,p)[p(2Ap — 1) —a] "’ Fep el ™

Proof. In view of Theorem 2, we have

>0 K) kAP + k) = 1) —alap < p - o

= 3(n, p) [(”‘p—] Zk'ak < Zé (n, l<: Alp +kk) D ]k!ak

Sp-«

which gives

N plp — )
kZ:;;k!ak = 5(n,p)[p(2Ap — 1) —a] (8)

Now, by differentiating both sides of (1) m times with respect to z, we have

f<m><z>=<—1>m% =Y Gy peN p>m. (9)
k=p

and Theorem 5 follows easily from (8) and (9).
Further it is easy to see that the equality in (6) are attained for the function

f(2) given by (7). O
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4. Radii of Meromorphically Multivalent Starlikeness and Convexity

In this section, we determine the radii of meromorphically multivalent starlikeness of
order § (0 < 0 < p) and meromorphically multivalent convexity of order § (0 < § < p)
for functions in the classs of M*(n,p, A, a).

Theorem 6. Let the function f(z) defined by (1) be in the class M*(n,p, A, «)
then:

(i) f(z) is meromorphically multivalent starlike of order 6 (0 < ¢ < p) in the disc
|z| < 7. That is,

where

m:iﬁ{(il?)5WJNMMp+M_J)_M}UMW. (10)

k>p p—«

(ii) f(z) is meromorphically multivalent convex of order 6 (0 < ¢ < p) in the disc
|z| < 7. That is,

§R{— <1+zf”(z)>} >0, (|]z| <ry; 0<d<p; peN),

f'(z)
where
vy — inf { (2= SOBEAP+E) ~1) —a} P
2 k>p | \ k(k +9) pD— ’
Each of these results are sharp for the function f(z) given by (5).
Proof. (i) From the definition of f(z) given by (1), we get
zf'(2) 00 k+p
= TP > kep(k + p)ak|z|
Z}c(,g) —p+25| ~ 2(p—0) = 35l (k —p+28)ak|z|FtP
Thus, we have the desired inequality:
#{5 <1 (0<d<ppeN)
ey P2
if
o~ (k+6
. (1%5) agl2/**P < 1. (12)

k=p
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Hence, by Theorem 2, (12) will be true if

)

(k‘_—i—(5> ‘Z’k-i-p < 5(”7 k){k()‘(;)j‘o]j) — 1) — a}

1
(A >—k>ppec N> . (13)
p
The inequality (13) lead us immediately to the disc |z| < r1, where 7 is given

by (10).

In order to prove the second assertion of Theorem 6, we find from the definition
of f(z) given by (1) that

zf"(2)
1 )
R 2y k(k + pag |2 |
L 2E) Cpios| PP—9)- > e (k2 — kp + 2kd)ay|2[F+P
f'(2)
Thus we have
1+ () +p
!/
. ,,J(CZ()Z) <1 (0<d<p, peN),
1+ 7102) —p+2
if
2 k(k+0) ket
ai|z <1. 14
> S < (14

o

=p

Hence, by Theorem 2, (14) will be true if

k(k +9) 24P < S(n,k)[k(A(p+ k) —1) — ]
p(p —9) o D —«

1
<k2p,p€N,>\>5>. (15)

This inequality (15) readily yields the disc |z| < ro where 72 is given by (11).
Clearly the results are sharp for the function f(z) defined by (5), which com-
pletes the proof of Theorem 6.

O
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5. Convolution Properties

Let
1 .
f](z):Z_p_Zak,]Zk (ak,j 207,7 :17277p€N) (16)
k=p

Then the convolution (or Hadamard product) (f1 * f2)(z) of the functions fi(z) and
fa(z) is defined by

(o)) = = =3 ax o
k=p

2P

Theorem 7. Let the functions f;(z) (j = 1,2) defined by (16) be in the class
M*(n,p,\,a). Then (f1 * f2)(z) € M*(n,p, \,v), where

- 2p(p — )’ (\p — 1)
! 5(np)p2Ap — 1) —a]> — (p— )’

The result is sharp for the functions f;(z) (j = 1,2) given by

1 (p—a)
2F 5(n, p){p(2Ap — 1) — a}

Proof. Since f;(z) € M*(n,p, A, o), we have

i S(n, k) [k(A(p + k) — 1) — a

pP—«

fi(z) = 2P (j=1,2,peN). (17)

Q.5 <1
k=p

Using Cauchy-Schwarz inequality, we obtain

i S(n, K)[k(A(p + k) — 1) — a

pP—«

Vogiags < 1.

k=p

We have to find largest v such that

i S(n,k)[k(A(p + k) — 1) — 4]

agrag2 < 1. (18)
— p—7
(18) is satisfied if
5(n, k)[EA(p+ k) — 1) o, KA + k) —1) —a] e
RO =D, HDIOOH D) =)

or if

Ak, 1052 < <p_ 7) [k[)‘(p—i- k) —1] -«

p—a) [kAXp+k)—1] -«
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But
D —«

/a a <
k1%k2 = EA(p+ k) —1)
Thus (18) will be satisﬁed lf

p—« p—7)\ [kAp+k) -1 -«
6(n, k)[k(A(p + k) —1) — o = (p—a> [

_a'

or if
(p— ) k(A (p+ k) — 1) — p]
TP S EOG k) 1) —a? — (p— a)?

The right hand side of this inequality is an increasing function of k.
Setting k = p, we get

(k > p).

y<p (p — a)*[p(2xp — 1) — p|
— (n,p)p(2Ap — 1) — a2 = (p — @)’

2p(p—a)®(\p—1)
n,p)(p(2Ap—1)—a)? —(p
implies that (f1 * f2)(2) € M*(n,p, \,7) there by completing the proof of Theorem

7. O

Thus p — 5 - is the largest 7 such that (18) is true, which

Theorem 8. Let fi(z) be in the class M*(n,p, A\, «). Suppose if fa(z) €
M*(n,p,\, 3), then (f1 x f2)(2) € M*(n,p, \,§) where

fop 2p(p — a)*(p — B)*(\p — 1)
6(n,p)[p(2Ap — 1) — a2[p(2Ap — 1) — 5] — (p — @)?(p — B)?"

The result is sharp for the functions f;(z) (j = 1,2) given by

1 p—«
he) =5~ 5(n,p)[p(2Ap — 1) — o] !
and
fg(z):i— p—0 2P.

2 6(n,p)[p(2Ap — 1) = B
Proof. If f1(z) € M*(n,p,\,«) and f3(z) € M*(n,p, \, 3), then

i S(n,k)[k(A(p + k) — 1) — o

o apy <1

k=p

and
— I(n, k)[k\(p+ k) —1) = 3]
Z p—0

ap2 < 1.
k=p
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By Cauchy-Schwarz inequality

. kA\p+k)—1) —a]] [[k(A(p+ k) — 1) — F]
8(n, k)
2 { i

ap 109 < 1.
o -3 Vag 102 <

We have to find a largest £ so that

— 0(n,k)[k(\(p + k) — 1) = ¢
E: p—5§

agiag2 < 1. (19)
k=p

(19) is satisfied if,

Ok 102 < [(

But

p—¢& ] [(k‘(A(erk‘)—1)—a)(k(/\(p+k)—1)—ﬁ)
p—a)(p—pB) (E(Ap+k)—1) =8

(p—a)(p—5)
VARI2 = S0 TR + k) — 1) — alkOp + k) — 1) — 3]
Thus (19) will be satisfied if
»—a)(p - B) -
o(n, k)[k(A(p + k) — 1) — al[k(A(p + k) = 1) = 5]
[ p—¢§ ] [(k(k(er k) =1) —a)(k(A\(p+k)—1) = 5)
(p—a)(p—5) (E(A(p+ k) —1) =€)

or if,

(p—)*(p— B)*[k(A(p+ k) — 1) — p]
o(n, k)[k(A(p + k) — 1) — a?[k(A(p + k) — 1) = %] = (p — a)*(p — B)?
We see that the right hand side of this inequality is an increasing function of k.
Setting k = p, we get

§<p—

2p(p — a)*(p — B)*(\p — 1)
(n,p)[p(2Ap — 1) — af?[p(2Ap — 1) — %] — (p — a)*(p — B)*’
which is the largest £ such that (19) is true, which implies (f1*f2)(z) € M*(n,p, A, §).
[

§<p—

Theorem 9. Let the function fj(z) (j = 1,2) defined by (16) be in the class
M*(n,p, \, ). Then the function h(z) defined by
I o .
h(Z) = 5 (az,l + ai,Q)Zk eEM (n7p7 )‘7 C)7

2P
k=p

where
2(p — )*(22p — 2)

‘ [ 3(n,p)p(2Ap — 1) — a> = 2(p — a)?
The result is sharp for the functions f;(z) (j = 1,2) given by (17).
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Proof. Since

. (S(n, k) kO + k) —1) —a] |2
Z{( )k + k) —1) ]}2

a .
(p—a) I

k=p

2
. [Z 5(n, B)[E\(p + k)) 1o

k=p

for fj(z) € M*(n,p, A\, ) (j = 1,2), we have,

(ai,l + a%g) <1l

— [6(n, k)[kA(p + k) — 1) — of)?
z:: 2(p — @)?

k=p

We have to find largest ¢ so that

i S(n, k) k(AP + k) — 1) — (]

¢ (ai,l + a%z) <L (20)

k=p
(20) is satisfied if

S(n, K)[k(A(p + k) — 1) — a?

KA +K) -1 —C _
— 2

p—C¢ 2(p — a)

or if ,
2(p—a)’[k(A(p+ k) — 1) —p
o(n, k)[k(A(p + k) = 1) — o] = 2(p — &)*
We see that the right side of this inequality is an increasing function of k.
Setting k = p, we get

(<p-—

2(p — )*(2\p — 2)

=P S e 1) P 2 aP

which is the largest ¢ such that (20) is true, which implies that h(z) € M*(n,p, A, ().
The proof is complete. O
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