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Abstract: This paper deals with integral inequalities that involve the maximum
of the unknown scalar function of two variables. The considered inequalities are
generalizations of the classical integral inequality of Bihari. The importance of
these integral inequalities is defined by their wide applications in the qualitative
investigations of various properties of solutions of partial differential equations with
“maxima” and it is illustrated by some direct applications.
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1. Introduction

In the last few decades, great attention has been paid to automatic control systems
and their applications to computational mathematics and modeling. Many problems
in the control theory correspond to the maximal deviation of the regulated quantity
and are adequately modeled by differential equations with “maxima” (see [16]).
The qualitative investigation of properties of differential equations with “maxima”
requires building of an appropriate mathematical apparatus, which is developed
by D.D. Bainov et al (see [2], [3], [4], [5], [6] , [7], [9], [11], [12]). One of the
main mathematical tools, employed successfully for studying existence, uniqueness,
continuous dependence, comparison, perturbation, boundedness, and stability of
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12 S. Hristova, K. Stefanova

solutions of differential and integral equations is the method of integral inequalities.
Note that different types of integral inequalities are solved in the book of D. Bainov
et al (see [8]) as well as in the papers [1], [10], [13], [14], [17], [18], [19], [20]. The
development of the theory of partial differential equations with “maxima” (see [15])
requires solving of two-dimensional integral inequalities that involve maximum of
the unknown function.

This paper deals with some linear and nonlinear two-dimensional inequalities.
Some of the solved inequalities are applied to partial differential equations with
“maxima” to obtain bounds for their solutions.

2. Main Results

Let h > 0 be a constant, x0, y0, X, Y be fixed such that 0 ≤ x0 < X ≤ ∞ and
0 ≤ y0 < Y ≤ ∞, R+ = [0,∞).

Let the functions αi, βi : [x0,X) → R+, i = 1, 2, . . . , n be such that αi(x) ≤ x

and βi(x) ≤ x.
Consider the sets G, Ψ, Λ defined by

G =
{

(x, y) ∈ R
2 : x ∈ [x0,X), y ∈ [y0, Y )

}

,

Ψ =
{

(x, y) ∈ R
2 : x ∈ [J − h, x0], y ∈ [y0, Y )

}

,

Λ =
{

(x, y) ∈ R
2 : x ∈ [J − h,X), y ∈ [y0, Y )

}

= G ∪ Ψ,

where J = min1≤ i≤n

(

αi(x0), βi(x0)
)

.

Theorem 1. Let the following conditions be fulfilled:
1. The functions αi, βi ∈ C1([x0,X),R+) are nondecreasing and the inequalities

αi(x) ≤ x, βi(x) ≤ x hold on [x0,X) for i = 1, . . . , n.
2. The functions fi, gi ∈ C([J,X) × [y0, Y ),R+) for i = 1, . . . , n.
3. The function φ ∈ C(Ψ,R+).
4. The function k ∈ C(G, (0,∞)) is nondecreasing in its both arguments and

the inequality maxs∈[J−h,x0] φ(s, y) ≤ k(x0, y) holds for y ∈ [y0, Y ).
5. The function u ∈ C(Λ,R+) and satisfies the inequalities

u(x, y) ≤ k(x, y) +
n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds for (x, y) ∈ G,
(1)

u(x, y) ≤ φ(x, y) for (x, y) ∈ Ψ. (2)

Then for (x, y) ∈ G the inequality

u(x, y) ≤ k(x, y) exp
(

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds +

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)dt ds
)

(3)
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TWO-DIMENSIONAL INTEGRAL INEQUALITIES AND... 13

holds.

Proof. From inequality (1) we obtain

u(x, y)

k(x, y)
≤ 1 +

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
u(s, t)

k(x, y)
dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)
maxξ∈[s−h,s] u(ξ, t)

k(x, y)
dt ds, (x, y) ∈ G.

(4)

From the monotonicity of the function k(x, y) we obtain for (x, y) ∈ G, t ∈ [y0, Y )
and s ∈ [J,X) the inequality

maxξ∈[s−h, s] u(ξ, t)

k(x, y)
≤

maxξ∈[s−h, s] u(ξ, t)

k̃(s, y)
≤ max

ξ∈[s−h, s]

u(ξ, t)

k̃(s, y)

≤ max
ξ∈[s−h,s]

u(ξ, t)

k̃(ξ, t)
,

(5)

where the continuous function k̃ : Λ → R+ is nondecreasing in its both arguments
and it is defined by

k̃(x, y) =

{

k(x, y) for (x, y) ∈ (x0,X) × [y0, Y ),
k(x0, y) for (x, y) ∈ Ψ.

Define a function ϕ : Λ → R+ by the equality ϕ(x, y) = u(x,y)

k̃(x,y)
.

From inequalities (4), (5) and the definition of the function ϕ(x, y) it follows
that

ϕ(x, y) ≤ 1 +
n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ϕ(s, t)dt ds

+
n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

ϕ(ξ, t)dt ds for (x, y) ∈ G,

(6)

ϕ(x, y) =
u(x, y)

k(x0, y)
≤ φ(x, y)

k(x0, y)
≤ 1 for (x, y) ∈ Ψ. (7)

Change the variable s = αi(η) for i = 1, . . . , n in the first integral of inequality
(6) and s = βi(η) for i = 1, . . . , n in the second integral of inequality (6), use the
condition 1, and obtain

ϕ(x, y) ≤ 1 +
n
∑

i=1

∫ x

x0

∫ y

y0

fi(αi(η), t)ϕ(αi(η), t)(αi(η))
′

dt dη

+

n
∑

i=1

∫ x

x0

∫ y

y0

gi(βi(η), t)ϕ(βi(η), t)(βi(η))
′

dt dη.

(8)
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14 S. Hristova, K. Stefanova

For any fixed y ∈ [y0, Y ) we consider the function

w(x) = 1 +

n
∑

i=1

∫ x

x0

{
∫ y

y0

fi(αi(s), t)(αi(s))
′

dt

}

ϕ(y, s)ds

+
n
∑

i=1

∫ x

x0

{
∫ y

y0

gi(βi(s), t)(βi(s))
′

dt

}

ϕ(y, s)ds

≤ 1 +

n
∑

i=1

∫ x

x0

{
∫ y

y0

fi(αi(s), t)(αi(s))
′

dt

}

w(s)ds

+

n
∑

i=1

∫ x

x0

{
∫ y

y0

gi(βi(s), t)(βi(s))
′

dt

}

w(s)ds.

(9)

From (9) according to Gronwall inequality we have

w(x) ≤ exp

(

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds +

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)dt ds

)

. (10)

From inequalities (10), ϕ(x, y) ≤ w(x) for any fixed y ∈ [y0, Y ) and the defini-
tions of functions k̃(x, y) and ϕ(x, y) we get the required inequality (3).

Remark 1. Note that the inequality (3) in Theorem 1 is true if the function
k ∈ C(G, (0,∞)) in condition 4 of Theorem 1 is replaced by a function k ∈ C(G,R+).

Corollary 1. Let the following conditions be fulfilled:
1. The function α ∈ C1([x0,X),R+) is nondecreasing and the inequality α(x) ≤

x holds on [x0,X).
2. The functions f ∈ C([x0,X) × [y0, Y ),R+), g ∈ C([α(x0),X) × [y0, Y ),R+).
3. The function φ ∈ C([α(x0) − h, x0] × [y0, Y ),R+).
4. The function k ∈ C(G, (0,∞)) is nondecreasing in its both arguments and

the inequality maxs∈[α(x0)−h, x0] φ(s, y) ≤ k(x0, y) holds for y ∈ [y0, Y ).
5. The function u ∈ C([α(x0)−h,X)× [y0, Y ),R+) and satisfies the inequalities

u(x, y) ≤ k(x, y) +

∫ x

x0

∫ y

y0

f(s, t)u(s, t)dt ds

+

∫ α(x)

α(x0)

∫ y

y0

g(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds for (x, y) ∈ G,

(11)

u(x, y) ≤ φ(x, y) for (x, y) ∈ Ψ. (12)

Then for (x, y) ∈ G the inequality

u(x, y) ≤ k(x, y) exp

(

∫ x

x0

∫ y

y0

f(s, t)dt ds +

∫ α(x)

α(x0)

∫ y

y0

g(s, t)dt ds

)

(13)
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TWO-DIMENSIONAL INTEGRAL INEQUALITIES AND... 15

In the case when the unknown function is represented on a power, we obtain the
following result.

Theorem 2. Let the following conditions be fulfilled:
1. The conditions 1, 2 and 3 of Theorem 1 are satisfied.

2. The function k ∈ C(G, (0,∞)) is nondecreasing in its both arguments and
the inequality maxs∈[J−h,x0] φ(s, y) ≤ p

√

k(x0, y) holds for y ∈ [y0, Y ).
3. The function u ∈ C(Λ,R+) and satisfies the inequalities

up(x, y) ≤ k(x, y) +

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds for (x, y) ∈ G,

(14)

u(x, y) ≤ φ(x, y) for (x, y) ∈ Ψ, (15)

where p =const≥ 1.

Then for (x, y) ∈ G the inequality

u(x, y) ≤ p
√

k(x, y)
(

1 +A(x, y)
)

exp
(

A(x, y)
)

(16)

holds, where

A(x, y) =
1

p

( n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
(

K(s, t)
)1− 1

p

dtds+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)
(

K(s, t)
)1− 1

p

dtds

)

, (17)

K(x, y) =

{

k(x, y), (x, y) ∈ (x0,X) × [y0, Y ),
k(x0, y), (x, y) ∈ [J, x0] × [y0, Y ).

(18)

Proof. Define a function z : Λ → R+ by the equalities

z(x, y) =







































p
√

k(x,y)

p k(x, y)

(

∑n
i=1

∫ αi(x)
αi(x0)

∫ y

y0
fi(s, t)u(s, t)dt ds

+
∑n

i=1

∫ βi(x)
βi(x0)

∫ y

y0
gi(s, t)maxξ∈[s−h,s] u(ξ, t)dt ds

)

for (x, y) ∈ G,

0 for (x, y) ∈ Ψ.

(19)

From inequality (14) we obtain for (x, y) ∈ G

up(x, y) ≤ k(x, y)

(

1 + p
z(x, y)

p
√

k(x, y)

)
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16 S. Hristova, K. Stefanova

or

u(x, y) ≤ p
√

k(x, y)

(

1 + p
z(x, y)

p
√

k(x, y)

)
1

p

.

Apply Bernoulli’s inequality (1 + x)a ≤ 1 + ax, where 0 ≤ a ≤ 1 and −1 < x, and
observe that

u(x, y) ≤ p
√

k(x, y)

(

1 +
z(x, y)

p
√

k(x, y)

)

= p
√

k(x, y) + z(x, y)

= µ(x, y) + z(x, y), (x, y) ∈ G,

(20)

and

u(x, y) ≤ φ(x, y)

≤ φ(x, y) + z(x, y)

≤ µ(x, y) + z(x, y), (x, y) ∈ Ψ,

(21)

where

µ(x, y) =

{

p
√

k(x, y), (x, y) ∈ (x0,X) × [y0, Y )
p
√

k(x0, y), (x, y) ∈ Ψ.

Since the function µ(x, y) is increasing, we have for s ∈ [J,X) and y ∈ [y0, Y )

max
ξ∈[s−h, s]

u(ξ, y) ≤ µ(s, y) + max
ξ∈[s−h,s]

z(ξ, y). (22)

Let x ∈ [x0,X) and y ∈ [y0, Y ). Then from inequalities (22), αi(x) ≤ x, βi(x) ≤
x for i = 1 , . . . , n , and the monotonicity of the function µ(x, y) we get

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds

≤
∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)

(

µ(s, t) + max
ξ∈[s−h, s]

z(ξ, t)

)

dt ds

≤ µ(x, y)

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)dt ds +

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

z(ξ, t)dt ds

(23)

and
∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

≤ µ(x, y)

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds +

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)z(s, t)dt ds.

(24)
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TWO-DIMENSIONAL INTEGRAL INEQUALITIES AND... 17

From the definition of the function z(x, y) and inequalities (23), (24) it follows
that

z(x, y) ≤ µ(x, y)A(x, y) +
1

p

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
(

K(s, t)
)1− 1

p

z(s, t)dt ds

+
1

p

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)
(

K(s, t)
)1− 1

p

max
ξ∈[s−h,s]

z(ξ, t)dt ds, (x, y) ∈ G,

(25)

z(x, y) ≤ 0, (x, y) ∈ Ψ, (26)

where A(x, y) and K(x, y) are defined by (17) and (18), respectively.
The function µ(x, y)A(x, y) ∈ C(G,R+) is nondecreasing in its both arguments.

Then from inequalities (25) and (26) according to Theorem 1 we get

z(x, y) ≤ µ(x, y)A(x, y) exp
(

A(x, y)
)

for (x, y) ∈ G. (27)

Substituting the bound (27) for z(x, y) into the right part of (20), we obtain the
required inequality (16).

Remark 2. Note that in the case p = 1 the bound (3) in Theorem 1 is better
than the bound (16), obtained in Theorem 2.

Corollary 2. Let the following conditions be fulfilled:
1. The conditions 1, 2 and 3 of the Corollary 1 are satisfied.
2. The function k ∈ C(G, (0,∞)) is nondecreasing in its both arguments and

the inequality maxs∈[α(x0)−h, x0] φ(s, y) ≤ p
√

k(x0, y) holds for y ∈ [y0, Y ).
3. The function u ∈ C([α(x0)−h,X)× [y0, Y ),R+) and satisfies the inequalities

up(x, y) ≤ k(x, y) +

∫ x

x0

∫ y

y0

f(s, t)u(s, t)dt ds

+

∫ α(x)

α(x0)

∫ y

y0

g(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds for (x, y) ∈ G,
(28)

u(x, y) ≤ φ(x, y) for (x, y) ∈ [α(x0) − h, x0] × [y0, Y ), (29)

where p =const≥ 1.
Then for (x, y) ∈ G the inequality

u(x, y) ≤ p
√

k(x, y)
(

1 +B(x, y)
)

exp
(

B(x, y)
)

(30)

holds, where K(x, y) is defined by (18) and

B(x, y) =
1

p

(
∫ x

x0

∫ y

y0

f(s, t)
(

k(s, t)
)1− 1

p

dt ds+

∫ α(x)

α(x0)

∫ y

y0

g(s, t)
(

K(s, t)
)1− 1

p

dt ds

)

.
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18 S. Hristova, K. Stefanova

In the case of a non-monotonic function k(x, y) we obtain the following result.

Theorem 3. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 1 are satisfied.
2. The function q ∈ C(G,R+).
3. The function k ∈ C(Λ,R+).
4. The function u ∈ C(Λ,R+) and satisfies the inequalities

u(x, y) ≤ k(x, y) + q(x, y)

( n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds

)

for (x, y) ∈ G,

(31)

u(x, y) ≤ k(x, y) for (x, y) ∈ Ψ. (32)

Then for (x, y) ∈ G the inequality

u(x, y) ≤ k(x, y) + e(x, y)q(x, y) exp
(

E(x, y)
)

(33)

holds, where

e(x, y) =

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)k(s, t)dt ds

+
n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

k(ξ, t)dt ds for (x, y) ∈ G,

(34)

E(x, y) =
n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)Q(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

Q(ξ, t)dt ds for (x, y) ∈ G,

(35)

Q(x, y) =

{

q(x, y) for (x, y) ∈ G,

q(x0, y) for (x, y) ∈ Ψ.
(36)

Proof. Define a function z : Λ → R+ by the equalities

z(x, y) =



















∑n
i=1

∫ αi(x)
αi(x0)

∫ y

y0
fi(s, t)u(s, t)dt ds

+
∑n

i=1

∫ βi(x)
βi(x0)

∫ y

y0
gi(s, t)maxξ∈[s−h, s] u(ξ, t)dt ds

for (x, y) ∈ G

0 for (x, y) ∈ Ψ.

(37)
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From inequality (31) and the definition of function z(x, y) we have

u(x, y) ≤ k(x, y) +Q(x, y)z(x, y) for (x, y) ∈ Λ. (38)

Let x ∈ [x0,X) and y ∈ [y0, Y ). Then from inequalities (38), αi(x) ≤ x, βi(x) ≤
x for i = 1 , . . . , n we get

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds

≤
∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

k(ξ, t)dt ds

+

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

Q(ξ, t) max
ξ∈[s−h, s]

z(ξ, t)dt ds.

(39)

and

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

≤
∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)k(s, t)dt ds +

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)Q(s, t)z(s, t)dt ds.

(40)

From the definition of the function z(x, y) and inequalities (39), (40) it follows that

z(x, y) ≤ e(x, y) +

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)Q(s, t)z(s, t)dt ds

+
n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

Q(ξ, t) max
ξ∈[s−h, s]

z(ξ, t)dt ds

for (x, y) ∈ G,

(41)

z(x, y) = 0 for (x, y) ∈ Ψ, (42)

where the function e(x, y) is defined by equality (34). Note the function e ∈
C(G,R+) is nondecreasing in its both arguments and e(x0, y) ≡ 0 for y ∈ [y0, Y ).

From inequalities (41) and (42) according to Theorem 1 we get

z(x, y) ≤ e(x, y) exp (E(x, y)) , (43)

where the function E(x, y) is defined by (35).
Inequalities (38) and (43) imply the validity of the required inequality (33).

Corollary 3. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 1 are satisfied.
2. The function k ∈ C(Λ,R+) is nondecreasing.In
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3. The function u ∈ C(Λ,R+) and satisfies the inequality

u(x, y) ≤ q(x, y)

(

k(x, y) +

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds

)

for (x, y) ∈ G,

(44)

and

u(x, y) ≤ q(x, y)k(x, y) for (x, y) ∈ Ψ. (45)

Then for (x, y) ∈ G the inequality

u(x, y) ≤ q(x, y)k(x, y)
(

1 + E(x, y)
)

exp
(

E(x, y)
)

(46)

holds, where E(x, y) is defined by (35).

In the case when the unknown function is represented on a power, and the
function k(x, y) is not monotonic, we obtain the following result which proof is
similar to the proof of Theorem 2 and it is based on the result of Corollary 3.

Theorem 4. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 1 are satisfied.
2. The function k ∈ C(Λ, (0,∞)).
3. The function u ∈ C(Λ,R+) and satisfies the inequalities

up(x, y) ≤ k(x, y) +

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

+
n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds for (x, y) ∈ G,

(47)

u(x, y) ≤ p
√

k(x, y) for (x, y) ∈ Ψ, (48)

where p =const≥ 1.
Then for (x, y) ∈ G the inequality

u(x, y) ≤ p
√

k(x, y)
(

1 +
1

p

M(x, y)

k(x, y)

(

1 + S(x, y)

)

exp
(

S(x, y)
))

(49)

holds, where

M(x, y) =
n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
p
√

k(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h,s]

p
√

k(ξ, t)dt ds,

(50)
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S(x, y) =
1

p

n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
(

k(s, t)
)1− 1

p

dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t)
(

maxξ∈[s−h, s] k(ξ, t)
)1− 1

p

dt ds.

(51)

Proof. Define a function z : Λ → R+ by the equalities (37).
From inequality (47) and Bernoulli’s inequality we obtain for (x, y) ∈ Λ

u(x, y) ≤ p
√

k(x, y) + z(x, y). (52)

We have for s ∈ [J,X) and y ∈ [y0, Y )

max
ξ∈[s−h, s]

u(ξ, y) ≤ max
ξ∈[s−h, s]

p
√

k(ξ, y) + max
ξ∈[s−h, s]

z(ξ, y). (53)

Let x ∈ [x0,X) and y ∈ [y0, Y ). Then from inequalities (22), αi(x) ≤ x, βi(x) ≤
x for i = 1, . . . , n, and the monotonicity of the function k(x, y) we get

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

u(ξ, t)dt ds

≤
∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

p
√

k(ξ, y)dt ds

+

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

z(ξ, t)dt ds

(54)

and

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)u(s, t)dt ds

≤
∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)
p
√

k(s, y)dt ds +

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)z(s, t)dt ds.

(55)

From the definition of the function z(x, y) and inequalities (54), (55) it follows
that

z(x, y) ≤ 1

p (k(x, y))
1− 1

p

(

M(x, y) +
n
∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)z(s, t)dt ds

+

n
∑

i=1

∫ βi(x)

βi(x0)

∫ y

y0

gi(s, t) max
ξ∈[s−h, s]

z(ξ, t)dt ds

)

for (x, y) ∈ G,

(56)

z(x, y) = 0 for (x, y) ∈ Ψ, (57)In
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22 S. Hristova, K. Stefanova

where M(x, y) is defined by (50).
From inequalities (56) and (57) according to Corollary 3 we get for (x, y) ∈ G

z(x, y) ≤ 1

p (k(x, y))1−
1

p

M(x, y)
(

1 + S(x, y)
)

exp
(

S(x, y)
)

, (58)

where S(x, y) is defined by (51).
Substituting the bound (58) for z(x, y) into the right hand part of (52), we obtain

the required inequality (49).

Remark 3. Note in the case of nondecreasing function k(x, y) the bound (16)
in Theorem 2 is better than the bound (49) in Theorem 4.

3. Application

We will apply some of the solved above inequalities to obtain bounds for the solutions
of partial differential equations with “maxima”.

Let both functions σ, τ ∈ C([x0,X),R+) be given such that τ(x) is an increasing
function, σ(x) ≤ τ(x) ≤ x and there exists a constant h > 0 : τ(x) − σ(x) ≤ h for
x ≥ x0.

Example 1. Consider the following scalar partial differential equation with
“maxima”

u
′′

x y = F
(

x, y, u(x, y), max
s∈[σ(x), τ(x)]

u(s, y)
)

for x ≥ x0, y ≥ y0, (59)

with the initial conditions

u(x0, y) = ϕ1(y) for y ∈ [y0, Y ),

u(x, y0) = ϕ2(x) for x ∈ [x0,X),

u(x, y) = ψ(x, y) for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ),

(60)

where u ∈ R, ϕ1 : [y0, Y ) → R, ϕ2 : [x0,X) → R, ψ : [τ(x0) − h, x0] × [y0, Y ) → R,
F : [x0,X) × [y0, Y ) × R × R → R.

Theorem 5. (Uniqueness) Let the following conditions be fulfilled:
1. The functions σ, τ ∈ C([x0,X),R+), τ(x) is an increasing function, σ(x) ≤

τ(x) ≤ x and there exists a constant h > 0 : 0 < τ(x) − σ(x) ≤ h for x ≥ x0.
2. The function F ∈ C([x0,X) × [y0, Y ) × R × R,R) and satisfies for x ≥ x0,

y ≥ y0 and γi, ζi ∈ R, (i = 1, 2) the condition

∣

∣F (x, y, γ1, ζ1) − F (x, y, γ2, ζ2)
∣

∣ ≤ f(x, y)
∣

∣γ1 − γ2

∣

∣+ g(x, y)
∣

∣ζ1 − ζ2
∣

∣,

where f, g ∈ C([x0,X) × [y0, Y ),R+).In
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TWO-DIMENSIONAL INTEGRAL INEQUALITIES AND... 23

3. The function ψ ∈ C([τ(x0) − h, x0] × [y0, Y ),R).
4. The functions ϕ1 ∈ C1([y0, Y ),R), ϕ2 ∈ C1([x0,X),R) and the equalities

ϕ1(y0) = ϕ2(x0) , ϕ1(y) = ψ(x0, y), y ∈ [y0, Y ) hold.
5. The initial value problem (59), (60) has at least one solution, defined for

(x, y) ∈ [τ(x0) − h,X) × [y0, Y ).
Then the partial differential equation with “maxima” (59), (60) has a unique

solution.

Proof. Assume that there exist two different solutions v(x, y) and w(x, y) of
(59), (60) which are defined for (x, y) ∈ [τ(x0) − h,X) × [y0, Y ). Both functions
satisfy the following integral equation

u(x, y) = ϕ1(y) + ϕ2(x) − ϕ2(x0)

+

∫ x

x0

∫ y

y0

F
(

s, t, u(s, t), max
ξ∈[σ(s), τ(s)]

u(ξ, t)
)

dt ds for (x, y) ∈ G,

u(x, y) = ψ(x, y) for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ).

(61)

Consider the difference of both solutions U(x, y) =
∣

∣v(x, y) −w(x, y)
∣

∣ and using
condition 2 of Theorem 5, we obtain

U(x, y) ≤
∫ x

x0

∫ y

y0

f(s, t)U(s, t)dt ds

+

∫ x

x0

∫ y

y0

g(s, t)

∣

∣

∣

∣

max
ξ∈[σ(s), τ(s)]

v(ξ, t) − max
ξ∈[σ(s), τ(s)]

w(ξ, t)

∣

∣

∣

∣

dt ds

≤
∫ x

x0

∫ y

y0

f(s, t)U(s, t)dt ds

+

∫ x

x0

∫ y

y0

g(s, t) max
ξ∈[σ(s),τ(s)]

U(ξ, t)dt ds for (x, y) ∈ G,

(62)

U(x, y) = 0 for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ). (63)

Change the variable s = τ−1(η) in the second integral of (62), use the inequality
maxξ∈[σ(s), τ(s)] U(ξ, y) ≤ maxξ∈[τ(s)−h, τ(s)] U(ξ, y) for y ∈ [y0, Y ) and s ∈ [x0,X)
that follows from condition 1 of Theorem 5, and obtain for (x, y) ∈ G the following
inequality

U(x, y) ≤
∫ x

x0

∫ y

y0

f(s, t)U(s, t)dt ds

+

∫ τ(x)

τ(x0)

∫ y

y0

g(τ−1(η), t)(τ−1(η))
′

max
ξ∈[η−h, η]

U(ξ, t)dt dη.

(64)

From inequalities (63), (64) according to Corollary 1 for k(x, y) ≡ 0 we obtain
U(x, y) ≡ 0.In
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Theorem 6. (Upper Bound) Let the following conditions be fulfilled:
1. The conditions 1, 3, 4 and 5 of Theorem 5 are satisfied.
2. The function F ∈ C([x0,X) × [y0, Y ) × R × R,R) and satisfies for x ≥ x0,

y ≥ y0 and γ, ζ ∈ R, the condition
∣

∣F (x, y, γ, ζ)
∣

∣ ≤ f(x, y)
∣

∣γ
∣

∣+ g(x, y)
∣

∣ζ
∣

∣, where
f, g ∈ C([x0,X) × [y0, Y ),R+).

Then for (x, y) ∈ G the solution of the initial value problem (59), (60) for the
differential equation with “maxima” satisfies the inequality

∣

∣u(x, y)
∣

∣ ≤ K̃(x, y) + e(x, y) exp

(
∫ x

x0

∫ y

y0

(

f(s, t) + g(s, t)
)

dt ds

)

(65)

holds, where

e(x, y) =

∫ x

x0

∫ y

y0

(

f(s, t)K̃(s, t) + g(s, t) max
ξ∈[s−h, s]

K̃(ξ, t)
)

dt ds,

K̃(x, y) =

{

|ϕ1(y) + ϕ2(x) − ϕ2(x0)| for (x, y) ∈ G,

ψ(x, y) for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ).

Proof. From the integral equation (61) and the condition 2 of Theorem 6 we
obtain

|u(x, y)| = |ϕ1(y) + ϕ2(x) − ϕ2(x0)| +
∫ x

x0

∫ y

y0

f(s, t)|u(s, t)|dt ds

+

∫ x

x0

∫ y

y0

g(s, t)| max
ξ∈[σ(s), τ(s)]

u(ξ, t)|dt ds for (x, y) ∈ G,

|u(x, y)| = |ψ(x, y)| for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ),

or we get for (x, y) ∈ G

|u(x, y)| ≤ |ϕ1(y) + ϕ2(x) − ϕ2(x0)| +
∫ x

x0

∫ y

y0

f(s, t)|u(s, t)|dt ds

+

∫ τ(x)

τ(x0)

∫ y

y0

g(τ−1(η), t)(τ−1(η))
′

max
ξ∈[η−h, η]

|u(ξ, t)|dt dη.
(66)

From inequality (66) according to Theorem 3 we obtain the bound (65).

Remark 4. If in Theorem 6 the functions ϕ1 ∈ C1([y0, Y ),R), ϕ2 ∈ C1([x0,X),
R), ψ(x, y) ∈ C([τ(x0)− h, x0]× [y0, Y ),R) are nondecreasing, then applying Corol-
lary 1 instead of Theorem 3 we obtain a better bound for the solution of the initial
value problem (59), (60) for the differential equation with “maxima” :

∣

∣u(x, y)
∣

∣ ≤ |ϕ1(y) + ϕ2(x) − ϕ2(x0)| exp

(
∫ x

x0

∫ y

y0

(

f(s, t) + g(s, t)
)

dt ds

)

.
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Example 2. Consider the following scalar partial differential equation with
“maxima”

uux y + uxuy = F
(

x, y, u(x, y), max
s∈[σ(x), τ(x)]

u(s, y)
)

for x ≥ x0, y ≥ y0 (67)

with the initial conditions (60), where u ∈ R, F : [x0,X) × [y0, Y ) × R × R → R.

Theorem 7. (Upper Bound) Let the following conditions be fulfilled:

1. The conditions 1, 3, 4 and 5 of Theorem 5 are satisfied.

2. The function F ∈ C([x0,X) × [y0, Y ) × R × R,R) and satisfies for x ≥ x0,
y ≥ y0 and γ, ζ ∈ R, the condition

∣

∣F (x, y, γ, ζ)
∣

∣ ≤ f(x, y)
∣

∣γ
∣

∣+ g(x, y)
∣

∣ζ
∣

∣, where
f, g ∈ C([x0,X) × [y0, Y ),R+).

Then for (x, y) ∈ G the solution of the initial value problem (67), (60) for the
differential equation with “maxima” satisfies the inequality

|u(x, y)| ≤
√

(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2

+
M(x, y)

√

(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2

(

1 + S(x, y)
)

eS(x,y) (68)

holds, where

M(x, y) =

∫ x

x0

∫ y

y0

f(s, t)

√

(

ϕ1(t)
)2

+
(

ϕ2(s)
)2 −

(

ϕ2(x0)
)2
dtds

+

∫ x

x0

∫ y

y0

g(s, t)

√

(

ϕ1(t)
)2

+ max
ξ∈[s−h,s]

(

ϕ2(ξ)
)2 −

(

ϕ2(x0)
)2
dtds,

S(x, y) =

∫ x

x0

∫ y

y0

f(s, t)
√

(

ϕ1(t)
)2

+
(

ϕ2(s)
)2 −

(

ϕ2(x0)
)2
dt ds

+

∫ x

x0

∫ y

y0

g(s, t)
√

(

ϕ1(t)
)2

+ maxξ∈[s−h, s]

(

ϕ2(ξ)
)2 −

(

ϕ2(x0)
)2
dt ds.

(69)

Proof. The solution u(x, y) of the initial value problem (67), (60) satisfies the
following integral equation

(

u(x, y)
)2

=
(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2

+

∫ x

x0

∫ y

y0

2F
(

s, t, u(s, t), max
ξ∈[σ(s), τ(s)]

u(ξ, t)
)

dt ds

for (x, y) ∈ G,

u(x, y) = ψ(x, y) for (x, y) ∈ [τ(x0) − h, x0] × [y0, Y ).In
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According to condition 2 of Theorem 7 we get for (x, y) ∈ G

(

u(x, y)
)2 ≤

(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2

+ 2

∫ x

x0

∫ y

y0

f(s, t)
∣

∣u(s, t)
∣

∣dt ds

+ 2

∫ x

x0

∫ y

y0

g(s, t) max
ξ∈[σ(s), τ(s)]

∣

∣u(ξ, t)
∣

∣dt ds.

(70)

Set U(x, y) =
∣

∣u(x, y)
∣

∣ for (x, y) ∈ [τ(x0) − h,X) × [y0, Y ), change the variable
s = τ−1(η) in the second integral of (70), use the inequality maxξ∈[σ(s), τ(s)] U(ξ, y)≤
maxξ∈[τ(s)−h, τ(s)] U(ξ, y) for y ∈ [y0, Y ) and s ∈ [x0,X) that follows from condition
1 of Theorem 5, and obtain for (x, y) ∈ G the following inequality

(

U(x, y)
)2

≤
(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2

+

∫ x

x0

∫ y

y0

2f(s, t)U(s, t)dt ds

+

∫ τ(x)

τ(x0)

∫ y

y0

2g(τ−1(η), t)(τ−1(η))
′

max
ξ∈[η−h, η]

U(ξ, t)dt dη.

(71)

According to Theorem 4 from inequality (71) for p = 2, i = 1, α(x) ≡ x and

β(x) ≡ x for x ∈ [x0,X), k(x, y) =
(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2 ≥ 0 we obtain

the inequality (68).

Remark 5. If in Theorem 7 the functions ϕ1 ∈ C1([y0, Y ),R), ϕ2 ∈ C1([x0,X),
R), ψ(x, y) ∈ C([τ(x0)−h, x0]×[y0, Y ),R) are nondecreasing, then applying Theorem
2 instead of Theorem 4 we obtain better bound for the solution of the initial value
problem (67), (60) for the differential equation with “maxima”:

∣

∣u(x, y)
∣

∣ ≤
√

(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2
(

1 + P (x, y)

)

eP (x,y),

where

P (x, y) =

∫ x

x0

∫ y

y0

f(s, t) + g(s, t)
√

(

ϕ1(y)
)2

+
(

ϕ2(x)
)2 −

(

ϕ2(x0)
)2
dt ds.
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