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Abstract: A mixed problem with periodic boundary condition % + a22u =
f(t,z,u) is examined for quasi-linear quartic partial differential equation. The exis-
tence, uniqueness and continuity of weak generalized solution is proved. Firstly, test
function is defined for solution of problem, then the generalized (weak) solution of
the problem is defined by this function. Then weak solution is searched as a Fourier
series with unknown variable coefficients, then for these coefficients a system of in-
finite integral equations is obtained. The existence and uniqueness of this system
is proved by consecutive approximation method in Bp-Banach space. Finally the
norm of the difference between exact and approximate solutions of the system in Bp
is obtained.
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1. Introduction

FExamination of quartic, linear and quasi-linear equations is important for vibration
analysis of bars in terms of engineering. In this study, the existence and uniqueness
of the generalized (weak) solution of a mixed problem with quasi-linear, quartic
equation is examined by nonlinear Fourier method. The existence of solutions which
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are done in this study show that using of this approach in engineering mathematics
especially dealing with nonlinear vibrations of bars, dynamic stability of bars formed
by composite material and carbon nanotube is more effective.

2. Formulation of Problem

We consider the following mixed problem

‘?;2 + 223: = f(t,z,u), (Lx)eD{0<t<T, 0<xz<m} (2.1)
u(0,z) = ¢(z), w(0,z) =¢(x) (0<z<m), (2.2)

U(t, 0) = u(tv 7T)7 um(tv 0) = uw(t7 7T),
Ug2 (tv 0) = Uy (t7 7T), U3 (t7 0) = umS(tv 7T) (0 St< T)7
where ¢(z),1(x) and f(t,x,u) are given functions defined on [0, 7] and D{0 < ¢ <

T, 0 <x <7} x(—o0, o) respectively and the function u(¢,x) is solution of the
problem.

Definition 2.1. The function v(t,z) € C(D) is called test function if it has
continuous partial derivatives of order contained in equation (2.1) and satisfies both
following conditions

(2.3)

o(T,x) =v(T,x) =0
and the boundary condition (2.3).
From [1], we give the definition;

Definition 2.2. The function u(t,z) € C(D) satisfying the integral identity

/ / [giz 2%] —f(t,:v,u)v} dz dt
™ o(x)ve(0, ) doe — ! P(z)v(0,2)dz =0, (2.4)
l [

for an arbitrary test function v(¢,x) is called weak generalized solution of problem
(2.1)-(2.3).
The set

{a(t)} = {Uo cuet (), us1 (1), - o ek (£), usk(t), ... }

of continuous on [0, 7] functions satisfying the condition

1
5;13}; lug(t) |+Z [max [ter(t)| + max lusk(t)]| < oo,
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denote by Br. Let

1 o
u(t == (t ot
(0l = 3 g (o) + 3 k(0] + s k(0

be the norm in Br. It can be shown that Br is Banach space.

3. Solution of Problem

We look for a weak solution of problem (2.1)-(2.3) in the form
u(t,z) = —uo )+ Z uck (t) cos 2kx + ugy(t) sin 2kx] , (3.1)
k=1

for the following unknown functions ug(t), uek(t), usk(t), (kK = 1,00). In order to
determinate unknowns using equation (2.4), we get the infinite system of integral
equations;

ug(t) = @o + ot

/ / (t—7)f{m, 5, (1) + Z [ten (7) cOS 2n€ + ugy () sin2n€] } d dr,
n=1

Uek (t) = Qe cOS et + ek sin ot
o

o

7rozk/ / f{ E, uo +Z [ten (7) cOS 2n€ + gy (T) sin 2n€] }

X cos 2k sin oy (t — ) d€ dr,

usk(t) = sk cos agt + ¢_ sin ot

7I'Oék// f{ E, uo -1-;::1 Ucn (T) €08 2n& + Ugn (T) sin 2n¢] }

X sin 2k sin o (t — 7) d€ d,

o = a(2k)?, k=T, 0. (3.2)

For the system (3.2), the following theorem is true.
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Theorem 3.1. Suppose the following conditions are satisfied:

a) f(t,r,u) is continuous respect to all arguments on D x (—oc0,00).

b) |f(t,z,u) — f(t,z,v)] < b(t,x)|u —v| where b(t,x) € La(D), b(t,z) > 0.

c) f(t,z,0) € La(D).

d) The functions ¢(z), ¥(x) with o(z) € C[0,7],¢(x) € C[0,n] satisfy the
following conditions:

In this case, the system (3.2) has unique solution in Br.

Proof. We use prove the method of successive approximation. For the system
(3.2), let us define an iteration as follows

WD (1) = O

// t— Tf{T f, +i[ cos2n§+u ()sin2n§]}d§dr,

n=1

uN (1) = u (1)
wak/ / A 5, g[ 7) cos 2n€ + ulN) (r )sin2n§}}
X cos 2kE sinay(t — 7) dédr, (3.3)
u(NH)(t) u(o) (t)

sk
mk/ / Hr 5’— uy +Z[ Uen C052n§+ugg)(7)sin2n§}}

x sin 2k sin o (t — 1) dé dr,

N =0, 00,

where u(()o)( t) = po + Yot, ugz) (t) = pei cOs it + ﬁ—f sin ayt, ug(,? (t) = sk cos at +

ws’“ sin ayt, (k =1,00). For simplicity, letting

o0

N, §)——u0 +Z{ t) cos 2n€ + ully ()sin2n§}

and
10} = {5 V0,08 0,08 0, ) 0,0,
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the successive approxmlatlons 3 2) turns out to be
u((]NH)(t) / / (t—7)f[r,&, AuN (7’ &)] d¢dr,
g]jﬂ)(t) = ugz) o / / flr, &, AulN (7' &) cos 2kE sin vy (t — 7) d€ d,
7T k

g],jﬂ)(t) = ug,? ﬂak / / flr, £,Au (7' &)]sin 2kE sin oy (t — 1) ddr
(k=1,00).

(3.4)
It is clear that
1
(V) <z (V)
OglﬁiTMu (t, 8| < 5 021%3%|u0 ()|
+nZ::1 [Olgtaé\um (t)!+01%1tang\usn (t)y] @™ (). (3.5)

First, we will show that @N)(t) € Bp. According to the conditions of the
theorem it is easily seen that

1
OOl =+ . 1l r+2[max 01+ gu 1020

1
~ (ol + eolT) + [wck\ + ) + (ool + a—krwsm} < o0
k=1

Taking N = 0 in the equalities (3.4), we obtain

W) = u@(t) + 2 / / (= {6 A0 (1, 6)] — F(r.€,0)} de dr
™ Jo Jo

+%/Ot/oﬂ(t—7')f(7',§,0)d§d7.

Then applying the Cauchy inequality with respect to t to the both integrals in the
right hand side of the last equality we have

D ()] < [ul (#)

o]

1/2

/ [ /ﬂ{f[T,g,Au(m(t,g)] F(7,€,0 }dg} dT>1/2

e ([ [ o0 of )"
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In the right hand side, we calculate first integrals in the second and the third sums.
Than taking first factor is 1 in the second integrals with respect to &, again applying
Cauchy inequality, and doing some operations, we have

[0 (0] < fug” ()] + = \/m // {f1r& A (1,)] - 76,0} dear)
+%\/m / [/ f(7,€,0) dg] ar)”.

Applying Lipschitz condition to the first integral in the right hand side and doing
some operation we get

s ()] < [ud” (1)]

i ;@ [( / t | #eo [0 acar) 4 ||f<n:v,0>||L2<D>] ,

hence we have

a3 _
w0 < [0 O = (160 2) o) 5O Ol + 17620l oy - (36
The second equality from (3.4) for N = 0 is written as
uly) () = ul) (1)

+_—/ / {flr.¢, AuO(t,€)] - f(7,£,0)} cos 2kE sinay(t — 7) dé dr

g T

+__/ / f(1,€,0) cos 2kE sin o (t — 7) d€dr,

Qg T

Then applying the Cauchy inequality with respect to t to the both integrals in the
right hand side we get

%[/ {fIr.€, A (7,)] — f(r,£,0 }Cos2k£d£} dT)1/2
+\F / [/ F(1,€,0 cos2k£d£] dT)/.

Taking sum of both sides with respect to k (k = 1,00), we have

Zlu |<Zlu
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— 1 12 [ 2 1/2
+\/Tk§a—k(/o [;/0 {f[T,f,Au(O)(T,f,)]—f(T,f,O)}Cos2k§d§] dT)

1 [t[2 (T 2 \1/2
+ﬁ;a—k(/() [;/0 f(T,ﬁ,O)cos2k£d£] dT) .

Applying Holder inequality to the second and third sums in the right side of above
inequality, then using Bessel inequality related to Fourier coefficients, Lipschitz con-
dition and taking the maximum of integrals with respect to ¢ in the right hand side
of resulting inequality yields the following:

S )
k=1

Z |+M\/_[||b(t D o) [T Oy + 17 2,0 0)| » (3.7)

o 1/2 - 1/2 - .
where M = <Zk=1 aii) = Za (Zk 1 Lzl)1/2 = 4% (%) = 120\2/1_0‘ DOlng
1)

similar calculations for ug,’ (t) we get

S )
k=1

< S RO+ MVT (166, 2) 1,0y [T Ol + 12, 0) 1) | - (38)

k=1

Using the inequalities (3.6), (3.7) and (3.8) in the following form

OL S [l + o] < '“0 Oy [0+ o]

k=1 k=1
+ (2 20T b6t ) o 7O Ol + (12,0l

then taking maximum with respect to ¢, we obtain that

)

| Uy

@V @), < 179 @)ll5,
T3 _
+ (\ 32+ 2MVT) [Ib(t,2) |10 1T (O + 17,2, 0) o))
Under the conditions of the theorem we have

@ O, < oo
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By the principle of mathematical induction, we obtain that

f— a7 T -
[T e < 18Oy + 1 5 (T + 26T o 2) ) [0 1)
T e
+ —(T—|—2 67TM)||f(tv$a0)||L2(D)'
3T

Proceeding in the same way, supposing [[@N)(t)|| 5, < 0o, it can be shown that
™ )|y < oo
Therefore we have proven that
U(N +1) (t)

1
_ {gu(()NH)(t),ugﬂ)(t),uglvﬂ)(t), N @) D ) } € Br.

Now, to show that the successive approximation sequence {@™¥)(¢)} is uniformly
convergent in B, we examine differences respectively,

Y @) = ul™M @), 1D (@) = ul @), WS (1) — Y (1)

(N =0,00,k =1,00). For this let us take

) (6) — ()] = |2 /0 /(f<t—f>f[nf,Au<°><né>1 ¢ dr|
< é /0 /Ow(t—T){f[T,g,Au(O)(T,i)]—f(Tafao)}CEdT\

t ™
12 [e=n [ rre0dear

then apply Cauchy inequality with respect to ¢ to the integrals in the right hand
side:

uf (1) — i (0)
A : ([ ]2 [ ureaoco-roeoie «)”

+ [/Ot(t—7)2d7'r/2 (/Ot E/oﬂf(T’g’O)dgr d7)1/2.

In the right hand side, we calculate the first integral and apply Cauchy inequality
with respect to £ to the second integrals in the both parts:
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us? () — ul(t) |<2T\/7[//{f7_£’14u m8)] = .0 )}2d§d7-]1/2
el [ [ f2T€0)d§dr]l/2.

Applying Lipschitz inequality to the first part of right hand side after some opera-
tions, we get

T _
1wl () — ul (1) < 27\ == (11b(t, ) | o () 17O (@) | By + 1 £ (£ 2, 0| o). (3.9)
3T
With similar operation we obtain that
[uly) (8) — u® (1)

<[] [uine il - f(T,&O)}Cos%édﬁrdT>1/2
+‘C/y_kT /0 [;/Oﬂf(T,f,O)cos2k§d§]2dT)1/2.

Taking the sum with respect to k (k = 1,00) to the last inequality and applying
the Holder inequality to the both part of the right, we have

S 1l 6) — u®(r)
k=1
o0 1 [oe) t 2 T 2 1/2
Sﬁ(;a_%)l/z(;/o [%/0 {fIr,€ A (1,0)] - f(r.¢, )}cos%&d&] ar)
S L 1/2 - )12
+\/Tk:1 2 Z/[ /f §000s2k§d§] d) .

According to the assumptions of the theorem, taking into account integrability
of the series in the right hand side by term of term, then using Bessel inequality, we
obtain

Z’U _uk (t)]

<m/Z ([ [[treacioe)- ooy dar)”
+(/Ot/0ﬂf2(7,g,o)dgd7)l/z].
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Applying Lipschitz inequality to the first integral in the right hand side and
taking the maximum with respect to ¢ we get

<M 2T[
s

bt )|, () 18 ()| 5 + ||f(t7$,0)||L2(D)] - (3.10)

In the same way, we obtain

Z|usk —uk()|

2T
<My — [Hb(t,33)||L2(D)||U(0)(t)||BT + ||f(t,:17,0)L2(D)||} . (3.11)

By the inequalities (3.9), (3.10) and (3.11) we can write
1
Sl (¢) =y (0] + Z [ @) = O] + [l ) - uR @]

< (T +2V6 M)f (166 2) a0y 17O )13 + 172, 0) o) ] (= Ar), (3.12)

where it is clear that A7 is positive. Taking maximum with respect to t to left part
of the last inequality,

1l () — al ()l sy < Ar

can be written.
From the above by the principle of mathematical induction, we obtain

b(t N
(T + 2fM)\/; " Rt \/)]'V'f“m

is true (N = T,00). From (3.13), the series 00 [@V*+1(¢) — @V (¢)| whose ele-
ments are taken from Brp is uniformly convergent. So the successive approximation
sequence {@V*t1 (£)} whose the general term

s 1) —a ()]s, < Ar (3.13)

_(N—i—l)( g: [ n+1 _ g™ (t)]

n=1

is uniformly convergent in Br.
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Let lim,_ ooVt () = {% )yt (t), st (t), - - -, ek (t), usk(t), .. }-
Proving u(t) satisfies (3.2), we put u( ) nto (3.2) and the absolute value (o ) of

the difference of the right part of the system (3.2) and (3.3) can be written as
2 t ™
o< 21 [ [ =i Autn ) - flr 6 Al (Ol dgar

21 [ () -
Z;Oé_lJ/o /0 {fIr, & Au(T,&)] — f1,&, Au'" (7,6)]} cos 2kE sin o (t — 7) d€ dT|
o t pmw
+Z %ai’/ / {f[r, &, Au(T,§)] —f[T,f,Au(N)(T,f)]}sin2k§sinak(t—T) d¢ dr|
—mar Jo Jo

([ 2] [ 1 a0 — s A o comave] )

00t T 1/2
_1_\/?(20%)1/2 2_21/0 (%/0 {f[7—7£’Au(7—7£)]_f[Tyg,Au(N)(T,f)]}COS2]435(16)2]

k=1

(S 00 1/2
1 1/2 bLra [m (N) . 2
(S — d A - A , 2%k d .
I ) kZ:l/O (2 | 11 Autr. €0 = flr. A7, ] sim 20 ) ]
Then, by the inequality (a4 b+ ¢)? < 3(a® + b% + ¢?) we obtain
o _ 3 [f(2 [T (N) 2
o<1 [ (2 [l Aur o] - firg Au o)) ) ar
+3M°T Y / t (3 / L€, Au(r, )] — Flrs & Au™) (. )]} cos 2k§d§>2d7
—17/0 T Jo
e [ [ 01 At ) s ) k)i
Supposing that max(273, 3M?2T) = My, then
02 < MT /Ot % (% /Oﬂ—{f[T,f,Au(T, g)] - f[T,f,Au(N)(T,f)]}dg)QdT
0 t g
wMr Y [ (2 [l Aur )] - 1l Al () eos k¢ ) dr
k=170 7 Jo
Y [ G [ tine autr ) - fir& 4 e sinng ) ar

Applying the Bessel inequality on the right hand side and then Lipschitz condition
we get



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 1 (2010)

58 H. Halylov, K. Kutlu, B.O. Giiler

t ™
7 < 2p [ [ Autr )] - flr, 6 A ) de)
n 0 Jo

< %MT /0 t /0 "R 6) [AU(T, £) — Au™(r, g)r de dr

2 _ _
< ZMllB ()3 [TE) — TN B34

Hence, taking account into lim,, o |[T(t,€) — @) (¢, )| = 0, the limit of the norm
|T(t,e) — TN+ (t, €)|| which is formed by the difference of (3.2) and (3.3) equals to
zero for N — oco. It means that w(t) is the solution of the system (3.2).

For the uniqueness, by contradiction, we assume that (t) is also solution of the
system. Evaluating the difference |u(t) — o(t)| we get

a(t) — o)) < %MT /O ( /0 "B (r,€) de) [a(t) — (e))? dr.

According to Gronwall inequality, we have |@(t) —(t)| < 0, means that u(t) = v(t).
The theorem is thus proven. O

By Theorem 3.1, the following theorem related to the weak solution of problem
(2.1)-(2.3) is also true.

Theorem 3.2. Under the assumptions of Theorem 3.1, there is a unique gen-
eralized solution of problem (2.1)-(2.3) and this solution can be found as uniformly
convergent series (3.1) in C(D).

Due to the significance in practical application it is useful to examine the differ-
ence between exact solution of the system (3.2)

u(t) = {%uo(t),ucl(t),usl(t),...,uck(t),usk(t),... }

and

0 0) = V0,08 0,u V@, w0, 0,

(N + 1)-th successive approximation. By the same way, the following theorem is
also achieved.

Theorem 3.3. Under the assumptions of Theorem 3.1, for the difference of
exact solution @(t) of the system (3.2) and N+ (t) successive approximation, the
following inequality

_ _ 2 My N My
() =@ D @) oy <\ =R [T+ 2V6M]) () 1Ny exp = b(t,2) 1)

is true.
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