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Abstract: This paper deals with integral inequalities that involve the maximum
of the unknown scalar function of two variables. The considered inequalities are
generalizations of the classical integral inequality of Bihari. The importance of
these integral inequalities is defined by their wide applications in the qualitative
investigations of various properties of solutions of partial differential equations with
“maxima” and it is illustrated by some direct applications.
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1. Introduction

In the last few decades, great attention has been paid to automatic control systems
and their applications to computational mathematics and modeling. Many problems
in the control theory correspond to the maximal deviation of the regulated quantity
and are adequately modeled by differential equations with “maxima” (see [16]).
The qualitative investigation of properties of differential equations with “maxima”
requires building of an appropriate mathematical apparatus, which is developed
by D.D. Bainov et al (see [2], [3], [4], [5], [6] , [7], [9], [11], [12]). One of the
main mathematical tools, employed successfully for studying existence, uniqueness,
continuous dependence, comparison, perturbation, boundedness, and stability of
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solutions of differential and integral equations is the method of integral inequalities.
Note that different types of integral inequalities are solved in the book of D. Bainov
et al (see [8]) as well as in the papers [1], [10], [13], [14], [17], [18], [19], [20]. The
development of the theory of partial differential equations with “maxima” (see [15])
requires solving of two-dimensional integral inequalities that involve maximum of
the unknown function.

This paper deals with some linear and nonlinear two-dimensional inequalities.
Some of the solved inequalities are applied to partial differential equations with
“maxima’” to obtain bounds for their solutions.

2. Main Results

Let h > 0 be a constant, zg, yg, X, Y be fixed such that 0 < xp < X < oo and
0<yo<Y <o0, Ry =]0,00).
Let the functions oy, (; : [z9,X) — R4, i =1,2,...,n be such that o;(z) < x
and G;(z) <z
Consider the sets G, ¥, A defined by
G = {(az,y) cER?:x ¢ [0, X), y € [yO,Y)},
v = {(az,y) eER?:z € [J —h,x0], y € [yO,Y)},
A= {@y)eR:zelJ-hX), yelyY)}=GUV,

where J = minj<;<, (ai(xo),ﬁi(xo)).

Theorem 1. Let the following conditions be fulfilled:

1. The functions a;, 3; € C'([zg, X), R, ) are nondecreasing and the inequalities
ai(z) <z, Bi(z) < x hold on [x9,X) fori=1, ..., n.

2. The functions f;, g; € C([J,X) x [yo,Y),Ry) fori=1, ..., n.

3. The function ¢ € C(V,R,).

4. The function k € C(G,(0,00)) is nondecreasing in its both arguments and
the inequality maxe[j_p, zo) ¢(5,¥) < k(z0,y) holds for y € [yo,Y).

5. The function u € C(A,R,) and satisfies the inequalities

n ()

u(z,y) < k(x,y) + Z/ ) yfz(s tu(s,t)dtds
— O{Z xo Yo

(1)
—l—Z/ / gi(s,t) max w(& t)dtds for (z,y) € G,
i -’EO Yo E S—h 8}
u(z,y) < ¢(x,y) for (z,y) € W. (2)
Then for (z,y) € G the inequality

ai(z)

u(z,y) < k(z,y) exp(f:/ fZ s, 1) dtds—{—Z/( / gi(s,t) dtds) (3)
i=17% i (z0)

i(zo0)
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holds.

Proof. From inequality (1) we obtain

u( (’)
K, .Lmo Jils: D gy 418

N Z /Bz(x

From the monotonicity of the function k(z, y) we obtain for (z,y) € G, t € [yo,Y)
and s € [J, X) the inequality

(4)

mane[s hys] (€5 1)
k(z,y)

Yo
gi(s dtds, (z,y)e€G.
i IO Yo

MmaXec(s—h, s (€ t) MmaXee(s—h,s) U (f,t) < max u(&at)
k(:n,y) - l;;( y) T ¢€[s—h, s l}(s,y) (5)
< max U&Y 7
£€[s—h,s] k(&a )

where the continuous function & : A — R, is nondecreasing in its both arguments
and it is defined by

7. _ k(l’,y) for (xvy) € (‘T 7X) X [y 7Y)7
k(@ y) = { k(zo,y) for (z,y) € \I'.O ’

u(@,y)
k(z,y) *
From inequalities (4), (5) and the definition of the function ¢(x,y) it follows

that

Define a function ¢ : A — R, by the equality ¢(x,y) =

o(z,y) <1+Z/ flst) (s,t)dtds

%) IO

5.(2) (6)
—I-Z/ / gi(s,t) max (& t)dtds for (x,y) € G,
i= z(xo Yo £€ S— h S}
u(z,y) _ o(x,y)
T,y) = < <1 for (x,y) € V. 7
#lev) k(zo,y) ~ k(zo,y) (@) "
Change the variable s = a;(n) for i =1, ..., n in the first integral of inequality
(6) and s = f;(n) for i =1, ..., n in the second integral of inequality (6), use the
condition 1, and obtain
ol.y) <1+§:/)/(ﬂaz ), D)l (m), )0 (n)) i i
(8)

+ S5, n) )5, (), 0B o)
;/xo/yog n),t)e n n n
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For any fixed y € [yo,Y) we consider the function

ﬂ+2/{ Fiai(s),)(as(s)) dt b oy, 5)ds

}
+Z/{/m@ (5(6)) dt ity 5)ds

j

}

<1+2/{ filai(s), t)(ai(s)) dt

From (9) according to Gronwall inequality we have

<exp<2/%(xo fils tdtds—i—Z/l . / (s,1) dtds) (10)

From inequalities (10), p(z,y) < w(z) for any fixed y € [yo,Y) and the defini-
tions of functions k(z,y) and ¢(z,y) we get the required inequality (3). O

Remark 1. Note that the inequality (3) in Theorem 1 is true if the function
k€ C(G,(0,00)) in condition 4 of Theorem 1 is replaced by a function k € C(G,Ry).

Corollary 1. Let the following conditions be fulfilled:

1. The function o € C'([z9, X), R, ) is nondecreasing and the inequality a(z) <
x holds on [zg, X).

2. The functions f € C([zg, X) X [y0,Y),R1), g € C([a(xg), X) X [yo,Y),Ry).

3. The function ¢ € C([a(zo) — h, zo] X [yo,Y),R4).

4. The function k € C(G,(0,00)) is nondecreasing in its both arguments and
the inequality maXge(a(z)—h, zo] P(55 y) < k(xg,y) holds for y € [yo,Y).

5. The function u € C(Ja(zo) —h, X) X [yo,Y), R4 ) and satisfies the inequalities
u(z,y) </<;a:y+// u(s,t)dtds
y (11)
/ / g(s max u(&,t)dtds for (x,y) € G,
a(zo) Jyo 56[5 h, s]
u(z,y) < d(z,y) for (z,y) e ¥.  (12)

Then for (z,y) € G the inequality

Ty a(z) ry
uw(z,y) < k(x,y)exp / f(s,t)dtds +/ / g(s,t)dtds (13)
zo J Yo a(zo) Yyo
holds.
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In the case when the unknown function is represented on a power, we obtain the
following result.

Theorem 2. Let the following conditions be fulfilled:
1. The conditions 1, 2 and 3 of Theorem 1 are satistied.
2. The function k € C(G, (0,00)) is nondecreasing in its both arguments and

the inequality maxXge([j_p, z0) ¢(5,Y) < {/k(x0,y) holds for y € [yo,Y).
3. The function u € C(A,R) and satisfies the inequalities

uP(z,y) < k(z,y +Z/ fzs t)u(s,t)dt ds

z(xO

(14)
/ / gi(s,t) max wu(& t)dtds for (z,y) € G,
i (zo) Jyo £€[s—h, 5]
u(z,y) < ¢(z,y) for (z,y) € ¥,  (15)
where p =const> 1.
Then for (x,y) € G the inequality
u(e,y) < (/R y)(1+ A.y)) exp (Al,y) (16)

holds, where

Az, y) = %(Zj}/;:j /y (K{S(t))l__dtderZ/ / T)l_gdtds) (17)

~ k(zy),  (z,y) € (x0,X) X [y0,Y),
K(“"’y)‘{ k(0. ), (2,9) € [J,20] X [0, Y). (18)

Proof. Define a function z : A — R, by the equalities
p k(z,y) a;(zo)

SEEB (S L2 2 ot s

+Zz 1‘/‘511((;0 gz S t) MaXee[s—h, s] (5,t)dtd8>
for (z,y) € G,

z(gj,y) =

L 0 for (z,y) € 0.

From inequality (14) we obtain for (z,y) € G

uP(z,y) < k(z,y) <1 +pM>



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 1 (2010)

16 S. Hristova, K. Stefanova

u(z,y) < Jk(z,y) (1 +p%> -

Apply Bernoulli’s inequality (1 + 2)* < 1+ ax, where 0 < a <1 and —1 < z, and
observe that

u(z,y) < V@) (1 N M)

k(z,y)
20
= Vk(z,y) + 2(z,y) 20
:u(az,y)—kz(m,y), (.’lf,y) € G,
and
u(z,y) < o(z,y)
< ¢, y) + z(2,y) (21)
< ple,y) + 2(x,y), (z,y) € ¥,
where
($ ) _ { k‘(ﬂl’,y), ($ay) € ($0)X) X [y()ay)
MEVZ ko y), (@y)ew.
Since the function u(x,y) is increasing, we have for s € [J, X) and y € [yo,Y)
max u(&,y) < u(s,y) +  nex 2(&,y). (22)

E€[s—h, s] £€[s—h, s]

Let z € [z9,X) and y € [yo,Y). Then from inequalities (22), o;(z) < z, B;(x) <
x fori=1,..., n,and the monotonicity of the function u(x,y) we get

ﬁz(w Yy
/ / gi(s max u(§,t)dtds
ﬁz(wo yo 66 s—h, S]

g,(s t)(u(s,t)—i— max z({,t))dtds (23)

E€[s—h, s]

Bz(x) Yy Bi(z) ry
p(x y/ / gi(s,t)dtds—l—/ / gi(s,t) max z(§,t)dtds
Yo ) /%0 e

i (o) 5 (o [s—h, s]

a;(z) ry
/ / fi(s,t)u(s,t)dt ds
a;(zo) Yyo

()
< ,u(:z:,y)/ yfi(s,t)dt ds +/ /y fi(s, t)z(s, t)dt ds.

i(zo) Yyo ai(zo) Jyo

and

(24)

a;(z)
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From the definition of the function z(x,y) and inequalities (23), (24) it follows
that

Ign [™@ v fils )
2(z,y) < plx,y)A(z,y) +pz/ai(xo) /yo (K(Sjt))l_%Z(&t)dtds

=1
QZSt
+ - / / max z(&, t)dtds, (x,y) € G,
Z ) o (o F A E O @

S

(25)

z(z,y) <0, (z,y) € ¥, (26)

where A(z,y) and K(z,y) are defined by (17) and (18), respectively.
The function p(z,y)A(z,y) € C(G,R4) is nondecreasing in its both arguments.
Then from inequalities (25) and (26) according to Theorem 1 we get

2(@.y) < ple ) A y) e (Aw,y))  for (2,y) € G. (27)
Substituting the bound (27) for z(x,y) into the right part of (20), we obtain the
required inequality (16). O

Remark 2. Note that in the case p = 1 the bound (3) in Theorem 1 is better
than the bound (16), obtained in Theorem 2.

Corollary 2. Let the following conditions be fulfilled:
1. The conditions 1, 2 and 3 of the Corollary 1 are satisfied.
2. The function k € C(G,(0,00)) is nondecreasing in its both arguments and

the inequality maXe(a(wg)—h, zo] P(5,y) < {/k(z0,y) holds for y € [yo,Y).
3. The function u € C([a(zo) — h, X) X [yo,Y ), R4) and satisfies the inequalities
z oy
o) <o)+ [ [ fsusdtds
o

[
Yo
a(z) ry
+/ g(s,t) max wu(& t)dtds for (z,y) € G,
0

(28)
a(zo) Yy §€ls—h, 5]
U(.Z',y) < ¢(x7y) for (x,y) € [Oé(x()) - h7‘r0] X [y()a Y)? (29)
where p =const> 1.
Then for (z,y) € G the inequality
u(z,y) < /k(z,y) <1 + Bz, y)) exp <B(w, y)) (30)

holds, where K (x,y) is defined by (18) and

UL e L L)
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In the case of a non-monotonic function k(x,y) we obtain the following result.

Theorem 3. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 1 are satisfied.

2. The function ¢ € C(G,R4).
3. The function k € C(A,R,).
4. The function u € C(A,R,) and satisfies the inequalities

u(z,y) < k(z,y) +qu<2/a

—l—Z/ /gzst
1550 Yo

w(@,y) < k(z,y)
Then for (z,y) € G the inequality

holds, where

u(w,y) < k(z.y) + el y)a(e.y) exp (E(z.y))

3

a;(z)

’L‘TO

mailc ]u(f t)dtds)

fZ s, t)u(s,t)dt ds

for (z,y)

/a,uo) /yo fils t)k(s, t)dt ds

for (z,y)

" oorBile) oy
+ / / gi(s,t) max k(& t)dtds for (z,y) € G,
i1 J Bilzo) Jyo £€[s—h, 3]
nopei() ey
/ Fi(5,)Q(s, 1)t ds
i=1 Olz(a:()) Yo
n Bi(z) ry
+ / gi(s max Q& t)dtds for (x,y) € G,
i=1 Bi(x Yo €ls—h, 3]
_J aley)  for(z,y) € G,
Uery) = { q(wo,y) for (z,y) € V.

Proof. Define a function z: A — Ry

z(z,y)

2

n  roi(T) oy
=1 al(mo yof’l(s

+Zz 1 f Z(xo

by the equalities

tyu(s,t)dtds

U gi(s,t) maxee(s_n, o) ulE, £)dt ds

for (z,y
for (x,

y) €G

y) € 0.

€ G,

ev.

(31)

(32)

(33)

(35)
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From inequality (31) and the definition of function z(z,y) we have

u(z,y) < k(z,y) + Q(z,y)z(x,y) for (z,y) € A. (38)

Let = € [x0, X) and y € [y, Y). Then from inequalities (38), a;i(z) < z, fi(x) <
rzfori=1,..., n we get

,BZ( ) Yy
/Qz‘(S,t)gmaX u(&, t)dt ds
€

5 (o) [s—h,s]
/ / (s,t) max k(& t)dt ds (39)
i(z0) /Yo £€[s—h,s]
i(s,t) max Q(&,t) max z(&,t)dtds.
/z(xo /yo g E€[s—h, $] (€ )Eé[s—h,s] (€ )

and

()

/y (5, D)u(s, {)dt ds

a;(x) Yy

ai{zo (40)

a;(z)

fi(s stdtds+/

IN

/y fi(s,0)Q(s,t)z(s, t)dt ds.

a;i(zo) Y yo i(x0) Yyo

From the definition of the function z(z,y) and inequalities (39), (40) it follows that

z2(x,y) < e(z,y) —i—Z/

(677

—i—Z/ (o) /yongt max Q(&,t) max  z(& t)dtds (41)

E€[s—h, $] E€[s—h, s]

/ 5, t)Q(s,t)z(s, t)dt ds

for (z,y) € G,

z(x,y) =0 for (x,y) € U, (42)

where the function e(z,y) is defined by equality (34). Note the function e €
C(G,R,) is nondecreasing in its both arguments and e(zg,y) = 0 for y € [yo,Y).
From inequalities (41) and (42) according to Theorem 1 we get

2(z,y) < e(z,y)exp (E(x,y)), (43)

where the function E(z,y) is defined by (35).
Inequalities (38) and (43) imply the validity of the required inequality (33). O

Corollary 3. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 1 are satisfied.
2. The function k € C(A,R.) is nondecreasing.
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3. The function u € C(A,R,) and satisfies the inequality

u(z,y) < q(z,y) ( x,y) +Z/al(w0 fi(s,t)u(s,t)dtds

(44)
+ E / / gi(s,t) max u(E, t)dtds) for (z,y) € G,
3 (z0) Jyo £€[s—h, 5]

and

u(z,y) < qz,y)k(z,y) for (z,y) € U. (45)
Then for (z,y) € G the inequality

u(z,y) < q(z,y)k(z,y) (1 + E(w,y)) exp (E(:v,y)) (46)
holds, where E(z,y) is defined by (35).

In the case when the unknown function is represented on a power, and the
function k(z,y) is not monotonic, we obtain the following result which proof is
similar to the proof of Theorem 2 and it is based on the result of Corollary 3.

Theorem 4. Let the following conditions be fulfilled:

1. The conditions 1 and 2 of Theorem 1 are satisfied.

2. The function k € C(A, (0,00)).

3. The function u € C(A,R,) and satisfies the inequalities

uP(z,y) < k(z,y +Z/ fzs t)u(s,t)dt ds

z(xO

/ / gi(s,t) max u(&,t)dtds for (x,y) € G,
i(z0) /Yo

£€[s—h, 5]

u(z,y) < k(z,y) for (z,y) € ¥, (48)
where p =const> 1.
Then for (x,y) € G the inequality

o) < VR (143 LD (14 5t oxp (S@a)) 9

holds, where

n ()

Mz, y) Z/a

i=1 Jai(zo)

/ /gzst max {/k(&,t)dtds,
i(z0) Y yo

£€[s—h,s]

/flst{/ (s,t)dtds
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1 & [ail@) ry (s, t
S(z,y) = —Z/ / i CL )1_1 dt ds
P Jai(zo) Jyo (k(s,t)) v
(51)

maXﬁes h, s] (57 )

ﬁz(w Yy .
gi(s,t
/ / (5,%) T dtds.
z(xO Yo ) P

Proof. Define a function z : A — Ry by the equalities (37).
From inequality (47) and Bernoulli’s inequality we obtain for (z,y) € A

u(@,y) <k, y) + 2(,y). (52)
We have for s € [J, X) and y € [y0,Y)

max u < max + max z 53
cepax u(&y) s max Yk(Gy)+ max z(E ). (53)

Let = € [x0, X) and y € [yo,Y). Then from inequalities (22), o;(z) < z, fi(z) <

x for i =1, ..., n, and the monotonicity of the function k(x,y) we get
/ / gi(s,t) max u(&, t)dtds
i (0) yo 56 s=h, s]
/ / (s,t) max {/k(& y)dtds (54)
i(z0) Jyo EE[s h, s]
Bz(x
/ / gi(s,t) max z(&, t)dtds
3 (z0) Jyo EE s—h, s]
and

a(z) ry
/ / fi(s,t)u(s,t)dtds
a;(z0) Jyo

a;(z)
§/ fZ s, )/ k(s,y dtds+/ /y fi(s,t)z(s,t)dt ds.

i(z0) ai(xo) Y yo

(55)

a;(z)

From the definition of the function z(x,y) and inequalities (54), (55) it follows
that

z(z,y) < ;p< +Z/ / fi(s,t)z(s, t)dt ds

(k(x y)) a,(x‘o) Yo (56)
61(73
+ Z / o) 5@1[?3’5, J z(&, t)dt ds> for (z,y) € G,

z(z,y) =0 for (z,y) € ¥, (57)
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where M(x,y) is defined by (50).
From inequalities (56) and (57) according to Corollary 3 we get for (z,y) € G

1
p (k(z,y)) 7
where S(z,y) is defined by (51).
Substituting the bound (58) for z(z,y) into the right hand part of (52), we obtain
the required inequality (49).
Remark 3. Note in the case of nondecreasing function k(z,y) the bound (16)
in Theorem 2 is better than the bound (49) in Theorem 4.

3. Application

We will apply some of the solved above inequalities to obtain bounds for the solutions
of partial differential equations with “maxima”.

Let both functions o, 7 € C([xg, X),R4) be given such that 7(x) is an increasing
function, o(z) < 7(z) < x and there exists a constant h > 0: 7(z) — o(z) < h for
T > xg.

Example 1. Consider the following scalar partial differential equation with
“maxima”

Uy, = Flz, y, u(r,y), max u(s, for = > xo, y > yo, 59
y < Yy, u(z,y) e ( y)) 0 Y > (59)

with the initial conditions
U($0,y) = Qpl(y) for Yy e [yO)Y)a
U($,y0) = (102(33) for x € wO)X)v (60)
U($,y) = ¢($ay) for (aj)y) € [T($0) - h7$0] X [yO)Y))
where u € R, ¢1 : [y0,Y) = R, 2 : [29,X) = R, ¢ : [1(x0) — h,z0] X [y0,Y) — R,
F:lzg,X) % [yo,Y) x RxR —R.

Theorem 5. (Uniqueness) Let the following conditions be fulfilled:

1. The functions o, 7 € C([xg,X),R4), 7(x) is an increasing function, o(x) <
7(x) < x and there exists a constant h > 0: 0 < 7(x) —o(z) < h for x > xy.

2. The function F' € C([zg, X) X [yo,Y) x R x R, R) and satisfies for © > x,
y >yo and ;, ¢; € R, (i =1,2) the condition

|F(z, y, 11, Q1) — F(z, y, 72, &) < f@,9)|n — 72|+ 9(z,y)|G — &,

where f7 g e C([.'L'(),X) X [y()yY)?R-i-)'



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 1 (2010)

TWO-DIMENSIONAL INTEGRAL INEQUALITIES AND... 23

3. The function ¢ € C([r(zo) — h, zo] X [yo,Y),]R)
4. The functions ¢; € C'([yo,Y),R), p2 € C'([zg, X),R) and the equalities

©1(y0) = p2(20) , v1(y) = ¥(z0,y), y € [y0,Y) hold.
5. The initial value problem (59), (60) has at least one solution, defined for

(.’L’,y) € [T(‘TO) - h7X) X [y()aY)
Then the partial differential equation with “maxima” (59), (60) has a unique
solution.

Proof. Assume that there exist two different solutions v(z,y) and w(z,y) of
(59), (60) which are defined for (z,y) € [r(x9) — h, X) X [yo,Y ). Both functions
satisfy the following integral equation

u(z,y) = e1(y) + pa(x) — pa(0)
/ /yo s, t, u(s,t), ge[n(nz)i}i(sﬂ u(é,t))dtds for (z,y) € G, (61)
u(z,y) = for (z,y) € [r(z0) — h,mo] X [yo,Y).

Consider the difference of both solutions U(z,y) = !v(az, y) — w(z, y)‘ and using
condition 2 of Theorem 5, we obtain

Ulz,y) < /m/yf(s,t)U(s,t)dtds
xo J Y

0

+/x:/y:g(s t)

< /m yf(s,t)U(s,t)dtds

max v(£,t) — max  w(&,t)|dtds
£€fo(s), T(S)}( ) £€[o(s), 7(s)] &1

Yo
¢y (62)
+/ / g(s,t) max U(& t)dtds  for (x,y) € G,
zo Jyo &€lo(s),m(s)]
U(z,y) =0 for (z,y) € [r(xo) — h,wo] x [yo,Y).  (63)

Change the variable s = 771(n) in the second integral of (62), use the inequality

MaXee(o(s), 7(s)) U (€, Y) < MaXee[r(s)—n, (s U(&y) for y € [yo,Y) and s € [z9, X)
that follows from condition 1 of Theorem 5, and obtain for (z,y) € G the following
inequality

U(z,y) < /x: /yjf(s,t)U(s,t)dtds

T\T Yy ,
+ / / g(r= (), )(r~ () _max U(&, t)dtdn.
7(z0) Yo £§€n—h,m]

From inequalities (63), (64) according to Corollary 1 for k(z,y) = 0 we obtain
U(z,y) =0. O

(64)



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 1 (2010)

24 S. Hristova, K. Stefanova

Theorem 6. (Upper Bound) Let the following conditions be fulfilled:

1. The conditions 1, 3, 4 and 5 of Theorem 5 are satisfied.

2. The function F € C([xg, X) X [yo,Y) X R x R, R) and satisfies for x > x,
y > yo and v, ¢ € R, the condition |F(:17, Y, v, C)‘ < f(:n,y)‘ﬂ +g(m,y)|(‘, where
[ g€ C([‘T(%X) X [y07Y)7R+)'

Then for (z,y) € G the solution of the initial value problem (59), (60) for the
differential equation with “maxima” satisfies the inequality

Ju(w, )| < K(2,1) + ez, y) exp </ /yy (F(5.1) + g(s,)) i ds> (65)

holds, where

e(z,y) = /: /y <f(s,t)K'(s,t) +g(s,t) max f(({,t))dtds,

o Jyo E€[s—h, 3]

- ] e (y) + p2(x) — a(x0)| for (z,y) € G,
Kz,y) = { (1) for (1) € [r(z0) — s z0] X [y, Y).

Proof. From the integral equation (61) and the condition 2 of Theorem 6 we
obtain

u(z,y)] = |or() + ea(x) — paleo)| + / " F (s Olus, £)|de ds

x oy
+/ / g(s,t)]  max w(,t)|dtds  for (z,y) € G,
zo Jyo

£€fo(s), 7(s)]

lu(z,y)| = [¢(z,y)] for (z,y) € [7(x0) — h, o] X [yo,Y),

or we get for (z,y) € G

()] < lor(y) + p2(e) — @alao)] + / ' / " f(s,0) (s, )de ds
/ - / T g ), 0)( 1<0>;0 (e, t)ldt d 0
+ T ,O) (7 max |u(, .
() yog n n 7

£€ln—h,n]

From inequality (66) according to Theorem 3 we obtain the bound (65).

Remark 4. If in Theorem 6 the functions ¢; € C'([yo,Y),R), @2 € C([zg, X),
R), ¥(z,y) € C([1(x0) — h,z0] X [y0,Y),R) are nondecreasing, then applying Corol-
lary 1 instead of Theorem 3 we obtain a better bound for the solution of the initial
value problem (59), (60) for the differential equation with “maxima” :

)] < o) + ot~ eatamllesp ([ [ (5004 6}t
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Example 2. Consider the following scalar partial differential equation with
“maxima”

Ul gy + Uglly = F<a:, y, u(z,y), SE[O'I(I}BE;:)i(:B)] u(s,y)) for © >0, y>yo (67)

with the initial conditions (60), where u € R, F': [z, X) X [yo,Y) x Rx R — R.

Theorem 7. (Upper Bound) Let the following conditions be fulfilled:

1. The conditions 1, 3, 4 and 5 of Theorem 5 are satisfied.

2. The function F' € C([xg, X) X [yo,Y) x R x R, R) and satisfies for © > x,
y > yo and v, ¢ € R, the condition !F(a:, Y, Vs C)‘ < , where
fi g€ C([xo, X) x [yo,Y),Ry4).

Then for (x,y) € G the solution of the initial value problem (67), (60) for the
differential equation with “maxima’” satisfies the inequality

u(z,9)] </ (219))* + (92(2)* = (2(20))°

N : M(w,y)2 1+S($’y)) (@y)  (68)
V(1®) + (02(2))” — (¢2(20))
holds, where
Ty 2 2 2
M(z,y) = / f(s,t)\/(sm(t)) + (p2(5))” = (pa(0)) dtds
zo Y Yo
[ yg(s,w (1) + _max_(22(6))” = (palow))*drds,
f(s,1) (69)
S(z,y) dtds
/ /yo \/ (s))2—(<,02(x0))2

/ /yo \/ 9(s,1) — ((‘02(x0))2dtds.

2y maxees_p, 5 (¢2(€))

Proof. The solution u(z,y) of the initial value problem (67), (60) satisfies the
following integral equation

(u(z,y))* = + (02(2))? = (p2(20))

2F s, t, u(s,t max  u(&,t))dtds
/ /yo ) g€lo(s), 7(s)] € ))
for (z,y) € G,

u(xay) - ¢(ﬂfay) for (.’lf,y) € [T(‘TO) - h,xo] X [y07Y)‘



International Electronic Journal of Pure and Applied Mathematics — IEJPAM, Volume 1, No. 1 (2010)

26 S. Hristova, K. Stefanova

According to condition 2 of Theorem 7 we get for (z,y) € G

(U(l’ay))2 < (@1@))2 + (902(95))2 - (902(350))2
+2/ f(s,t)|u(s, t)|dt ds

Yo
+2 / s,t)  max u(&,t)|dt ds.
%o EE[U(S (8)]| ¢ )‘

Set U(z,y) = |u(x,y)]| for (z,y) € [t(z0) — h,X) X [yo,Y), change the variable
s = 77 1(n) in the second integral of (70), use the inequality MaXee(q(s), r(s)] U(&,¥)<
maXee(r(s)—h, +(s)] U (&, y) for y € [yo,Y) and s € [wg, X) that follows from condition
1 of Theorem 5, and obtain for (z,y) € G the following inequality

(Ue) < (@1w)* + (p2(2))° — (pa(a0))”

x oy
4 / / 2 (5, 1)U (s, 1)t ds o)
zo Jyo
T(z y o . ,
w [ ot e @) max UG tdedn
7(z0) Yo £€n—h,n
According to Theorem 4 from 1nequahty (71) for p = 2, =1, a(r) = z and
B(x) = x for x € [xg,X), k(z,y) = (901( )) + (902( ) — ( ) > (0 we obtain
the inequality (68). O

Remark 5. If in Theorem 7 the functions ¢; € C'([yo,Y),R), @2 € C([zg, X),
R), ¢¥(z,y) € C([r(xo)—h,z0]x[yo, Y ), R) are nondecreasing, then applying Theorem
2 instead of Theorem 4 we obtain better bound for the solution of the initial value
problem (67), (60) for the differential equation with “maxima”:

lu(z,y)| < \/(901(31))2 + (902(:17))2 — (902(550))2(1 + p($’y)>eP(m,y),

where

Ty f(s,t) +g(s,t)
P(a,y) — dtds.
/mo /yo \/((’pl(y))Q + (<,02(x))2 - (902(:170))2
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