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Abstract: A fixed point theorem for three mappings on three metric spaces is
proved. This result is a modification of the result of Nesi¢ [2] from two mappings
of a metric space into itself, to three mappings of different metric spaces. We have
modified the methods used by Nesi¢ [2] and by Jain, Shrivastava and Fischer [1].
We also show that the theorem of Nung [3] is a corollary of our result and that the
continuity of only one of the mappings is sufficient.
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1. Introduction

In [2], the following theorem is proved.

Theorem 1.1. Let (X,d) be a metric space and S,T be two mappings of X
into itself, satisfying the following inequality:

[+ pd(z, y)|d(Sz,Ty) < pld(z, Sz)d(y, Ty) + d(z,Ty)d(y, Sz)]
1
+ qmax{d(x, y)v d($7 Sl‘), d(ya Ty)7 §[d($v Ty) + d(y7 S$)]}7
for all x,y € X, where p >0 and 0 < ¢ < 1.
If (X,d) is (S,T)-orbitally complete metric space, then S and T have a unique
common fixed point u in X.
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In [3], the following theorem is proved.

Theorem 1.2. Let (X,d;),(Y,d2),(Z,ds) be three complete metric spaces and
T be a continuous mapping of X into Y, S a continuous mapping of Y into Z and
R be a continuous of Z into X, satisfying the following inequalities:

dy(RSTz,RSy) < cmax{di(xz,RSy),di(x, RSTx),ds(y,Tx),ds(Sy,STz)},
dQ(TRSy7TRZ) < cmax{dQ(yaTRZ)7d2(y7TRSy)7d3(Z7 Sy)7dl(R27RSy)}7
d3(STRz,STz) < cmax{ds(z,STx),ds(z,STRz),di(x,Rz),ds(Tz,TRz)},

forallz € X,y € Y and z € Z, where 0 < ¢ < 1. Then RST has an unique fixed
point uw € X, TRS has an unique fixed point v € Y and STR has an unique fixed
point w € Z. Further, Tu = v,Sv = w and Rw = u.

In this paper we will give a generalization of Theorem 1.2 modifying the results
of Nesi¢ [2]. We will also show that in Theorem 1.2 it is not nescessary the continuity
of the three mappings, but it is sufficient the continuity of only one of them.

2. Main Results

Theorem 2.1. Let (X,dy),(Y,ds),(Z,ds) be three complete metric spaces and
T:X—>Y,S:Y —Zand R:Z — X be three mappings from which at least one
of them is continuous, satisfying the following inequality:

(1 + pdy(z, RSy) + pda(y, Tx)]di (RSy, RSTx)
+ gmax{d, (z, RSy),dy(x, RSTx),ds(y, Tx),ds(STz, Sy)}, (1)

[1+ pda(y, TRz) + pds(z, Sy)|d2(T' Rz, TRSy)
< plda(y, TRz)d1(Rz, RSyY) + da(y, TRSY)ds(z, ST Rz) + da(y, T Rz)d3(z, Sy)]
+ qmax{da(y, TRz),da(y, TRSy),d3(z, Sy),d1 (RSy, Rz)}, (2)

(1 + pd3(z, STx) + pdy(z, Rz)]|ds(STx, STRz)
< plds(z,STx)de(Tx, TRz) 4+ d3(z, STRz)dy (x, RSTx) + d3(z, STx)d; (x, Rz)]
+ gmax{ds(z,STx),ds(z, STRz),di(z, Rz),d2(TRz,Tx)}, (3)
forallz € X,y €Y,z € Z, wherep > 0 and 0 < g < 1. Then RST has an unique

fixed point a € X, T RS has an unique fixed point 3 € Y and STR has an unique
fixed point v € Z. Further, Ta = (3,53 =~ and Ry = a.
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Proof. Let zp € X be an arbitrary point. We define the sequences (x,), (yn)
and (z,) in X,Y and Z respectively as follows:

Tn = (RST)nx07 Yp =T Tp_1, 2= Syny

forn=1,2,....
By the inequality (2), for y = y,, and z = z,_1 we get:

[1 + pd2(yn, yn) + pd3(zn—17 zn)]d2 (ym yn—i—l)
< p[d2 (yna yn)dl (xn—ly xn) + d2 (yTw yn—i—l)di’:(zn—l: Zn) + dQ(yru yn)d?)(zn—la Zn)]
+q max{dg(yn, yn): dQ(yru yn-l-l)a d3(zn—17 Zn): dl (‘Tn7 xn—l)}a

from which it follows:
d2(yn7 yn+1) <q max{d2(yn7 yn-l-l)a dy (xna xn—l)a d3(zn7 Zn—l)} = ¢max A7

where A = {da2(Yn,Yn+1), d1(Tn, Tn-1),d3(2n, 2n-1)}.
If max A = da(yn, Yn+1), then we have:

d2(Yns Yn+1) < qda(Yn, Yn+1)
and since 0 < ¢ < 1, it follows da(yn, yn+1) = 0. Thus we have:
do(Yn, Yn+1) < qmax{di(zn, Tn-1),d3(2n, 2n-1)}- (4)
In the same way, by (3), for = z,,_1 and z = z,, we get:
[1+ pd3(zn, 21) + pdi(Tn—1,2n)]d3 (20, 2n+1)

< p[d3(zna zn)d2 (yna yn—i-l) + dg(Zn, zn—l—l)dl (mn—l, xn) + d3(Zn, zn)dl (mna $n)]
+4q maX{d3(Zn, Zn), dg(Zn, Zn—i-l)v dy ($n—17 $n)7 ds (yn—i-l) yn)}a

from which we get:
d3(2n7 Zn—i—l) <q max{dl (xn—la xn)a d3(zn—17 Zn)} (5)
In the same way, by (1), for y = y,, and = = z,, we get:
[1 + pdy (xna xn) + pds (ym yn-i—l)]dl (xny xn—f—l)

< p[dl (l‘n, $n)d3(zm zn—l-l) +dy (5177% $n+1)d2 (yna yn—i-l) +dy (wna $n)d2 (yna yn—i-l)]
+ gmax{di(zn, Tn), d1(Tn, Tni1), d2(Yn, Yn+1)s d3(2n41, 20) }

from which we get:

dl (xna xn-{—l) < q max{dl (xna xn-‘,—l)y d2 (yny yn-i—l): d3 (Zny Zn—l—l)}
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and by (4) and (5) we have:
d1(Tn, Tny1) < gmax{di(zn—1,7n), d3(2n-1,2n)}- (6)
Taking n equal with n — 1,7 — 2,...., using (4), (5) and (6) we obtain:

di(Tn, Tpy1) < ( ), d3(z1,22)},
da(Yn, yn+1) < ¢" 'max{dy (21, 22),d3(21, 22)},
d3(zn7 Zn-‘,—l) S " ( )

q" maX{d1 T1,T2

q max{dl r1,72),d3(21, 22) }-

Since 0 < ¢ < 1, the sequences (x,), (y,) and (z,) are Cauchy sequences with
limit o, 6 and v in X, Y and Y, respectively.
Suppose that the mapping S is continuous. Then by

lim Sy, = hm Zns
n—oo

we get:
SB = . (7)
By (1), for y = 8 and = = x,, we get:

[1 + pdl(ﬂl'n, RSﬁ) + pd?(ﬁ) yn—i—l)]dl (RSﬁ, $n+1)
< pldi(wn, RSB)d3(SB, 2ny1) + di(wn, Tpy1)d2(8, TRSB) + di (v, RSB)d2(8, yn+1)]
+ q max{dl(xn, RSﬂ), dl (.'L'n, $n+1), d2(57 yn+1)7 d3(77 Sﬂ)}
Letting n tend to infinity, by the fact that SG = v we get:

14 pdi(a, RSB)]d1(a, RSB) < qdi(a, RSP),

q
dl(a7RSB) < 1+pd1(0&,RSﬁ)d1(a,RSﬂ),

from which it follows:
di(a, RSB) =0« RSB = a, (8)

since

q
1+ pdy (Oz, RSﬁ)

By (2), for z =SB and y = y,,, we get:

<g<l1.

[1 4 pda(yn, TRSB) + pd3(SB, 2,)]da(T RSB, yn+1)
< plda(yn, TRSB)d1 (RSB, n)
+ d2(Yn, Yn+1)d3(SB, STRSB) + da(yn, TRSB)d3(S3, 2n)]
+ qmax{da(yn, TRSB), d2(yYn; Yn+1), d3(SB, 2n), d1(xn, RSB)}.

Letting n tend to infinity, by (7) and (8) we get:
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[1+ pda(B, TRSB)|d2(TRSB, B) < qda(TRSB, B)
from which it follows do(TRSS, 8) = 0, or
TRSfB = 6. (9)
By (7), (8), (9) we get:

TRSB = TRy=Ta=p,
STRy = STa=S50=r,
RSTa = RSB =Ry=aqa.

Thus, we proved that the points «a, 3,7 are fixed points of RST,TRS and STR
respectively.

In the same conclusion we would arrive if one of the mappings R or T" would be
continuous.

We emphasize the fact that it is sufficient the contiunity of only one of the
mappings 7,5 and R.

Let we prove now the unicity of the fixed points «, 5 and ~.

Assume that there is o/ a fixed point of RST different from a. By (1), for
y=Ta and x = o/, we get:

[1 4 pdi(o/, RSTa) + pda (T, T )]dy (RST v, RST)
< pldi(o/, RSTa)d3(STer, ST)
+di(o/, RST )dy (T, TRST @) + dy (o, RST)do(T'r, T )]
+ gmax{d; (¢/, RSTa),dy (o, RST'), do (T, T ), d3 (ST, STar) },

or
[1+ pdi(c/, @) + pda(Ta, Ta!)]dy (o, )

< pldi(e/,a)d3(STa, STa') + 0+ dy (¢, )do (T, Tl )]
+ gmax{d;(d/,a),0,ds (T, T'),d3(STa!, STa)},

or

[1 4 pdy(a, &")]di (e, ) < pldi (v, ’)d3(STer, STa')
+ gmax{di(a,a’),dy(Ter, Ta),d3(STa, STa')}.  (10)

In respect of max{d;(«,a/),d2(Ta,Ta'),ds(STa,STa')} = max A we distin-
guish the following three cases:

Case 1. If max A = di(a, ), we have d3(ST«a,STd') < dy(a,a’), and by (10)

we obtain:
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[1 + pdy (Oé, O/)]dl (a, O/) < p[dl (Oé, O/)d?)(STaa STO/) +qdy (Oé, O/) <
< pdy (aa O/)dl (a7 O/) +qdy (Oé, O/)’

By the above we obtain d;(a, ') < gdi(a, ') and since 0 < ¢ < 1 we get:
a=cd. (11)

Case 2. If max A = dy(T'o, T'), we have d3(STa, STa') < da(To, T'), and by
(10) we obtain:

[1+ pdi(a,a)]dy (e, @) < pldi(a, ' )d3(STa, STA') + qdo(Ta, Ta')
< pdy (Oé, a/)dQ (TO(, TO/) + qd2 (TO(, TO/)v

or

1+ pdy (o, )]dy (e, @) < [g+ pdi(a,a’)|da(Ta, Ta!),

q+pdi(a,a) )
d N < 2 2 (Ta, T
1(05,&) ~ 1+pd1(04,0/) 2( «, Oé),
from which it follows:
where
/
0 <y dtpdi(ea) <1,

=77 + pdy (v, o)

since 0 < g < 1.

Case 3. If max A = d3(ST«, Sta'), then the inequality (10) takes the form:

1+ pdi(a,a)]dy (e, @) < pldi(a, o )ds(STa, ST') + qd3(STa, STa')

< dl(Oé O/) < Q+pd1(a’a,)

Ta, ST

di(a, ') < rd3(STa,STa'). (13)

Continuing our argumentation for Case 2, by (2) for z = STa and y = T/ we
have:

[1 4 pdo(Ta!, TRST) + pd3(STo, STA)|do(TRST o, TRST )
< pldo(Ta!, TRSTa)dy (RST o, RSTa') + do(Ta!, TRST')d3(STer, STRST )
+do(Td/, TRSTa)d3(STa, STa')] + gmax{dy(Ta', TRST ),
do(To!, TRSTq'),d3(STa, STa'),dy (RST', RSTa)},
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or
1+ pdo(T, Tat) + pd3(STa, ST )|de (T, T)
< pldo(T, Ta)dy (v, @) + do(Ta!, T Yd3 (ST, STax)
+do (T, Ta)ds(STa, STA')] + gmax{ds (T, T),
da (Talv TO/)’ dg(STO&, STO/)7 dy (O/v Oé)},
or
[1 4 pdo(Ta!, Tar)|do (T, Ta')] < pda(Td, Tar)dy (ar, @)
+ gmax{d;(d/,a),ds (T, Ta),d3(STe, STa')},

or
[1 4 pdo(Td!,Ta)|dy(Ta, Ta!) < pda (T, Ta)dy (v, @) + gmax A. (14)
In Case 2, we have max A = dy(T'o, T') and by (14) we obtain:
1+ pdy(Ta!, Ta)|de(Te, Ta!) < pda (T, Ta)do(Ta!, Tar) + qda(Ta, Ta),
or

do(Ta, Ta!) < qdo(Ta, T).
Since 0 < ¢ < 1, we obtain:
do(Ta,Ta') =0

and by (13) it follows that d;(«, @’) = 0, so we obtain again the inequality (11).
In Case 3, by (3) for x = RSTa, z = ST’ and in the same way we obtain:

[1+ pds(STa/, STa)]ds(STa, ST') < pd3 (ST, STa)da(Te!, Tar) + gmax A.
Since in this case max A = d3(STa, STa'), we have do(To/, Ta) < d3(STa, STa)
and we obtain:

[1 4 pd3(STa, STa')|d3(STa, STa)

< pd3(STa,STa')d3(STa, STa') + qds3(STa, STa'),
from which it follows
d3(STa, STd') < qd3(STa, STA').

Since 0 < g < 1 we take:
d3(STa, STa') =0,

and by (13) it follows dj(«, @) = 0. Thus, again, in this case the following equality
holds:

a=da.
In the same way, it is proved the unicity of 5 and ~. O

Corollary 2.2. Theorem 1.2 in [3] follows from Theorem 2.1 if p = 0. Further,
it is sufficient the continuity of only one of the three mappings.
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