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Abstract: In this note we consider a system of two second order nonlinear or-
dinary differential equations with “maxima”. Of special interest here are the cases
when the vectorial field in the right-hand side of the system under consideration
satisfies different integral conditions. Some criteria for existence of positive solu-
tions are established. To prove the existence we use Schauder Fixed Point Theorem
(FPT). These differential equations with “maxima” are applicable in different fields
as the mathematical simulation in theoretical physics, optimal control, chemistry,
mechanics of materials, biology, ecology, etc.
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1. Introduction

In this note we consider the class of systems containing two second order nonlinear
ordinary differential equations (ODEs) of the form

(a)  2"(t) = a(t)f(ys(t)),
(b)  y"(t) = =b(t)g(xs(1)),

where (z(t), y(t)) is unknown vectorial function, and

(1)
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xs(t) = ax x(s),

max
s€lo(t),7(1)]

t) = max S
Y ( ) s€lo(t),7(t)] ( )

0<o(t)<7(t)<t, te [ty,+0).

Here we use the notation z” = %, Yy = %. Assume that a(t), b(t), f(£), g(n)
are continuous functions w.r.t. their arguments, subject to some conditions given
further. Both functions o(¢) and 7(t) are continuous and monotone increasing in
R.. The system (1) can be written in vectorial form as

Z//(t) = f(tv Zs(t))v (2)

where z5(t) = (z4(t), ys(t)), and

The initial data have also vectorial form

Zo x
z(tg) = 20 = , 2(to) =2 = , w, yi €Ry (=1,2),  (3)
Yo n

which brings into line with the initial vectorial function ny(¢) defined and at the
same time sufficiently smooth in the closed interval [o(to), o],

0.1 (t) 0.1 (t)
Mo (t) = s 776 (t) = ’
mo2(t) 0,2(t) (4)

No,i € C([U(t0)7t0]3R+) (Z = 172)7
z0 = no(to), 21 = m(to),

where 0 < O'(to) < T(to) < to.

Remark 1. In the problem with “maxima” (1), (3), (4) we require both the
initial function 7y (t) and its derivative n{,(¢) to be known in advance, and in general
case being continuous in the initial point ¢g.

Remark 2. We note that the eventual solution of (1) (in the case that there
exists at least one) could be continuous in the point ¢y but not “compulsory” differ-
entiable in the same point, since the initial function and the solution of (1), (3), (4)
are “stitched together” in ty not always smoothly.
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The study of differential equations with “maxima” starts many years ago with
the pioneer works of A. Magomedov [12], [13], where the first ideas for linear dif-
ferential equations with “maxima” have been proposed in the connection with the
theory of optimal control to different physical systems. In most cases we use “max-
ima” in the right-hand side when the control corresponds to the maximal deviation
of the regulated quantity that could be for instance temperature, heat, current den-
sity, pressure and so on. The study of these equations continues in several directions:
existence and uniqueness, oscillation property, stability, blow-up, bifurcation theory,
etc. In the theory of automatic control of various mechanical and technological sys-
tems it often occurs that the low of regulation depends on maximum values of some
regulated state parameters over certain time intervals whose boundaries evolve all
along (see, e.g. [2], [14]). This is especially the case for stabilization systems where
the regulated quantity usually represents the deviation of some state parameters
from the given value. The mathematical models for such systems naturally include
differential equations with “maxima”. The oscillation properties of the solutions of
the ordinary differential equations with “maxima” were studied by Bainov and his
group of associates (see, e.g. [1]-[6]). However the qualitative theory for ODEs with
“maxima” is still at its initial stage. Only several works devoted to similar topics
are published so far (see, e.g. [2], [4]-[6]).

The present note was motivated by the fact that most applications of the con-
sidered problem require existence of solutions. A similar system without “maxima”
was studied in [11]. Unfortunately the theory given there could not applied di-
rectly for the problem (1), (3), (4) due to the special properties of the arguments

max x(s) and max s).
s€lo(t),7(1)] (5) se[o(t)ﬁ(t)]y( )

2. Preliminary Notes

Let t € [tg, +o0) = J C Ry = [0, +00). Introduce the following conditions:

H1. a,b are not identical zeros, and a,b € C(J, R;).

H2. Define the monotone increasing in R functions f, g € C'(R, R), that satisfy
the inequalities

§f(§) >0, mng(n) >0 for & neR\{0}.

H3. The pairs of functions ¢ and 7 are nondecreasing and continuous o,7 €
C(J, R;), moreover

lim o(t) =400, provided that o(t) < 7(t) <t.

t——+o00

H4. ny(t) is a continuous vectorial function defined in the interval [o (), o] and
such that one of its Dini’s derivatives is finite and continuous on the same interval.
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We remind some familiar notations for Dini’s derivatives of some function G(t).
Denote by DTG(t), DL G(t), D~ G(t) and D_G(t) its right-hand upper, right-hand
lower, left-hand upper and left-hand lower Dini’s derivatives at the point ¢, i.e.

) G(t+h)—G(t) ... Gt+h) —G()
+ = =
DTGE(t) = lim hsi}(I))-y W , DiG(t) =lim hl_n)£+ o ,
D~G(t) = lim sup Glt+h) - G(t), D_G(t) =lim inf Glt+h) - G(t).
h—0— h h—0— h

The Dini’s derivatives for the vectorial function 79(¢) mean Dini derivatives of its
components, that is, D¥ng;(t), Dingi(t), D noi(t), D_noi(t) (i = 1,2). Some
properties of Dini’s derivatives one could find in [10], [16], [18] and the references
given therein.

We make use of the following statements due to Dini’s theory (see, e.g. [16],
Chapter 1, pp. 12-13):

Theorem 1. Let the function G(t) be continuous in an open interval A C R.
Assume that one of its Dini’s derivatives is finite and continuous at tg € A. Then
G (1) exists.

The following statement is actually an immediate consequence of Theorem 1.

Corollary 1. For a function G(t) that is continuous in an open interval A C R

assume that one of its Dini’s derivatives is finite and continuous on A. Then %(t)

exists and is continuous on A.

Introduce the following definitions.

Definition 1. The solution (z(t), y(t)) of the problem (1), (3), (4) is said to be
proper if it is defined in some intervals [T}, +00), [T}, +00), respectively, and there is
anumber T' > to such that sup {|z(¢)| : t > T > T,} > 0,sup{|y(t)|: t >T >T,} >
0.

Definition 2. The solution (z(t), y(t)) of (1), (3), (4) is said to be eventually
positive if there is a number T' > ty such that

x(t) >0 and y(t) >0

are defined for ¢t > T.

The eventually negative solution can be defined analogously by reversing the
above inequalities.
We employ the following notations

“+oo “+oo

at) = /a(s)ds, B(t) = /b(s)ds, t > to, (5)
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being used further for simplicity.

In order to prove existence of a solution to the problem (1) we take advantage
of Schauder FPT. We refer the reader to [7], [9], [18]. The Schauder FPT is an
extension of the Brouwer FPT to topological vector spaces, which may be of infinite
dimension. It asserts that if K is a convex subset of a topological vector space V' and
T is a continuous mapping of K into itself so that T'(K) is contained in a compact
subset of K, then T has a fixed point z € K, that is, Tz = z. In other words we
can state that if F be a normed space, A C E convex and non-empty, and C C A
compact, then every continuous map 7' : A — C has at least one fixed point.

The theorem was conjectured and proven for special cases, such as Banach
spaces, by J. Schauder [15] in 1930. His conjecture for the general case was pub-
lished in the Scottish book (see, e.g. [18]). In 1934, Tychonoff proved the theorem
for the case when K is a compact convex subset of a locally convex space (see, e.g.
[17]). This version is known as the Schauder-Tychonoff FPT. B.V. Singbal proved
the theorem for the more general case where K may be non-compact. The proof can
be found in the appendix of Bonsall’s book [7]. The proof of the full result (without
the assumption of local convexity) was published by R. Cauty in 2001 (see, e.g. [8]).

3. Main Results

The following theorem that we intend to prove contains certain conditions that
guarantee nonexistence of eventually positive solutions for (1), (3), (4).

Theorem 2. Assume that the conditions Hl-H4 hold and a(ty) = +o0, B(tg) =
+00 (see (5)). Then the problem (1), (3), (4) does not possess eventually positive
solutions.

Proof. Note that the Cauchy problem for (1), (3), (4) is correctly posed by rea-
son of H4 and Corollary 1. Suppose that (x(t), y(t)) is an eventually positive solution
of (1). Then there exists a number T} > ty such that z(t) > 0, y(t) > 0 and also
xs(t) > 0 for t > Ty. Note that from (1)(b) we have y”(t) < 0 for ¢ > T which
implies that y'(t) is strictly monotone decreasing function in [T, +00). Then we
have two cases:

(i) y'(t) >0 for t > 11,

(ii) y'(t) <0 for t > T1.

We shall consider consecutively these cases.

Case (i). Note that y(t) > 0 is a strictly monotone increasing function for ¢ > T}
hence ys(t) > y(o(t)) and from the first equation of the system (1) get 2”(¢t) > 0 for
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t > Ty. Moreover, for any fixed t > T1, ys(t) = y(7(t)) > y(o(t)) therefore obtain

o/(t) =2'(To) + | al(r)f(ys(r))dr

:x,(Tg) +

t
Ts

t
T

a(r)f (y(r(r))dr > 2'(Ty) + / o(r) f (y(o(r))dr
Ty

>2'(Ty) + f(y(o(T2)) /a(r)dr — 400 as t — +o0, (6)
1>

where Ty is a positive number such that 77 < o(T3) < 7(T) < T < t. Then we
have from (6) that 2/(t) > 0, therefore, x(t) is a strictly monotone increasing and
at the same time unbounded function. Hence x4(t) = z(7(t)) > z(o(t)), for t > T.
Thus from the second equation (b) of system (1) we get

y'(t) =y'(To) — [ b(r)g(zs(r))dr

=y (T») —

t
Ts

t
Ty

b(r)g((r(r))dr < 3/ (T3) — / b(r)g(x(o (r)))dr
Ts

<y'(Ty) — g(x(a(Tg)))/b(r)dr — —00 as t— 400,
T>

which contradicts the statement that y'(¢) > 0 for all ¢ > T7.
Case (ii). If y/(t) < 0 for all ¢ > T} then from y”(¢) < 0 for ¢ > T} infer that y/(t)
is a strictly monotone decreasing function and hence there exists a constant ¢ > 0
such that
y'(t) < —c for t>1T. (7)

Then integrating both sides of (7) we obtain that

t

y(t) <y(Th) — /cdr <0 for t>
T

T
y(cl) LT

whence infer that y(¢) < 0 and y(t) — —oo as t — +oo. This contradicts the fact
that y(t) > 0. Therefore, taking into account all the above we conclude that there
exists no eventually positive solution of the problem (1), (3), (4). O
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Theorem 3. Let t; be some positive number such that ty > ty and following
conditions be satisfied:

1). H1-H4.

2). The functions «, 3 defined by (5) take real and finite values at t =ty > to,

a(ty) < 400, B(t1) < +oo.

3). There exist positive numbers ¢y > 0 and ¢ > 0 such that

“+00 400
fle) [ [ a(u)duds < +oc
g(co) [ [ blu)duds < +oo.
t1

S

Then the problem (1), (3), (4) has an eventually positive solution (z(t), y(t)).

Proof. In this proof we use the same note as it was in the proof of Theorem
2 for the correctness of Cauchy problem (1), (3), (4). Infer by the same argument
that our problem has correct initial data. We have from 2) that there is a positive
number 7T such that ¢; < o(T) < T, and the following pair of inequalities hold

+00 +00
a(u) f(c)duds < 2 (8)
/] ;

and
400 400

/ / b(u)g(co)duds < & ()
T s
Further we follow the method used in [11]. Denote by BC' the space of all bounded
and continuous vectorial functions z : Ry — R2, z(t) = (x(t), y(t)) € R? with a
norm defined by

2l = |z )| = max{sup\xa)\, supry<t>r} < too.
t>T t>T

Define the set

zZ= (11)



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 3 (2010)

224 D. Kolev, N. Markova

Therefore for each function 2 € D we have

mm¥§§}sﬂw£nwﬂ%m}

Next we define an operator S : D — C([O’(T), +00); R x R) by the equality

%0 , o(T)<t<T,
Sz(t) = . Tooteo (12)
2o [ [atwswnius. o=,
t s
and .
5 ) J(T) <t< T7
sy ={ . L (13)
— / / ))duds , t>T,
2
where z,(u) = max z(r), y,(u) = max y(r). Here we have in mind that
relo(u),(u)] relo(u),(u)] B
o(T) <T <o(u) <7(u) <u< +oo. Let z be a vectorial function z = (z,y) € D.
Then we have from (8) and (9) that
+00 00
“« <Sx()§c—0+/ /a(u)f(c)dudsgc—o—i-c—ozco, t>1T,
2 2 2 2
t s
and
t +oo
c c
= = Jduds < =+ -=¢, t>T
2 2 / / g(co)duds 3 + 5 ¢, t =1,

respectively. Therefore,

mm{ 5 2} < |ISz|| < max{cy, c}

and infer that SD C D that leads to the conclusion that the conditions of the
Schauder FPT are satisfied and hence a fixed point z = (z,y) exists, that is, Sz = z.
Moreover, it turns out that the components of a proper positive solution of the
problem (1), (3), (4) can be obtained by the system of integral equations

“+00 +00
€o

x(t) = — 5 +/ /a(u)f(yr(u))duds, t>T,

t s
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t +oo

yi) =5+ / / b(u)g(ar (u))duds, 1> T.
T s

As a final note we point at the case when the number T can be too close to tg in
the sense that to < t; < T <t < t, where o(f) = to, then by the condition H4 we
have the same result as it was above. [l

Theorem 4. Let t; be some positive number such that t; > ty and conditions
1) and 2) in Theorem 3 be satisfied. Then if

(a) Jrfooa(r)f(cys(7”))d7° < +o00,
; (14)
(b) [ b(r)g(coxs(r))dr < +oo,

where ¢, ¢y are some positive numbers, the problem (1), (3), (4) has an eventually
positive solution (z(t), y(t)).

Proof. For the correctness of the initial data here we use the same argument as
in the proof of Theorem 3. The condition (14) of the theorem leads to the existence
of a positive number 7' > t; and such that the following estimates hold:

+o0 ¢
(@) [ alr)fley(r)dr < 5

oo . (15)
®) [ br)glaoms(m)dr < 5.

T

Here z4(r) and y,(r) are defined analogously to those in (14) being taken 7" instead ¢.
Denote by B the Banach space of all continuous vectorial functions z(t) = (x(t), y(t))

with the norm
x(t t
(1) y(t ) ‘} < ‘

» Sup
t>T

2l =l 9)] = max{sup
t>T

Define the set
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t 1
2(t) = 5, y(t) = 5. o) <t<T,
cot ct (17)
o), y0)), L <at) <at, (al0), y0), T <y®) et 12T

( %t , (T)<t<T
Sxz(t) = . Lo (18)
ot
- + a(u) f(ys(u))dudr , ¢ >T,
ay
and ( ct
2 (T)<t<T
Sy(t) = L oo (19)
))dudr ,  t>T.
2] Juo

Let z = (x,y) be an arbitrary point in €2, and then having in mind (15) and the
definition of S by (18) and (19) obtain the inequalities

—+o00
(@ G <al) <G vt [ a0)flentir< Y+ D —at, 21,

T
+o0o
ct ct
(b) 3 < < Sy(t) < 5 +t / b(r)g(cozs(r))dr < 5 t5 = ct, t>T.
T

Therefore we conclude from (20), (a) and (b) that SQ C Q. Further we prove by the
same arguments as in the proof of Theorem 3 (see, e.g. [11]), that the operator S
has a fixed point z = (z,y), that is, S(z,y) = (z,y). One can show that the solution
of (1) could be obtained by solving the system

T

t
:%%—// (u))dudr , t>T,

T T
t +oo

// w))dudr , t>T.

In the case when the number T is taken too close to tg we use the same conclusion
as in the proof of Theorem 3. O
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As a final note we touch on some open questions resulting from our investigation.

First one is when the functions «(t), 3(t) satisfy different requirements as either o <
400, = 400 or & = 400, < +00. These cases for a system without “maxima”
could be seen in [11]. Other open questions are the existence of periodic solutions,
oscillating properties and blowing-up. Bifurcation theory for these equations with
“maxima” also would be of great interest.
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